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Mathematical characterization of rate-dependent undrained shear behavior of soils 
Caractérisation mathématique du comportement non-drainé des sols soumis à différentes vitesses de 

chargement 

E. Juárez-Badillo 
Graduate School of Engineering, National University of Mexico 

ABSTRACT 
The general theoretical equations given by the principle of natural proportionality are applied to describe all the experimental data
contained in the basic paper “Rate-Dependent Undrained Shear Behavior of Saturated Clay” by Sheahan, Ladd and Germaine. “The 
paper describes results from 025K  consolidated-undrained triaxial compression tests on resedimented Boston blue clay using a
computer-automated triaxial apparatus with lubricated end platens and a midheight pore-pressure measurement device.  Specimens 
were consolidated to four overconsolidation ratios ( )84,2,1 orOCR= , and for each OCR , undrained shear was performed using four
axial strain rates ( )hand /%50%5%,5.0%,05.0 .” 

RÉSUMÉ
Les équations théoriques générales données par le principe de la Proportionnalité Naturelle sont appliquées à la description de toutes
les données expérimentales présentées dans l’article “Rate-Dependent Undrained Shear Behavior of Saturated Clay” de Sheahan,
Ladd et Germaine. L’article décrit les résultats de 25 essais de compression triaxiale de type K0 , en conditions consolidées-non 
drainées, sur des argiles bleues de Boston resédimentées; les essais utilisent un ordinateur relié à l’appareil triaxial par des platines 
d'extrémité lubrifiées et un dispositif de mesure de pression interstitielle situé à mi-hauteur de l’échantillon. Des spécimens ont été 
consolidés sous quatre rapports de surconsolidation (OCR= 1, 2, 4 et 8) et, pour chaque OCR, le cisaillement en conditions 
non-drainées a été réalisé sous quatre vitesses de chargement. (0.05%, 0.5%, 55 et 50% / h). 

Keywords : undrained shear strength, time effect in soils 

1  INTRODUCTION 

“Rate-Dependent Undrained Shear Behavior of Saturated Clay” 
is the title of a paper by Thomas C. Sheahan, Charles C. Ladd 
and John T. Germaine published in the Journal of Geotechnical 
Engineering, February 1996. “The paper describes results from 

025K  consolidated-undrained triaxial compression tests on 
residimented Boston blue clay using a computer-automated 
triaxial apparatus with lubricated end platens and a midheight 
pore-pressure measurement device. Specimens were 
consolidated to four overconsolidation ratios ( )84,2,1 orOCR= ,
and for each OCR , undrained shear was performed using four 
axial strain rates ( )hand /%50%5%,5.0%,05.0 .”  In the 
present paper the theoretical equations given by the Principle of 
Natural Proportionality (Juárez-Badillo, 1985) are applied to all 
the experimental data contained in the basic (above) paper. The 
author highly suggest to the readers of the present paper to read 
first the basic paper to have a complete information on the tests 
that were made. All the figures of the present paper are the same 
of the basic one with the theoretical points given by the 
theoretical equations included in them.  The sequence of the 
figures is the same than in the basic paper, but the application of 
the theoretical equations will be presented in the sequence the 
author found it was easier to describe them. 

2 “STRAIN RATE EFFECT ON UNDRAINED 
STRENGTH”

At the end of this section the authors quoted “Based on the 
preceding, the first fundamental question that needs to be 

answered about strain-rate-dependent undrained shear behavior 
of clays is: As a general rule, does the rate dependence of us
vary with strain rate and is this variation affected by the clay’s 
OCR ?”. 

A colleague of the author, R. Rivera-Constantino, who is 
directing an experimental work on the Mexico City clay, 
precisely on the above question with graduate students, is who 
handed to the author a copy of the above basic paper, which had  
escaped the attention of the author in the past. The author read it 
with great interest and applied the equations provided by the 
Principle of Natural Proportionality to all the experimental 
data.  The result is the subject of the present paper. 

Figure 6(11) (In parenthesis will appear the number of the 
figure in the basic paper) shows the “Normalized Shear Strength 
versus Strain Rate, UCCK0  Tests, Resedimented BBC ”. 

For the sake of completeness, the theoretical equations will 
briefly be obtained.  In isotropically consolidated tests a well 
known equation for the undrained strength )()21( 31 σσ −=us  in 
normally consolidated soils is: 

cu constants 'σ×=  (1) 

where c'σ  is the initial consolidation pressure. In 
preconsolidated soils the clay consolidated to c'σ  has an 
additional stored pressure  ces 'σσσ −=  where eσ  is the 
equivalent consolidation pressure in the virgin branch of 
compression such that the “fundamental pressure” that is acting 
on the sample is (Juárez-Badillo, 1975) 

ececscfund σσσσσσσ =−+=+= )'(''  (2) 

and Equation 1 extended to cover preconsolidated clays may be 
written as 
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eu constants σ×=  (3) 

In the same above mentioned paper appear the following 
equations: the overconsolidated factor OCF is defined as: 
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where p'σ  is the quasi-preconsolidated pressure, OCR  is the 
overconsolidation ratio and γγρ p=  where pand γγ  are the 
natural coefficients of compressibility and expansibility in the 
theoretical equation 
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where ( )11,Vσ  is a known point and similarly for the expansion 
branch of the clay. 

Introducing Equation 4 into Equation 3 we obtain 

ρσ −×= 1)(' OCRconstants cu  (6) 

Assuming that the strain rate dtd aa εε =
•

 is a proper 
variable (rigorously it is not a proper variable because it uses 
common strains instead of natural strains and, furthermore, 
assumes a linear relationship between the strain aε  and the time 
t ) the Principle of Natural Proportionality gives the following 
theoretical equation: for 0=

•

aε  we have that uou ss =  and for 
∞=∞=

•

ua s,ε .  The corresponding proper functions, that is, 
with complete domains, are: 

•

aε  and uou ssz −= .

Now, when 
•

aε  varies from zto ,0 ∞  varies from ∞to0
and the Principle of Natural Proportionality states that the 
relationship is: 

•

•
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where λ  is the constant “coefficient of strain rate”. 
Integrating Equation 7 we obtain 
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where ),( 11

•

aus ε  is a known point. 
For UCCK0  tests, Equation. 6 may be written as 
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where NCS =  value of vcus 'σ , similarly to Equation 3 in the 
basic paper. 

Introducing Equation 9 into Equation 8 we may write the 
general theoretical equation 
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where 1S  is the value of 
•

1aatS ε .
In the section Experimental Procedures the authors quote: 

“For NC  specimens, a vertical consolidation stress of 
kPavc 290' =σ  was generally used and maintained for h24

prior to shear. For OC  specimens, the maximum natural stress, 

kPavm 585' =σ  (except in test 42−CTX ), was maintained for 
h24  prior to unloading, and then the final stresses held constant 

for the same duration after unloading.  Undrained shear 
occurred using a constant strain rate, which resulted in a 
changing vertical stress )( vσ  at a nominally constant cell 
pressure )( 3σσσ == hc .” 

As the experimental data appears normalized by vm'σ ,
Equation 10 may be written, multiplying by OCRvmvc 1'' =σσ .
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This theoretical equation was applied to the experimental 
data of Figure 6(11).  The theoretical values of the different 
parameters appear in that figure.  The values of them are 

16.0'/,/%05.030.0,067.0 11 ====
•

vmuoa shatS σελ  for all 
25.0=ρandOCR  was used instead of the theoretical value 

0.23, since 056.0=γ  and 013.0=pγ
(Juárez-Badillo, 2002).  On this respect the authors of the basic 
paper quote in their Equation 3, similar to Equation 9, an 
empirical exponent m  instead of the theoretical exponent ρ−1 ,
with values of 686.0689.0,714.0,757.0 andm=  for 

handa /%505,5.0,05.0=
•

ε  respectively, which correspond to 
values of 314.0311.0,286.0,243.0 and=ρ  respectively, 
corresponding to values of 

0176.00174.0,0160.0,0136.0 andp =γ  that are somewhat 
higher than the EOP  theoretical value of 013.0 .  These 
experimental results are indicative that there existed some 
secondary swelling after unloading. 

The theoretical values of the characteristic times *t  (the time 
for half of the complete compression or swelling) are of the 
order of 10 min for *

st , while are of the order of 104 min for 
compression *

ct  for Mexico City clay (Juárez-Badillo, 1988). 
For Middleton Peat the value of *

ct  is also of the order of 104

min (Juárez-Badillo, 1999a).  Four theoretical points with 
)0157.0(28.0 == pγρ  have been included in Figure 6(11). We 

already know the end of primary EOP  and the end of the 
secondary EOS  compression curves with the same value of γ
in clays.  We need experimental data to find the value of pγ  at 
the end of secondary EOS  in swelling that necessarily is 
somewhat higher than the value of the end of the primary EOP
in swelling pγ .  For Mexico City clay it has been found 

040.0=λ  and 10.0' =couos σ  for all 121 toOCR =
(López-Carvajal, 2005), values that are somewhat smaller than 
for ( )460067.0 .'sandBBC couo ==λ .  For Lake of Texcoco 
clay, very close to Mexico City, 036.0,45.0 == pγγ  and 

08.0=ρ  (Juárez-Badillo, 1975). 

3 SHEAR STRESS-STRAIN AND PORE PRESSURE 
BEHAVIOR AND THEORETICAL EQUATIONS

Figures 1, 2, 3, 4, 5 and 7 show these graphs. Figures 8, 9 and 
10 show the graphs of the theoretical equations: pre-peak 
sensitivity function sY , post-peak ductility function DY  and the 
sensitivity function Y  (Juárez-Badillo, 1999b) that were 
applied to the experimental data. The corresponding theoretical 
equations are: 

The pre-peak sensitivity function sY  reads 

11

*3131 1)(
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where the axial deviatoric natural strain faae )(),1ln( 31 σσε −+=
is the final e,eat aa

*31 )( ∞=−σσ is the characteristic 
( )( ) νσσσσ andate fa 3131 21 −=−  is the shear exponent.  For 

all the tests it was found that 2=ν . Observe that in 
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compression tests aa ande ε  are negative.  Observe the 
similarity of sY  with Y .

Figure 1(1). Typical Normalized Shear Stress and Excess Pore Pressure 
versus Strain for CKoUC Tests on Resedimented BBC at Reference 
Strain rate =

•

ha /%5.0ε .

Figure. 2(3). Normalized Shear Stress and Shear-Induced Pore Pressure 
versus Strain, OCR=1 CKoUC Tests, Resedimented BBC. 

The post-peak ductility function DY  reads 

[ ] ν
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e
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where ∞− )( 31 σσ  is the value of )( 31 σσ −  at 
( )[ ]1311,, σσ −∞= aa ee  is a known point and ν  is the ductility 

coefficient, it varies from ∞to0 , see Figure 9. For all the tests 
it was found that 4=ν .

Figure 3(5). Normalized Shear Stress and Shear-Induced Pore Pressure 
versus Strain, OCR=2 CKoUC Tests, Resedimented BBC. 

Figure 4(7). Normalized Shear Stress and Shear-Induced Pore Pressure 
versus Strain, OCR=4 CKoUC Tests, Resedimented BBC. 

The sensitivity function Y  reads 
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where *,1,00 aaa eeatYeatY ∞====  is the characteristic 
βandYatea 5.0=  is a constant parameter. It is a very 

common function in nature. 

Figure 5(9). Normalized Shear Stress and Shear-Induced Pore Pressure 
versus Strain, OCR=8 CKoUC Tests, Resedimented BBC. 

Figure 6(11). Normalized Shear Strength versus Strain Rate, CKoUC 
Tests, Resedimented BBC. 

The complete theoretical pore pressure equation reads 

ecoeoeco
eo

co
i YYu )( σσασ

σ
σ

ασ −−+Δ=Δ  (15) 

where iσΔ  is the isotropic stress increment, eoco and σσ  are 
the initial consolidation and equivalent consolidation pressures 
and 1≤α  is a constant pore pressure parameter.  The sub 
indexes e  in the third term are only to distinguish the 
corresponding values of Yandα  from the values of 

Yandα  of the second term.  In isotropically consolidated 
tests it has been found YYand ee ==αα  (Juárez-Badillo & 
Rivera-Constantino, 2006) but in anisotropically consolidated 
tests they are different. 

4 SHEAR STRESS-STRAIN BEHAVIOR

Let’s start with Figure 7(12) where the authors of the basic 
paper quote in Summary and Conclusions: “2. Figure 12 shows 
a unique relationship between the applied shear stress level 
( )maxqq ΔΔ  and axial strain for overconsolidated BBC .  This 
finding has not been previously reported and could be use for 
modeling rate-dependent stress-strain behavior based on 
changes in us  (since fε  was not rate-dependent).” 

The author found it very useful for the pre-peak but 
misleading for the post-peak. As ( )( )hvq σσ −= 21  and if 

maxqqQ ΔΔ= , we may write from (12) and (13) the following 
equations for this Figure. 

For the pre-peak 
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and for the post-peak 
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For the pre-peak it was found the very good values of  sY

with 2=ν  and 6.1=fQ  and a 7.0,25.0,08.0* −−−=ε and 
84,2,1%3.1 andOCRfor =− , respectively.  For the 

post-peak the value of DY  with 4=ν  is very good but the 
values of 60.0=∞Q  are completely misleading; see Figure 1 
where 1=∞ OCRforQ  is negative.  All these parameter values 
appear in this figure as well as the known points for the post-
peak.  For 1=OCR  the ductility coefficient 2=ν  is completely 
misleading. 

For Figures 2(3), 3(5), 4(7) and 5(9) we may write from 
Equations 12 and 13 the following theoretical equations taking 
into account for the pre-peak that they do not start at the origin 
of the graphs. 

For the pre-peak 
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where ( )
ivcq 'σ  is the initial value of it and ( ) fvcq 'σΔ  was 

calculated from the equation 
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And for the post-peak 
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For Figure 1(1) we may write similarly 
For the pre-peak 
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And for the post-peak 
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The initial values ( ) ( )
ivcivm qandq '' σσ  appear included in 

Figures 1, 2, 3, 4, and 5 respectively and the values of 
( ) fvmq 'σΔ  were calculated in a similar way than ( ) fvcq 'σΔ
given by Equation 19. 

Application of the theoretical pre-peak Equations 18 and 21 
was made to Figures 1, 2, 3, 4 and 5.  The theoretical points and 
the values of the corresponding parameters are included in such 
figures. 

Equation 22 for the post-peak of Figure 1 was applied with a 
value of ( ) 15.0' =∞vmq σ  and the known points included in the 

figure, but again, this value of ( )∞Δ vmq 'σ  is 
misleading.  Imagine a clay with a value of 1=ρ , then γγ =p

and all OCR  samples will be NC  irrespective of  vm'σ .  The 
important pressure is ve'σ , the equivalent consolidation 
pressure. Therefore, taking as very good value for 

( ) 15.0',1 == ∞veqOCR σ  we may obtain the corresponding 
values of ( )∞vcq 'σ  from the equation 

( ) ( ) 75.01 15.015.0
'
'

''
OCROCR

qq

vc

ve

vevc

===
−
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ρ

σ
σ

σσ
 (23) 

Figure 7(12). Applied Shear Stress Level versus Strain, CKoUC Tests, Resedimented BBC. 

where the value of ρ used was 25.0=ρ .  These theoretical 
values of ( ) 42.0,25.0,15.0'q vc =∞σ  and 71.0  for 

4,2,1OCR =  and 8 were applied to Figures. 2, 3, 4 and 5 and 
are indicated together with the known points in such 
figures.  These equations were applied only to one experimental 
curve, as indicated, in Figures. 2, 3, 4, and 5. 

For Figure 1 the corresponding values of ( )∞vmq 'σ are given 
by the equation 

( ) 25.015.0
''

−−

∞∞

== OCROCR
qq

vevm

ρ
σσ

 (24) 

and the corresponding values would be 106.0,126.0,15.0
and 09.0  for 4,2,1=OCR  and 8 , respectively.  See Figure 1. 

5 PORE PRESSURE BEHAVIOR

For Figures 2, 3, 4, and 5 the Normalized Shear-Induced Pore 
Pressure, vcsu 'σΔ , the theoretical equations from Equations 
4, 14 and 15 may be written as 
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 (25) 

This Equation 25 was applied to all these figures.  The pore 
pressure parameters found are contained in them and in Table 1. 
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Table 1. Pore pressure parameters 

Fig. OCR ρ 

•

aε     (Test) 
h/% α β 

*
aε

% αe βe 
*
aeε

%
49 (18) 0.3 2 -2 0.6 1 -0.1 

2(3) 1.1 0.25 
0.05 (21) 0.3 2 -1 0.3 1 -0.1 

51 (41) 0.6 2 -4 0.5 1 -0.4 
3(5) 2 0.25 

0.051 (38) 0.6 2 -3 0.3 1 -0.4 

52 (27) 1 2 -8.5 0.4 1 -0.6 
4(7) 4 0.25 

0.50 (29) 1 2 -8.5 0.31 1 -0.6 

50 (45) 1 3 -12 0.34 3 -1.2 
5(9) 8 0.25 

0.51 (47) 1 3 -12 0.29 3 -1.2 

Let’s start with Figure 4(7), 4=OCR .  The negative pore 
pressure with a finite slope at the origin is indication that 1=eβ ,
see Figure 10; for 1<β  the slope is infinite and for 1>β  the 
slope is zero.  Next the value eα  is obtained as indicated in the 
figure assuming that 0=α  and imagine that it continues up to 

(%)100( −=−∞= aae ε I used %99−=aε  in my hp 11C 
calculator). The value 40.0=eα was obtained for Test No. 27, 

ha /%52=
•

ε .  Later on the value of %6.0* −=aeε  was obtained at 
half the final value at −∞=ae .  The experimental data is 
indicative that 1>β  and in a similar way the value of 1=α  was 
obtained at −∞=ae  and %5.8* −=aε  at half the difference of 
both theoretical curves at −∞=ae .  Later on the value of 

2=β  was obtained.  Of course, these final values were obtained 
after a trial and error procedure.  The corresponding values for 
Test No. 29, ha /%50.0=

•

ε  were obtained in a similar way as 
indicated in the figure.  The only different value was 
for 31.0=eα . These values appear in Table 1 as well as the 
corresponding values for the other tests. 

Let’s continue with Figure 5(9), 8=OCR .  Here for Test 
No. 45, %50=

•

aε  it is clear that 1≠eβ .  It appears that at the 
start the sample showed what we may call a “shear transition” 
from an infinite slope to a zero slope, say from 

331 == ee to ββ  and continue with 3=eβ .  This fact modified 
the value of 32 == βββ tofrom .  The other values found 
appear in the figure and in Table 1 and, again, for Test No. 47, 

%51.0=
•

aε  the parameters values are the same except for 
eα .  However the values of 21 == ββ ande  would still be 

good values for these tests. 
For Figure 3(5), 2=OCR , the author obtained the 

corresponding experimental curves in common scales to obtain 
the parameters in the same way than above.  The parameters 
values appear in the figure and in Table 1. 

Figure 2(3), 1=OCR , clearly shows that the sample had 
some quasi overconsolidaton induced by secondary 
consolidation during the application of the vertical 
consolidation stress “maintained for h24  prior the shear”.  The 
author assumed a value of 1.1=OCR  and obtained the pore 
pressure parameters shown in the figure and in Table 1. 

Important Figures 11 and 12 show the variation of α  and 
eα  with OCR  and 

•

aε and the variation of *
aε  with 2=β  and 

*
aeε  with 1. =eβ  independent of 

•

aε , except the special cases 
shown. 

Figure 11 shows that α  is independent of 
•

aε  and its value 
increases from 113.0 === αα toOCRfor  for eOCR α.5.3>
is also independent of hif aa /%50.0<

••

εε  and its value is 
hforbut ae /%503.0 ==

•

εα  its value is 16.0 == OCRforeα
and decreases asymptotically to OCR  with3.0 . 

Figure 12 shows the variation of the characteristic strains 
OCR  withand aea

** εε .  They both increase with OCR . *
aeε

from %1.0−  for 1.1=OCR  to %2.1−  for 8=OCR  and *
aε

from %2−  for 1.1=OCR  to %12−  for 8=OCR , except the 
special cases shown in the figure.  Note the small values of *

aeε
and the grater values of *

aε  and note also that practically 
and e 12 . == ββ for all the tests. 

These two Figures 11 and 12 show how is the pore pressure 
response in UCCK0  Tests in clays, specially in BBC .  The 

theoretical pore pressure Equation 15 consists of the three 
terms.  The first term is the isotropic stress increment and the 
other two terms result from the disturbance of the clay structure 
due to the deviatoric strains produced by the shear stresses.  The 
second term is a positive term due to coσ  reduced by the 
overconsolidated factor OCF , α  is the amount of it that is 
transferred to the water at Yandea −∞=  gives the way the 
phenomenon occurs, see Figure 10, β  gives the form it takes 
place and *

aε  is the shear strain at which half of the total pore 
pressure is attained.  And similarly for the negative third term 
due to the stored pressure  coeos σσσ −= .

Figure 8. Prepeak sensitivity function sY

Figure 9. Postpeak ductility function DY

For Figure 1 the author applied the equation 

( )
13 )(

''3
2

'
'

'''
−Δ

+
Δ

=
Δ

+
Δ

=
Δ−Δ

OCR
uquu

vc

s

vmvm

vc

vc

s

vm

i

vm σσσ
σ

σσ
σ

σ
σ

 (24) 

The author obtained the values of ( )( )vmq '32 σΔ  from the 
experimental data for 10,5,5.2,25.1 −−−−=aε  and %15− and 
using the theoretical values of vcsu 'σΔ applied the Equation 26 
without further improvement to obtain the theoretical points 
shown in this figure. 

Figure 10. Sensitivity function Y
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Figure 11. Variation of α  and eα  with OCR and with 
•

aε

Figure 12. Variation of *ε  with OCR for all 
•

aε except the special 
cases in pore pressure responses. 

6 CONCLUSIONS 

The main conclusions are: 
The theoretical Equation 10 gives the shear strength vcus 'σ

versus strain rate UCCKa 0,
•

ε  Tests, Resedimented BBC , with 
the following parameter values: 067.0=λ , 25.0=ρ ,

16.0' =vcuos σ  and ( ) 30.0' 11 == vcusS σ  at hra /%05.01 =
•

ε  for 
all the OCR .  See Figure 6(11). 

The theoretical Equations 18 and 19 for the pre-peak and 20 
for the post-peak give the shear stress-strain response 

avc versusq εσ '  with the following parameter values: for the 
pre-peak 2=ν  withYs , and the characteristic strains *

aε
indicated in each Figures 2, 3, 4 and 5.  And for the post-peak  

( )∞= vcD qand  withY ',4 σν  indicated in each figure obtained 
from Equation 23 with ( ) 15.0' =∞veq σ  for all the OCR .

The theoretical Equation 25 gives the Normalized Shear-
Induced Pore Pressure vcsu 'σΔ with the following parameter 
values 1,2 == eββ  and the values of ** ,, aeae and εεαα  given 
by Table 1 and Figures 11 and 12. 

However, two basic philosophical conclusions are: 
The principle of natural proportionality based in that all 

natural phenomena posses order, simplicity, harmony, 
symmetry and beauty has been very useful for describing all the 
experimental data of the basic paper. 

And finally what the great philosophers affirm: the problem 
to understand nature is not in the nature itself, but it is a 
problem that resides in our minds. 
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