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New semi-embedded method for the finite element analysis of reinforcement bars 
Une nouvelle méthode semi-incorporée pour l’analyse Éléments Finis de barres de renforcement 
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Raul Durand 
University of Brasilia 

ABSTRACT 
Reinforcement bars are commonly used in Geotechnical works such as soil nailing and tunnel excavation with the NATM process.
Three approaches are found in the literature for the finite element analysis of such inclusions: the discrete, the smeared and the
embedded methods. The discrete method is the conventional F.E. approach in which each bar has their own nodes attached to the
nodes of the surrounding solid elements. It has the disadvantage of requiring a new F.E. mesh for each new configuration of
reinforcement bars in a design stage, which can be rather cumbersome and time consuming for 3D analyses. The smeared method
requires a kind of homogenization technique with the definition of equivalent properties for the reinforced region. This is neither
simple, nor accurate, besides being dependent on the constitutive model of the solid materials. The so-called embedded method has a
great advantage of allowing the bars to trespass freely the solid elements at any position. The stiffness of the bar segments are 
transferred to those of the trespassed solid elements, by assuming perfect bonding between them. However, this is not an acceptable
assumption for soil reinforcement bars, since the critical failure zone is the soil-bar interface itself. Therefore, the simulation of
relative displacements between the bars and the soil is the most relevant. The challenge here is to include these joint elements without
forcing the discretization of the surrounding solid elements. This was achieved with the new semi-embedded method presented in this 
paper. The method combines the best features of the discrete and embedded methods. It is tested for a pull out test and an excavation
example achieving very good results. 
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RÉSUMÉ
Barres de renforcement sont couramment utilisées dans les travaux géotechniques tels que sols cloués and excavation de tunnels par la
nouvelle méthode autrichienne. Trois approches sont disponibles dans la littérature pour modéliser ces inclusions dans le cadre d’une 
analyse Éléments Finis : la méthode discrète, diffuse et incorporée. La méthode discrète correspond à l’approche conventionnelle EF
dans laquelle chaque barre est discrétisée à l’aide de nœuds propres attachés aux nœuds des éléments solides voisins. Elle présente 
l’inconvénient de nécessiter la réalisation d’un nouveau maillage pour chaque configuration de barres associée à une étape de
conception, ce qui peut s’avérer laborieux et coûteux en temps pour les analyses 3D. La méthode diffuse s’apparente à une technique 
d’homogénéisation basée sur la définition de propriétés équivalentes pour la région renforcée. Cette méthode n’est ni simple, ni
précise et dépend du modèle constitutif des matériaux solides. La méthode dite des éléments incorporés présente le grand avantage de 
permettre de passer au travers des éléments solides dans n’importe quelle position. La rigidité des segments de barres est transférée à
aux éléments solides  en supposant une liaison collée parfaite entre eux. Cette hypothèse n’est toutefois pas une acceptable puisque la
zone critique de rupture est l’interface sol-barre elle-même. En conséquence, l’aspect le plus pertinent des simulations en la matière
est la modélisation des déplacements relatifs entre les barres et le sol qui devient.  Le challenge est donc de parvenir à inclure les
barres comme des éléments joints sans pour autant forcer la discrétisation des éléments solides environnants. Ceci est atteint  grâce à
la nouvelle méthode semi-incorporée présentée dans cet article. La méthode combine les meilleurs aspects des méthodes discrètes et
incorporées. Elle a été testée dans le cas d’un essai d’arrachement et sur un exemple d’excavation, démontrant l’obtention de très bons
résultats. 

Keywords : Éléments Finis, clouage des sols, renforcement, méthode semi incorporée. 

1 INTRODUCTION 

Reinforcement bars are commonly used in Geotechnical works 
such as soil nailing and tunnel excavation with the NATM 
technique. On the other hand, the finite element method (FEM) 
is the most popular numerical technique to analyze such 
structures, due to its versatility to adapt to complex geometries, 
heterogeneity and advanced constitutive models for 
geomaterials.  

 Reinforcement bars introduced in the soil mass represent 
discontinuities which are not easily accounted for using the 
FEM. Kwak & Filippou (1990) report three methods described 
in the literature to consider such inclusions: the smeared, the 
discrete and the embedded methods. 

The smeared or homogenized method is apparently the 
simplest. It is employed in cases where there is a uniform 
distribution of reinforcements, so that the elements in this 
region can be simulated as a new homogeneous material with a 
different stiffness. However, finding this equivalent stiffness is 

not a simple matter. The smeared method has been applied in 
the analysis of reinforced concrete panels, for instance. 
Nevertheless, this method is not suitable for applications in 
which the distribution of bars is not uniform, such as in the case 
of soil nailing with different lengths and inclinations.  

The discrete method corresponds to the conventional finite 
element approach using bar or beam elements. In this case, a 
new finite element mesh, connecting nodes along the bars to the 
surrounding soil elements, must be drawn for each 
reinforcement configuration under analyses during the design 
stage of a given structure. Furthermore the mesh should be 
relatively refined along the bar-soil interface. This remeshing 
can be time consuming and complicated, mainly in three-
dimensional analyses as it is the case for bar reinforcements. 

The embedded method, on the other hand, allows the 
reinforcement bars to trespass freely the solid elements as 
illustrated in Figure 1. Therefore, a single background mesh can 
be used to analyze all possible reinforcement configurations 
under consideration during the design. This is the main 
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advantage of the embedded method. Details of the embedded 
method may be found in Elwi & Hrudey (1989), Hartl (2002) 
and Andrade (2003). The reinforcement bars are considered by 
transferring their stiffness to that of surrounding solid elements. 
In order to achieve this embedment it is generally assumed a 
perfect adherence between the bars and the involving solid. This 
is a serious shortcoming, since failure may happen along the 
bar-soil interface.  

In order to account for the relative displacements in the bar-
soil interface, Durand (2003) and Farias & Durand (2004) 
presented an iterative procedure in which the embedded method 
is initially run and the results are used to solve a second system 
considering the bars and joint elements simulated as elasto-
plastic springs. The approach works relatively well, but it still 
has some drawbacks. Therefore, a new method, called semi-
embedded, is present in this paper.  

Figure 1.  Example of finite element mesh for the embedded method. 

2 THE SEMI-EMBEDDED METHOD 

This is an entirely new approach which combines features of the 
discrete and the embedded methods. As in the embedded 
method the reinforcement bars are allowed to trespass the solid 
elements in any position. However, the bars elements are 
discrete and have their own independent nodes, which add only 
a few extra degrees of freedom to the background mesh. 
Although the bars cross the solid elements, these are not split 
into different regions. This is achieved by superimposing the 
bars over the solid elements and connecting them by means of 
elasto-plastic springs. The springs connect the independent extra 
nodes of the bars to anchoring fictitious nodes on the sides of 
the solid elements. These nodes do not add any extra degree of 
freedom to the system and have their displacements computed 
by interpolation from the nodes of the solid elements, as if they 
were perfectly adhered to the soil mass. The reinforcement bars 
follow the conventional F.E. formulation, but the interface 
springs require a special formulation that will be explained in 
the next section.  

2.1 Semi-embedded method formulation 

The reinforcement bars are input by means of the coordinates of 
its extreme nodes. A series of automatic algorithms are used to 
find the intersection points between the reinforcements and the 
trespassed solid elements. These algorithms are generic and 
quite powerful and their description may be found in Durand 
(2008, 2003). The algorithms were implemented in a finite 
element program, named Mechsys, which was used for the 
simulations in this paper. 

The intersection points define the nodes of a discrete bar that 
crosses a certain element, and add a few extra degrees of 
freedom to the problem. The system of bars must be connected 
to the solid elements in order to compose a single global 
system. This is achieved by means of springs representing the 
soil-bar interfaces. The springs have stiffness but no real length, 
since the real nodes of the bars have the same coordinates as the 
virtual anchoring nodes in the solid elements. The denomination 
semi-embedded refers to the springs (not the bars) and comes 
from the fact that only one node of the spring is compatible with 
the displacements of the nodes of the solid element. 

Considering that the nodes of the trespassing bars are real 
nodes that take part in the global system, it becomes easy to 
apply direct boundary conditions, such as pulling out forces or 
prescribed displacements. This is an additional advantage of the 
semi-embedded method in relation to the embedded method for 
which boundary conditions are rather cumbersome. By varying 
the stiffness of the springs in different regions, it is also possible 
to simulate fully anchored zones and free sliding zone, such as 
in anchored retaining walls.  

The real nodes in the bars have their own equilibrium 
equations and their displacements are obtained directly when 
the global system is solved. However, equilibrium of the 
fictitious nodes on the solid elements is satisfied only in a weak 
sense and their displacements are computed by interpolation 
from the displacements of the real nodes of the solid elements. 

Since each real node in three-dimensional (3D) problems has 
three components of displacements, the connections between 
the bars and the surrounding soil requires three springs in each 
intersection point, as illustrated in Figure 2. Two of these 
springs are aligned in the directions perpendicular two the bar 
axes. These springs work like rails or a sheath avoiding 
significant relative movements between the bars and the soil in 
these directions. The third spring is aligned in the bar direction 
and allows the relative displacements of the interface, including 
possible failure. Depending on the stiffness of this spring, the 
relative displacements in the interface will mobilize more or 
less stresses in the reinforcement bars. 

The stiffness of a spring, for instance in the axial bar 
direction, is determined as a function of the relative 
displacements between the fictitious anchoring node (1*) in the 
solid element and the corresponding real node (1) in the bar 
element. This is illustrated in Figure 3. 
 The behavior of the interface up to failure is given by a 
simple linear relation such as τ=Kx´ur, in which τ is the shear 
stress along the bar-soil interface, Kx´ is the contact stiffness in 
the bar direction (x´) and ur represents the relative displacement 
between the bar and the soil in the axial direction. The contact 
stiffness is given in units of stress by displacement [F][L]-3 and 
may be obtained experimentally from pull-out tests. 

Figure 2.  Solid element, bar element and interface springs. 

Figure 3.  Relative displacement between real and virtual nodes. 

 The relative movement ur is computed as the difference 
between the displacement of the real node in the bar and the 
displacement of the virtual node (1*), which in turn is computed 
by interpolation from the displacements of the n real nodes of 
the trespassed solid element. Therefore, the connecting spring is 
associated with (n+1) nodes and the dimension of its stiffness is 
3(n+1)×3(n+1). For the spring in the axial direction (x´), this 
stiffness is given by the following expression: 

''''_ x
T
xlatxxsemi AK SSK =  (1) 
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in which Alat is the lateral area of the bar associated to the node 
(i.e., half of the total lateral area of the bar) and 'xS  is given by: 

]|[ 321322212312111' rrrrNrNrNrNrNrNrN nnx −−−=S  (2) 

In Eq.(2), Ni represent the shape functions of the n nodes of 
the solid elements and ri are the components of the unit vector 
in the bar direction. The detailed deduction of this equation may 
be found in Durand (2008). The total stiffness matrix in the 
contact at an intersection point is given by the addition of the 
stiffness of the three springs at that point: 

'_'_'_ zintyintxintint KKKK ++=  (3) 

An elastic perfectly plastic behavior may be assumed for the 
longitudinal spring if one wishes to simulate interface failure in 
this direction. The interface strength may be given by a criterion 
similar to Mohr-Coulomb, by assuming an adhesion parameter 
cint and a friction angle φint. The normal stress σn varies during 
the construction stages and may be estimated as the average of 
the stresses normal to the bar, σn =(σy´ +σz´)/2. The model is 
actually elasto-plastic with some little hardening, similar to a 
scheme proposed by Nakai (1985). 

The stress vector σx´y´z´ at a given point, with respect to the 
local system of axis in the bar, can be computed from the 
stresses at the (Guass) integration points of the solid element 
using the following expression: 

T
ip

T
zyx )(''' ESNT=  (4

in which Sip is a matrix containing the stress values at the 
integration points of the solid element, E is extrapolation matrix 
(see Durand & Farias, 2004), N is a matrix with the 
interpolation functions of the solid element evaluated at the 
point, and T is a matrix for the conventional change of 
coordinate systems. 

If a non-linear stiffness is adopted, such as in the elastic 
perfectly plastic model described above, the increment of 
internal forces Fint in the interface element may be computed 
as: 

intzintyintlat
T
xint A UKKSF ∆++∆=∆ )( '_'_' τ  (7) 

in which ∆τ is the increment in shear stress and Uint is a vector 
with dimension 3(n+1) contain the displacements of the 
trespassed element and the bar node.  

3 APPLICATIONS 

Two examples are provided to illustrate and validate the 
proposed method. The first one is a pull out test and the second 
is a full vertical excavation with soil nailing in unsaturated soil.  

3.1 Pull-out test 

Figure 4 shows the test configuration. Eight-node brick 
elements with 2x2x2 integration used and a single 
reinforcement bar with 4 m in length was introduced in the 
middle of the mesh. Two-node bar elements were generated 
automatically by the program, as well as the two-noded 
connecting springs.   

The bar reinforcement has an Elasticity Modulus E=10 GPa 
and a cross section area Asec=0.005 m2. The overall cross section 
(bar plus grouting) was assumed as Asec=0.018 m2. The 
longitudinal interface stiffness is K=100 MPa/m and the 
interface strength parameters are cint=10 kPa and int =30º.  

An initial confining isotropic confining stress equal to 100 
kPa was imposed to all elements. This implies an estimated pull 

out force, Fmax = Alat(cint + n tan( int)), of 127.68 kN. The 
displacements of all solid nodes were clamped in order to force 
the relative displacements in the bar-soil interface and the pull 
out force was applied in increments of 1% of total force until 
complete failure was achieved.  

Figure 5 shows the ratio ( / max), ie. the mobilized shear 
stress normalized by the predicted shear strength, for different 
relative levels of external pull out force (F/Fmax). It can be 
observed that the shear strength of the interface is gradually 
mobilized along the bar length. Failure is initially reached close 
to the pull out node and spreads gradually towards the other 
extremity of the reinforcement. Complete interface failure was 
achieved when the external force exceeded the forecasted 
maximum force by only 1%. This little difference is due to the 
type of elasto-plastic model assumed for the interface in which 
the yield surface expands a little during hardening implying a 
slightly higher friction angle at failure (Nakai, 1985). 

Figure 4.  Finite element mesh and reinforcement in a pull-out test. 

Figure 5.  Mobilized shear ratio with external load application. 

3.2 Retaining wall using soil nailing technique 

A hypothetical vertical excavation reinforced with soil nailing 
technique is analyzed in this example. The total excavation 
depth of 9.0 m was achieved in six successive layers of 1.5 m. 
For each stage, the program deactivates the excavated elements, 
computes the stress relief along the external face and applies the 
equivalent nodal forces. During the excavation, five lines of 
reinforcement bars are gradually introduced. The first 
reinforcement line is activated before the second excavation 
stage is initiated and the process is repeated until the 5th line is 
activated in the 6th excavation stage. The reinforcements are 8.0 
m long with an inclination of 10o and spaced by 1.5 m both 
horizontally and vertically. 

When an excavation line is activated, the program 
automatically computes the intersection points and adds the 
appropriate nodes, bar elements and springs. Therefore, the 
global system changes at every excavation/nailing stage. The 
reinforcement head is assumed as fixed to the external face of 
the slope. This is achieved by imposing a very high stiffness to 
the interface spring of the extreme (external) node of the bars. 

Figure 6 illustrates the problem and shows a 2D view of the 
finite element mesh. This mesh is actually 3D with 1.5 m of 
thickness, corresponding to the horizontal spacing between the 
reinforcement bars. Eight-node brick elements with 2x2x2 
integration and two-node bar elements automatically generated 
by the program were also used in this example. 

The soil mass was supposed to be unsaturated and the effect 
of matric suction was taken into account by adopting an elasto-

L = 4 m 

6 m 

1 m 

1 m 



M.M. de Farias and R. Durand / New Semi-Embedded Method for the Finite Element Analysis 1661

plastic model known as Barcelona Basic Model (Alonso, 1990). 
The water table is 12m below surface and suction increases 
hydrostatically. The main values of parameters adopted in this 
example are representative for a porous clay typical of Brasilia 
region in Brazil. 

The metal bars have an elasticity modulus E=210 GPa and a 
cross section area Asec=5.1 cm2. The interface, including 
grouting, has a cross section area Asec=78 cm2, longitudinal 
stiffness is K=20 MPa/m, and strength parameters are cint=0 and 

int =23º.   
 Figure 7 shows the distribution of axial forces for the five 

lines of reinforcements at the end of the excavation process. The 
results are typical of such soil nailed structures. The bars are 
working mainly in tension, except for the extreme internal node 
in the most superficial reinforcements. Maximum tension force 
values (around 30 kN) were achieved at a distance of 
approximately 3,0 m from the face in the central reinforcement 
(3rd line). For the deeper reinforcements close to the excavation 
toe, the axial forces were higher, due to higher soil surcharge, 
and the maximum values were closer to the face. This is also 
compatible with the shear strain mobilization zones in the soil 
mass, similar to spiral surface spreading from the excavation toe 
to the free horizontal surface.  

Figure 8 shows the mobilized shear stresses and the shear 
strength along the five lines of reinforcements. Note that the 
computed shear strength for the five lines was approximately 
constant. This is due to the higher superficial suction that 
compensates the lower surcharge in the most superficial 
reinforcement lines. It is also possible to identify some region 
where the mobilized shear stress in the interface reached the 
maximum strength. This zone corresponds to the regions of 
larger relative displacements induced by the excavation process. 
It is located close to the internal extremity of the bars, where 
part of the soil mass tries to slide while the other zone 
undergoes little deformation. 

Figure 6.  Vertical excavation with soil nailing. 

Figure 7.  Axial forces in the reinforcements at the end of excavation. 

Figure 8.  Mobilized and resistant shear stresses.

4 CONCLUSIONS

This paper introduces a new semi-embedded technique for the 
simulation of reinforcements using the finite element method. 
The main advantage of the method is the use of a single 
background mesh, independent of the arrangement of the bar 
inclusions. The method combines the best features of the 
discrete and embedded methods. It allows easy application of 
boundary conditions and adds only a few extra degrees of 
freedoms to the solid background mesh.  

The method can be applied in 2D or 3D and it is independent 
of element type or constitutive behavior of the solid background 
elements. It was tested for a simple pull out test with excellent 
accuracy. It was also applied to a 3D problem of a vertical 
excavation in unsaturated soils and compatible results were 
obtained. 
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