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ABSTRACT
 The failure mode of toppling of rock slopes can be approached by a discrete formulation of discontinuum mechanics, but also by
means of a differential equation based on the equilibrium conditions written in terms of the mechanics of continua. This second ap-
proach could be of special interest when dealing with thin rock strata. This paper describes a procedure to establish the equations of
toppling of rock slopes taking into account external forces that might be applied by means of anchors and soil nailing. The procedure
is applied to a particular case of toppling that was initiated when excavating a slope on thinly stratified rock and that was stabilized by
means of soil nailing and anchors. 

RÉSUMÉ
On peut analyser la rupture par basculement des talus en roches stratifiées avec des formules de la mécanique des blocs discontinus, 
mais aussi on peut utiliser les équations différentielles de la mécanique du continu. Cette méthode est spécialement intéressante en ro-
ches avec strates minces. Cet article décrit un procédé pour établir les équations du basculement en considérant les forces externes ap-
pliquées avec ancrages ou soil nailing. Cet procédé est appliqué pour analyser une instabilité provoquée en creusant un talus dans une 
formation rocheuse avec strates minces, stabilisée en utilisant soil nailing et ancrages. 

1 INTRODUCTION 

Toppling is a failure mode that occurs in natural slopes and 
open cuts in rock formations striking nearly parallel to the slope 
and dipping into the hill. 

 Studying the ground fracture by toppling is a complex prob-
lem when analysed in a mathematical fashion, as has been done 
in a large number of publications. Those most closely know are 
listed in the references. 

 This paper presents a simplified analytical method that 
makes it possible to approach the problem somewhat easily. In 
the first place, there must exist some relation between the geo-
metrical parameters defining the slope and the rock strength for 
the condition of toppling to be satisfied. After considering those 
requirements, some ideas about the estimation of the stabilising 
support needed in a slope to prevent toppling are discussed. The 
analytical expressions derived in this paper are applied to a case 
in which this type of failure has actually been observed. 
 Fig. 1 shows a sketch of the problem geometry under study. 

Figure 1. Geometrical sketch of the slope 

The authors have followed the approach from Sagaseta et al. 
(1996, 2001), with two modifications deemed essential: one per-
taining to the position of the resultant of pressures between 
strata (variable “m”, which will appear below) and another re-
lated to the determination of the worst possible base line. Ac-
cordingly, for an infinite slope, the problem becomes dimen-
sionless and depends only on the angular relations defining the 

slope geometry and the joints strength. It is independent from 
the base line position, which in previous formulations remains a 
variable, undefined factor. 

2 OVERTURNING EQUATION  

It is easier to analyse the problem if the axes are rotated an an-
gle i, so that the strata are shown vertically. Fig. 2 represents a 
layer that could overturn, with the forces acting upon it. The 
line connecting the overturning points of each stratum, initially 
unknown, will be called ‘base line’. 

Moment equilibrium in the layer base, assuming the simpli-
fication that the base shows no tensile strength, can be ex-
pressed with the following equation:  

Figure 2. Actions on a layer that could overturn 
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where � is the rock unit weight. 
Supposing infinitely thin layers (i.e. �x very small), equation 

(1) could be written in differential form as: 
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E tg 	  + 
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d
(E m h) + 

2
1
� h2 sen i = T   (2) 

Inter-layer actions are distributed along the full length of the 
contacts. Traditionally, lateral pressures are considered to be: 

E = 
2

1
� K h2                                                                             (3) 

In order to simplify the problem, the normal and shear 
forces can also be assumed to be proportional, as shown by the 
expression:

T = E · tg 
                                                                                (4) 
(4)

where 
 would be the friction angle mobilised along the strati-
fication planes. With these values, equation (2) becomes: 

3 K· m
dx

dh
+ h

dx

)mK(d �
+ sen i = K (tg 
 - tg 	)                      (5) 

(5)
Substituting

dx

dh
= tg � - tg 	                                                                       (6)     

     
Eq. (5) will be: 

3 K· m (tg � - tg 	)+ h 
dx

)mK(d �
+ sen i = K (tg 
 - tg 	)       (7) 

The usual value of m = 1/3 is a logic one when the strata are 
thin, and for that reason has been adopted for the analysis. With 
that assumption: 

� �
   tg-  tgK  = isen  +  
dx

dK
h

3

1 �             (8) 

The particular case of a constant value of K represents an 
indefinite hill of uniform slope. In that case, the minimum pres-
sure coefficient needed to prevent overturning is: 

��

�

tgtg

isen
Kmin                                    (9) 

3 SLIDING EQUATION 

A family of joints normal to the stratification is supposed to ex-
ist, being able to develop a frictional resistance characterised by 
an angle 
b. Consequently, the vertical and horizontal equilib-
rium equations make it possible to determine the stresses acting 
on each stratum base: 

dx

dT
icosh �����                         (10) 

dx

dE
isenh ������                        (11) 

To ensure stability, it is necessary that the strata bases will 
not reach the sliding condition, which can be expressed as: 

btg 
���                                                                            (12) 

By substituting the  and � values from Eq. (10) and (11) 
and the expressions for E and T from Eq. (3) and (4), it can be 
obtained: 
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Values of 	 cannot be negative for sliding. The critical con-
dition occurs for 	=0. 

The K value needed to avoid toppling must be less than: 

Kmax = � � ��

�
�
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)itgtg(icos

b

b          (14) 

because, being otherwise, the layer base would slide. 

4 EQUILIBRIUM CONDITIONS 

As it has just been deduced, to ensure that toppling will not oc-
cur in a natural slope or open cut of indefinite height, the pres-
sure coefficient between layers must lay in the following range: 

maxmin KKK ��                  (15) 

For the slope to be stable, it is needed that Kmax>Kmin, which 
implies:  
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By rearranging the equation terms in a suitable manner, the 
following essential requisite for ensuring stability is obtained: 
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+ tg i tg �                                                (17) 

Moreover, logically, K must be a positive value, which requires 
that 
 > � and 
b > i. 

5 THE EXAMPLE OF A CERTAIN DAM ABUTMENT 

This paper presents the case of a toppling failure which took 
place when beginning the excavation of one of the banks of a 
dam that was to be heightened. Initially, the hill slope was about 
25º, without any instability signs being apparent. The ground 
consists of alternating marl and sandstone, stratified dipping 70º 
inward into the bank. These two values, as obtained at the dam 
site, give i=20º and �=5º for the initial situation before opening 
the cut. 

When the works began, the bank was being excavated with 
an angle of 35º in respect to the horizontal plane. As the exca-
vated slope was 45 m high, the first symptoms of instability 
were observed. The problem analysis made it clear that the 
slope failure was due to toppling. (Picture 1). 

Picture 1.- Photograph of the unstable area.
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The new geometrical conditions for the bank correspond to 
i=20º (same as before), but with a new value of �=15º.  

The set of values of K and 
 needed to ensure stability, be-
fore and after excavating, are drawn in Fig 3. 

Just with this information, it is not possible to know the pre-
cise values of 
 and 
b, only the relation that must bind them is 
known.

Assuming that 
<
b, a possible guess at the friction parame-
ters during the toppling process is represented in point B of Fig. 
3, which corresponds to 
=25º y 
b=35º. 

Figure 3. Strength values needed for stability 

In the initial condition of the hill, there should exist a coeffi-
cient of pressure between strata that can be deduced from the 
condition of stability against overturning stated in Eq. (9). By 
substituting the appropriate values, it will be: 

K* = 
º5tgtg

º20sen
* �


           (18) 

where 
* is the frictional angle initially mobilised in the stratifi-
cation joints. 

The 
* value can be any in the approximate range 
15º<
*<25º. Just for the sake of illustrating this problem, 
*=20º
will be assumed, which leads to K*=1,24 (initial situation). 

As the bank is cut and the toppling develops, the pressure 
coefficient becomes: 

K = 
º15tgtg

º20sen

�

                  (19) 

 The interpretation adopted before (
=25º) results in a value 
of K=1.72 for the final situation. 

Fig. 4 shows the value of the pressure coefficient K as a 
function of the frictional angle between joints in the initial situa-
tion (curve 1) as well as the one presumably existing after the 
excavation and the toppling took place (curve 2). 

 A possible trajectory from the first to the final situations is 
also drawn, based on the assumption that the pressure coeffi-
cient existing in the natural hill was high, larger that one. The 
shift from that state probably happened at the expense of a tran-
sient increase of 
* and the corresponding pressure. Perhaps the 
friction between strata reached a peak value and decreased later. 
Most likely, the shear strength in the stratification joints was 
close to full mobilization when the excavation began.  

In order to estimate the value of the residual pressure coeffi-
cient remaining in the bank after the instability, it is necessary 
to take into account the fact that the upper part of the strata ro-
tated downhill about 5º and the actual slope was reduced to 33º 

after the displacement. Considering all those data, the resulting 
pressure would be: 

K = 
8ºtg25ºtg

25ºsen

�
= 1,30                                           (20) 

which is similar to the one existing before excavating. 

Figure 4. Possible evolution of 
 and K while cutting the slope 

6 THE EFFECT OF AN EVENTUAL SUPPORT 

The most simple and common way to reduce the toppling risk 
consists of decreasing the slope inclination, but this is not al-
ways possible. In such cases, an alternate solution is the applica-
tion of forces on its surface (by anchors, for example). 

The supporting forces on the slope surface can be repre-
sented as an external pressure (0, �0) as shown in Fig 5. 

Figure 5. External forces applied on the slope 

The moment equilibrium equation becomes now: 
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That can be transformed to obtain:
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 For the infinite slope condition �
�

�
�
�

 a new minimum 

value of the pressure coefficient is obtained: 
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 This coefficient compared with the old one results in:  
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By a similar operation on the sliding condition, a value of 
K*

max can be obtained for the slope after the reinforcing: 
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  The new stability condition is obtained, as before, by com-
pelling that K*

min < K*
max,:
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 The last equations have been applied to the studied dam 
abutment in order to compute the anchor force needed to exca-

vate with an angle �=35º (�=15º). The slope should be stable 
even with values of the frictional strength smaller than the pre-
viously estimated, that is, after reducing tg 
 and tg 
b by a 
safety factor F=1.2. 

With these new strengths, the stability condition results in: 

�������
�

�
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�

�
�� º15tgº20tg1

º25tg
º15tg

º35tg
º20tg

2.1       (30) 

that leads to obtain a value of �=0.216.
 A pressure p with an inclination of 30º to the horizontal 
plane (25º to the slope normal, 0 = p·cos 25º, �0 = p·sen 25º) 
corresponds to values: px = 0.666 p; py = 0.793 p. The relations 
between the pressure coefficients are calculated to obtain: 
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By means of Eq. (29), the value of � can be calculated again 
and should equate the one deduced from Eq. (30). 
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Therefore, the applied pressure amounts to: p = 0.112 � h. 
This value was a reference when designing the anchors. 

7 CONCLUSION 

The solution of the equilibrium equations for toppling can be 
undertaken analytically by adopting some simplifying hypothe-

ses. Among them, to assume that the strata thickness is infi-
nitely small, so that the problem may be analysed by using the 
continuum mechanics laws. Under these circumstances, it can 
be shown that the toppling failure is controlled by certain vari-
ables: the four characteristic angles intervening in this paper (�,
i, 
, 
b) The solution is independent of the problem dimensions 
and the rock unit weight. 

To be stable, the slope must satisfy three conditions: 
 > �;

b > i  and tg �/tg 
 + tg i/tg 
b < 1+ tg i tg �.

If these conditions are not fulfilled, the theory makes it pos-
sible to calculate the local intensity of the anchor load needed to 
ensure equilibrium. The latter computation, though, is depend-
ent on the problem dimensions, specially on the base line depth 
and the specific weight of the rock.  
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