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ABSTRACT: Pile-row retaining structure is widely adopted in the excavation of deep foundation pit. In the sup-
porting system, retaining piles are the main bearing members. It is extremely important to obtain the magnitude
and distribution of earth pressure against retaining piles. Based on themode of failure, a newmethodology is pro-
posed to evaluate the earth pressure against retaining piles of pile-row retaining structure. In the proposedmethod,
both spatial effect and intermediate principal stress effect are considered. Finally, the methodology is applied to
practice engineering. It is demonstrated that the strength theory has more influence on earth pressure and the
potential strength of filling materials is sufficiently developed under the guidance of the united strength theory.

1 INTRODUCTION

The pressure against the back of a retaining structure
caused by backfill and surcharge on the ground surface
is a classical problem of soil mechanics. It is influ-
enced by retaining structure types, movement mode,
stiffness and contact conditions between soil and struc-
ture (Fang & Ishibashi, 1986; Harrop-Willrams,1989;
Zhou,1990; Fang et al., 1994; Wang, 2000; Pal &
Salgado, 2003). In addition, the distortion of soil mass
has a certain effect on the earth pressure. Before the
soil achieves breakage, themagnitude of earth pressure
cannot be determined. Even if it reaches limit state, the
earth pressure cannot also be calculated because inner
soil mass cannot synchronously arrive at limit equilib-
rium state. So the reliable parameter of soil cannot be
acquired. Thus, to apply in practice expediently, it is
usually assumed the soil is on ideal failure state.
In the excavation of deep foundation pit pile-row

retaining structure iswidely adopted. In the supporting
system, retaining piles are the main bearing mem-
bers. It is very important to obtain the magnitude and
distribution of earth pressure against retaining piles.
Because of failure mechanism of soil behind piles,
the influence of interaction between retaining structure
and soil on earth pressure can’t be achieved accurately
according to classical earth pressure theory. So earth
pressure should be taken as the spatial problem rather

than plane problem.Mohr-Coulomb strength theory is
usually introduced into the computation analysis and
the influence of intermediate principal stress is omit-
ted. However, plenty of experiments reveal the soil
strength varies with the intermediate principal stress
(Yu, 2004), which is quite different fromwhat has been
depicted in the conventional Mohr-Coulomb theory.
The unified strength theory is a system of yield and
failure criteria of material sunder complex stresses. It
has a clear physics and mechanics background, a uni-
fied mathematical model, and a simple and explicit
criterion which includes all independent stress com-
ponents and simple material parameters (Yu, 2002).
In this study, a new methodology based on the

plastics limit analysis is proposed to evaluate the earth
pressure against retaining piles of pile-row retaining
structure based on the mode of failure. In the proposed
method, both spatial effect and intermediate principal
stress effect are considered. The solution of the equa-
tion is obtained, giving a theoretical result for the earth
pressure on retaining piles.

2 UNIFIED STRENGTH THEORY

Based on a twin-shear element and the multiple slip
mechanism,Yu and He (1992) established the unified
strength theory. It has a unified model and simple
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Figure 1. Varieties of the unified strength theory on devia-
toric plane (Yu, 2004).

unified mathematical expression that is suitable for
various materials (Yu, 1994). The unified strength
theory covers all the regions from the lower bound
to upper bound, as shown in Figure 1. The unified
strength theory considers the different contributions
of all stress components acting on the stress element
to the yield or failure of materials.
The mathematical modeling is expressed as follows

(Yu et al., 2002):

If it is prescribed that press stress is positive,
Equation (1) and Equation (2) can be rewritten as

where c0 = cohesion, φ0 = friction angle, b= unified
strength parameter that reflects the influences of the
intermediate principal stress on the yielding of the
material (0≤ b≤ 1), σt and σc are uniaxial tensile
strength and compressive strength, respectively, and
α is tensile-compressive strength ratio.
Introducing Lode parameter µσ , thus

Substituting Equation (5) into Equation (3) and (4),
letting

The unified cohesion ct and the unified friction
angle ϕt can be defined as

According to Mohr circularity of stress state at a
point, the unified expression of shear strength can be
obtained

3 FAILURE MODE OF SOIL HEHIND PILES

For pile-row retaining structure, the arching effect in
the retaining soil mass occurs (Hu et al., 2000). It
is a stress redistribution process by which stress is
transferred around a region of the soil mass, which
then becomes subject to lower stresses. So the earth
pressure acting on piles is enhanced, while the earth
pressure on soil around piles is depressed. The smaller
is pile space, the stronger is soil arching effect. And it
is more propitious to the stability of foundation pit.

3.1 Simple shear failure mode

Figure 2 shows the failuremodeA homogeneous foun-
dation pit of depthH and the net spaceB is considered.
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Figure 2. Simple shear failure mode of soil mass between
piles.

Figure 3. Rip-shear failuremode of soilmass between piles.

The soil wedge is assumed to be rigid and slide alone a
planar surface. The critical inclination of failure plane
is expressed as β.
WhenB− 2b≥ 0, simple shear failuremodeoccurs,

letting

According to Equation (10), the failure condition of
simple shear failure mode can be obtained as

where Hcr = critical height of failure mode.

3.2 Rip-shear failure mode

Rip-shear failure mode will arise when H >Hcr , as
shown inFigure 3.The soilmass behindpiles is divided
into two portions from the critical height Hcr . Above
the height Hcr , the soil is rip failure, and it is shear
failure below the height Hcr .

4 CALCULATION OFACTIVE EARTH
PRESSURE

4.1 Earth pressure of simple shear failure mode

Figure 4(a) shows the mechanism of simple shear fail-
ure. The single pile endures the earth pressure of the

Figure 4. Schematic for earth pressure of simple shear
failure.

region soil of block BCDB′C ′D′. It is assumed that the
soil is perfectly plastic and their deformation is gov-
erned by the associative flow rule. Then, Kinematical
admissibility requires the velocity jump vector, v, be
inclined to the velocity discontinuity at angle ϕt , as
presented in Figure 4(b).
The Cartesian coordinates system established for

the present analysis is shown in Figure 4(a). The
point C is the origin of the Cartesian coordinates sys-
tem, and plane XY is level plane. Section AC (or A′C ′)
is slippage tangent of fracture surfaceBCC ′B′, and it is
inclined to the velocity discontinuity at angle ϕt . Slim-
ily, the velocity of fracture surface BCD and B′C ′D′ is
at an angle ϕt to the slippage tangent DC and D

′C ′. In
the plane BCD, according to the directional derivative
of the velocity v, the angle α can be obtained as

The rate of work of soil weight can be calculated as
the work rate of blockABC-A′B′C ′ plus the work rates
for blocks C-BAD and C ′-B′A′D′. Consequently, this
work rate takes the form

where γ = the soil unit weight, d = the diameter of
pile, f1 is a function, it can be determined as

Due to the homogeneous soilmasses being rigid, the
internal energy is only dissipated along the sliding sur-
face.The work dissipation rate can be calculated as the
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work dissipation rate of block CC ′DD′ plus the work
dissipation rates for blocks DBC and D′B′C ′. Conse-
quently, this dissipation work rate can be calculated as

where

Since soil-pile interface can be considered as veloc-
ity discontinuity rather than stress characteristic, ideal
plastic model is not applicable to the interface mate-
rial. The relative movement between soil and pile,
which depends on the interface characteristic sand the
property of the adjacent soil, is not always of purely
frictional sliding. If it is assumed that the total hori-
zontal earth pressure induced by soil mass is Pau. The
friction angle of soil-pile interface is δ. Two conditions
are considered in the following.
1 Smooth pile (δ < ϕt)
The external work rate contributed by the resultant

horizontal earth pressure Pau is

The work dissipation rate along pile surface is

Equating the rate of internal energy dissipation to
the rate of the external work, we can obtain

2 Rough pile (δ ≥ ϕt)
The external work rate contributed by the resultant

horizontal earth pressure Pau is

The work dissipation rate along pile surface is

Similarly, equating the rate of internal energy dis-
sipation to the rate of the external work, the resultant
horizontal earth pressure can be obtained

Figure 5. Schematic for earth pressure of rip-shear failure.

4.2 Earth pressure of rip-shear failure mode

The rip-shear failure mechanism for the present anal-
ysis is shown in Figure 5. The earth pressure acting on
single pile is induced by the region soil mass FCDG-
G′D′C ′F ′. Similar to the earth pressure of simple shear
failure mode, the rate of work due to the soil mass
weight can be expressed as

where

where S = the center distance of two adjacent piles.
For the rigid material considered, the internal

energy is only dissipated along the sliding surface
and the interface surface of soil-pile. The rate of
energy dissipation along the sliding surface can be
expressed as
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Figure 6. Relations between the unified strength parameters and the soil strength.

where

The rate dissipation along the interface surface of
soil-pile is similar to the Equation (16) and (19).
For Smooth pile (δ < φt), according to the energy
conversation law, we can obtain

Similarly, for roughpile (δ ≥ φt), the total horizontal
earth pressure Pau can be derived as

Accordingly, the corresponding resultant Pa acting
on the pile is

The magnitude of active earth pressure can be
obtained from Equation (25). Obviously, for a given
example, the resultant Pa is only determined by fail-
ure angle β. By taking the first derivatives of Equation

(25) with respect to β, and equating it to zero and
solving it, we can obtain the critical angle βcr . Sub-
stituting βcr into Equation (25), we have the maximal
upper-bound for the active earth pressure.

5 RESULTSAND DISCUSSION

To evaluate the validity of the proposedmethod, a pile-
row retaining structure without anchor is analyzed.
Numerical results are presented and compared.

5.1 Effects of the unified strength parameters on
soil parameters

The influences of the unified strength parameters on
soil mass strength are represented in Figure 6 for
ϕ0 = 15◦. It is observed that the soil mass strength
varies with the variety in the value of the unified
strength b. The soil mass parameters of ct and ϕt are
piece-wise functions and they achieve extremumwhen
µσ = −sinϕ0.

5.2 Effects of the unified strength parameters on
failure mode

Figure 7 presents the effects of the unified strength
parameters on critical height Hcr for γ = 17 kN/m3,
ϕ0 = 15◦, H = 10m. As a whole, the critical height
Hcr decreases with the increase in the value of b.
Figure 7(a) and Figure 7(b) also show the influence
of S and pile diameter d. For c0 = 0, the critical height
increases with the increase in the value of S, while
it decreases with the increase of d. It is also clear
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Figure 7. Influence of the unified strength parameters on critical height Hcr .

that under the same conditions Hcr decreases with the
increase of c0 or δ in Figure 7(c) and Figure 7(d).

5.3 Effects of the unified strength parameters on
active earth pressure

Based on the unified strength theory, the values
of active earth pressure is shown in Table 1 for
γ = 17 kN/m3, ϕ0 = 15◦,H = 10m, d = 1.0m, c0 = 0.
The proposed formula can be degenerated into the
expressions induced by Mohr-Coulomb strength the-
ory. From the table, it is found that the strength

Table 1. Effects of the unified strength parameters on active
earth pressure.

b= 0 b= 0.5 b= 1
δ
Deg (1) (2) (1) (2) (1) (2)

0 483.6 483.6 414.9 396.3 378.8 350.0
15 364.1 364.1 305.4 378.8 275.5 252.0

∗b= 0 is simplified to Mohr-Coulomb theory; b= 1 is twin
shear theory. Situation (1) represents µσ = 0, and situation
(2) is µσ = −sinϕ0.
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theory has more prodigious influences on the active
pressure. The resultant earth pressure Pa decreases
with the increase in unified strength parameter b. For
µσ = 0, when b changes from 0 to 1, the resultant
earth pressure Pa decreases by about 21.7%. Simi-
larly, the earth pressure Pa is also influenced by the
Lode parameter µσ .

6 CONCLUSIONS

The estimation of active earth pressures acting on
retaining piles is very important in geotechnical
design. However, unlike the assumption used in the
analysis of Coulomb, which generally calculates earth
pressure according to plane strain, the earth pressure
behind the piles should be taken as the spatial prob-
lem. This is due to arching effects in the retaining soil,
which result from the frictional resistance between the
piles and the soil.
In this paper, a new methodology is proposed to

evaluate the earth pressure against retaining piles of
pile-row retaining structure. The advantage of the pro-
posedmethod lies in the fact that both spatial effect and
intermediate principal stress effect are considered. It is
indicated that the strength theory has more influence
on earth pressure and the potential strength of filling
materials is sufficiently developed under the guidance
of the united strength theory. But the methodology
requires experiment or field verification.
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