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ABSTRACT: Backward erosion piping (BEP) is an internal erosion mechanism that erodes foundation sand from beneath levees
and dams. Numerous failures have been attributed to BEP, and structural modifications are commonly made at great expense to
reduce failure risks associated with BEP. In the event that structural modifications do not perform as anticipated, it is necessary to
be able to quantify residual BEP risks and the resilience of the structure. For this reason, a two-dimensional, adaptive finite element
program has been developed that permits efficient simulation of BEP pipe progression in plan-view. An overview of the program is
first presented, followed by simulation examples that demonstrate the influence of incomplete cutoff walls and under-designed relief
wells on pipe progression.

RESUME : La tuyauterie d'érosion arriére (BEP) est un mécanisme d'érosion interne qui érode le sable de fondation sous les digues et
les barrages. De nombreuses défaillances ont été attribuées au BEP, et des modifications structurelles sont généralement apportées a
grands frais pour réduire les risques de défaillance associés au BEP. Dans le cas ou les modifications structurelles ne se déroulent pas
comme prévu, il est nécessaire de pouvoir quantifier les risques BEP résiduels et la robustesse de la structure. Pour cette raison, un
programme d'éléments finis adaptatifs bidimensionnels a été développé qui permet une simulation efficace de la progression des tuyaux
BEP en vue en plan. Un apercu du programme est d'abord présenté, suivi d'exemples de simulation qui démontrent I'influence de murs
de coupure incomplets et de puits de décharge sous-congus sur la progression des tuyaux.
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perform as anticipated and the level of risk reduction obtained
needs to be assessed further. In both cases, the ability to
simulate BEP using numerical tools can provide great benefit.
The authors have recently developed a model for simulating BEP
progression in two dimensions using an auto-adaptive, finite
element approach (Robbins and Griffiths 2020). In the sections
that follow, the model is briefly described before presenting
examples to illustrate the proposed analysis approach for
evaluating BEP risks and corresponding risk reduction measures.

1 INTRODUCTION

Backward erosion piping (BEP) is a type of internal erosion that
occurs when shallow erosion channels progress upstream
through erodible foundation layers (e.g., Bonelli 2013) as
illustrated in Figure la. The process typically occurs in
predominately sandy soils when an overlying, cohesive cover
layer is present to provide a stable roof over the open erosion
channels that form. These conditions regularly occur in coastal
and riverine environments where levees are commonly
constructed (Van Beek et al. 2013). The erosion pipe progresses

2 MODEL DESCRIPTION

upstream when the seepage forces near the pipe tip are sufficient
to detach soil particles from the soil matrix. These soil particles
are then transported through the erosion pipes and carried to the
ground surface. The processes of detachment near the pipe tip
and transport in the pipe have been called primary and secondary
erosion, respectively, as the primary erosion drives the pipe
progression while the secondary erosion keeps the pipes open
and dictates the pipe dimensions (Van Beek 2015, Robbins et al.
2018, Van Beek et al. 2019).

BEP is an issue of great concern as numerous dam and levee
failures have been caused by the process of BEP (Foster et al.
2000, Fry 2016). While all types of internal erosion can readily
be prevented through the use of modern filter designs and
drainage systems (Fry 2016), many older structures lack these
defensive measures against erosion.  For these structures, costly
modifications are often made to reduce perceived risks
associated with BEP. Unfortunately, there are no widely
accepted numerical tools available to assist engineers in
assessing the necessity and performance of these remedial
measures. Further, in some cases, remedial measures do not
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A finite element program was developed for performing plan
view analysis of BEP progression in a piece-wise, steady state
manner. The analysis plane (Figure 1b) corresponds to the
upper most plane of the foundation sand illustrated in Figure 1a.
The progression of BEP is simulated through a piecewise, steady
state approach by solving the coupled groundwater flow and pipe
flow equations at each pipe position to determine if the pipe will
progress under given boundary conditions. The governing
equations and simulation algorithm are described below.

2.1 Coupled flow equations

The groundwater flow in the soil domain of the x-y analysis plane
is treated as steady state, laminar flow which is governed by the

Laplace Equation (Eq. 1).
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where h is the total head and k, and k, are the hydraulic
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Figure 1. Illustration of (a) backward erosion piping process beneath a
levee and (b) discretized analysis plane directly beneath clay layer for
analysis of BEP.

conductivity of the soil in the x and y directions, respectively.
Following Smith and Griffiths (2004), the equivalent finite
element problem to Eq. 1 is given by

[K.]{H} = {Q}

where {H} and {Q} represent the total head and net
inflow/outflow at the finite element nodes and
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The erosion channels that form are relatively shallow and quite
wide, so the flow in the erosion channels can be treated as
laminar flow between two parallel plates. For this situation, it has
been demonstrated (Robbins and Griffiths 2018, Robbins and
Griffiths 2020) that the pipe flow can be solved using Egs. 1-3
with an equivalent “pipe hydraulic conductivity” defined in Eq.
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where a denotes the depth of the erosion pipe, p is the fluid
density, g is the gravitational acceleration, and y denotes the
dynamic fluid viscosity. In this manner, the domain can be
separated into a soil domain and a pipe domain. The coupled
flow equations are solved by using the soil hydraulic
conductivity for the pipe domain and calculating k,, for each
pipe element based on the pipe depth, a;, associated with the
respective pipe element.

Downstream Boundary

)
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2.1 Simulation algorithm

The progression of the erosion pipe is assessed on the basis of
the local hydraulic gradient in the elements upstream of the pipe.
Due to the highly localized nature of the erosion process
(Robbins et al. 2018), it is necessary to use adaptive mesh
refinement to (1) assess the hydraulic gradient for progression
over a sufficiently small distance and (2) ensure elements are
small enough to represent the actual pipe geometry. An element
subdivision approach was used for adaptation that resulted in
hanging nodes (Figure 1b) at which the solution must be
constrained. While the adaptive meshing will be described in
terms of the solution process, complete details are beyond the
scope of this paper. The interested reader is referred to Robbins
and Griffiths (2020) and Robbins and Griffiths (2021) for further
details on the adaptive meshing data structures and algorithms.

A description of the simulation algorithm used to simulate pipe
progression is illustrated in Figure 2. For this study, the total head
on the downstream boundary and initiation element was fixed to
a value of zero. The head on the upstream boundary was set to
a nominal value. For the first step, the initiation element is the
only pipe element. Each pipe element has the pipe depth
initialized to a nominal value of 3dsg. This initial pipe depth is
used to calculate k, for the pipe elements. The groundwater
flow problem is then solved. While the pipe elements are
initialized to a given depth, it is not known a priori if this depth
is correct, and the actual pipe depth must be iteratively solved
for. The flow in the pipe elements will exert a boundary shear
stress (7) on the sand at the erosion channel floor which is given
by

T = 0.5apgi, (5)
where i, = |Vh| denotes the horizontal hydraulic gradient. If
T > 1. where 7. is the critical shear stress for incipient motion,
then the sand grains on the pipe boundary will erode and the pipe
depth will enlarge. As shown in Figure 2, this condition is
iteratively checked and the pipe depth is increased by dsq/2 if
violated until the pipe depth in all pipe elements is such that 7 <
Tc.
Once a valid solution has been obtained for all pipe elements,
the mesh is refined. The mesh is refined based on two criteria:
(1) all elements adjacent to pipe elements are refined until they
reach the target element size (0.2 m for this study), and (2) any
elements with too large of an error indicator are refined.

After refining the mesh, it is necessary to iterate on pipe depth
again to arrive at a converged solution. This process is repeated
until a solution is obtained for a fully refined mesh satisfying all
mesh adaptation criteria. At this point, the pipe progression is
then assessed. For all elements adjacent to the erosion pipe, the
hydraulic gradient is compared to a critical value (i.) for pipe
progression.

ip > i (6)

If Eq. 6 is satisfied in any soil elements adjacent to the pipe, the
soil element is switched to a pipe element and the process is
repeated. In the event that Eq. 6 is satisfied in multiple soil
elements, the element with the maximum value of iy is
switched to a pipe element. The pipe depth, mesh refinement,
and pipe progression loops (Fig. 2) are repeated until Eq. 6 is no
longer satisfied in any elements and the pipe has reached
equilibrium under the applied boundary conditions. If the pipe
has not yet progressed through the entire analysis domain, the
upstream head is then increased and the analysis of pipe
progression continues. In this manner, the equilibrium position
of the erosion pipe is determined in a piecewise manner for all
applied heads up to the critical upstream head at which the pipe
progresses to failure.
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Figure 2. Description of algorithm for adaptive finite element analysis of
BEP progression.

3 EXAMPLE PROBLEM

Consider the scenario illustrated in Figure 1 for a case with a
levee that is 10 m in height with 3H:1V side slopes and a 5 m
wide crest. The base of the levee (X,) is 65 m wide. Let the
distance from the levee toe to both the upstream and downstream
boundaries be 100 m such that the X dimension of the analysis
plane is 265 m in length. For this example analyses, the width
of the analysis plane (Y) is set to a value of 100 m. The initiation
point for BEP was set to a location 20 m downstream from the
levee toe at an X position of 185 m. The sand is considered to be
homogenous across the full analysis plane with properties as
given in Table 1. For this example scenario, consider the
following four analyses cases:

Case 1 — The base case consists of the uniform sand layer as
previously described. This scenario is representative of the
existing condition at a project being assessed for BEP potential.
Case 1 is illustrated in Figure 3a.

Case 2 — Consider a scenario where a cut-off wall extends
partially through the domain as illustrated in Figure 3b. This
scenario may occur near the end of a cut-off wall. The example
analysis will show how this situation could potentially be
assessed to determine how far a wall should be extended. It will
also permit a relative comparison between a few scenarios.

Case 3 — Consider a case where relief wells were installed at
x=200 m. In this case, the relief wells are 15 m downstream of
the BEP initiation point. While wells are designed to prevent
BEP altogether by limiting initiation of erosion, there are
scenarios where wells become clogged over time or are under
designed. Inthese scenarios, it may be of interest to assess what
risk reduction the partially functioning wells provide if erosion
is able to initiate. While the relief wells were represented by
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Table 1. Material properties for example analyses.

Parameter Value
k (m/s) 1.0 x 1073
dso (mm) 2.5x107*
7. (Pa) 0.25
p (kg/m’) 1000
u (Ns/m%) 1.0x 1073
i () 0.3

setting a constant head boundary of zero at nodes in this study,
more sophisticated well representation could readily be
incorporated that consider the relationship between outflow and
total head associated with the wells.

Case 4 — Now consider the case where relief wells were installed
10 m downstream from the levee toe at x=170 m. In this case, the
BEP initiation occurs 15 m downstream of the relief wells.

For all four cases, a simulation of BEP progression was
conducted yielding the final pipe paths as shown in Figure 3.
For each scenario, the head on the downstream boundary was set
to zero, and the head at the initiation point was set to zero. The
upstream head was gradually increased in steps, and the pipe
progression was assessed using the algorithm previously
described.

During each simulation, the relative pipe position (I/L) was
recorded at each simulation step based upon the erosion pipe
length (1) and the final length of the pipe path (L). By plotting the
relative pipe position as a function of the applied upstream head
(Figure 4), a pipe progression curve is generated. Consider the
pipe progression curve for the base case with no remedial
measures (Case 1) as shown in Figure 4. For this curve, it is
readily seen that the critical head for pipe progression is 10.8 m.
Once the upstream head reaches this level, the pipe progresses
completely through the domain without any further increases in
head. Further, the pipe progression curve illustrates that the
critical pipe length occurs when the pipe has only progressed
approximately 20 percent along the full erosion path. This
information is useful when considering how likely it is that
erosion would be detected in advance. That is, by considering
how far a pipe may progress before reaching the critical head, the
potential for instrumentation and monitoring to detect the erosion
in early stages can be assessed.

By comparing the pipe progression curves for the four
different cases, a few significant observations can be made.
First, all remedial measures assessed result in an increase in the
critical head required to cause failure. Intuitively, one may have
expected Case 4 to decrease the critical head due to the wells
increasing the average gradient in the sand layer. This may be the
case for closely spaced wells. However, in the scenario
considered, the wells redirected water from the pipe tip to the
well. This reduced the local gradient at the pipe tip and caused
an increase in the critical head. Second, the position of the relief
wells relative to the BEP initiation point is significant. The
scenario with the wells downstream of the initiation point had a
critical head of 12 m, whereas the scenario with the wells
upstream of the initiation point had a critical head of 14 m. The
wells being upstream of the initiation point, as in Case 4, result
in higher critical heads because the wells intercept flow and
reduce the gradient at the pipe tip until the pipe progresses past
the wells. This is evident from the fact that the critical head is
reached at a shorter pipe length (Figure 4). This should be
considered in the design of well arrays.

In addition to the pipe progression curves, the visualization of
the pipe paths is a useful way to understand how BEP pipes will
interact with remedial features and designs. For example,
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Figure 3. Final pipe paths for (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4.
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Figure 4. Relative pipe position as a function of head applied to the
upstream boundary for the four cases assessed.

consider Case 2 with the cut-off wall penetrating part way
through the domain. One can easily see how this same problem
could be assessed over a much larger domain where the actual
wall position and geometry is being assessed. By running
analysis for various wall designs and comparing the pipe
progression curves (similar to Figure 4), the robustness of the
BEP mitigation measures can be weighed against the
construction cost to find the most economical design.

4 DISCUSSION

While this study illustrates how BEP can be analyzed by the
finite element method, it should be acknowledged that modeling
of erosion has yet to be rigorously validated against field and
experimental studies. Additionally, there is significant
uncertainty regarding the value of the local critical hydraulic
gradient for pipe progression as there have been very few studies
that have attempted to measure this to date. As such, finite
element models cannot yet be used to precisely model the critical
head that will cause failure due to BEP. Significantly more
research is needed into model parameters, understanding the
differences between two- and three-dimensional models, and
validation of modeling approaches against failure case histories.

Despite these limitations, the ability to model BEP progression
can add immediate value to risk assessments that are commonly
conducted via elicitation of expert panels. Presently, the relative
influence of soil stratigraphy, problem geometry, and different
types of boundary conditions is taken into account through
individual judgement. Unfortunately, there are very few actual
BEP case histories to base this judgement on, and the case
histories that do exist have significant uncertainty surrounding
the conditions that caused failure. The ability to simulate BEP
through FE models provides a direct way to assess the relative
influence of various conditions on BEP progression. While there
is uncertainty regarding the absolute value of the critical head,
qualitative comparisons of model results for differing conditions
can greatly assist expert panels in building the case for their final
BEP risk assessments.

5 CONCLUSIONS

A two-dimensional, adaptive finite element program for analysis
of backward erosion piping in plan view was briefly described.
An example problem was used to demonstrate how the analysis
approach can be used to assess the potential for BEP progression
in various scenarios. The resulting visualizations of the BEP
erosion path and corresponding pipe progression curves provide
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valuable information for understanding BEP progression.
Further, by comparing the resulting pipe progression curves for
various designs, the relative robustness of remedial measures can
be quantified. The proposed approach provides a significant step
forward in the ability of dam engineers to quantitatively assess
BEP risks and make informed decisions regarding structural
modifications for risk mitigation.
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