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ABSTRACT: The problem of piled foundations under combined axial-moment loading involving tension load on piles is investigated 
both theoretically and experimentally. A physically motivated mathematical framework based on the interaction factor method is first 
presented and discussed. Piles are modelled as interacting uniaxial elements characterized by a hyperbolic-truncated law and two 
yielding loads, one in compression and one in uplift, while pile-to-pile interaction effects are account for by superposition. An 
alternative macro-model for pile groups formulated in the framework of multi-surface plasticity is also introduced. The prediction 
capability of both these models is then evaluated against the results of a set of centrifuge tests recently carried out on model 
foundations of annular-shaped pile groups subjected to different load paths. Although derived from different conceptual frameworks, 
the two models match in a very satisfactory way the experimental benchmark and can be both considered well-suited for a wide class 
of foundation engineering problems.  

RÉSUMÉ: Le problème des fondations sur pieux soumis à un charge vertical et excentrique impliquant une charge de traction sur 
les pieux est étudié théoriquement et expérimentalement. Un modèle mathématique qui est physiquement motivé basé sur la méthode 
des facteurs d'interaction est d'abord présenté et discuté. Les pieux sont modélisés comme des éléments uniaxiaux en interaction 
caractérisés par une loi hyperbolique tronquée et deux charges plastique, une en compression et une en soulèvement, tandis que les 
effets d'interaction pieu à pieu sont pris en compte par superposition. Un macro-modèle alternatif pour les groupes de pieux formulé 
dans le théorie de la plasticité multi-surfaces est également présenté. La capacité de prédiction de ces deux modèles est ensuite 
évaluée par rapport aux résultats d'une série d'essais de centrifugation effectués sur des groupes de pieux de forme annulaire soumis 
à des chemins de charge variables. Bien que dérivés de theories conceptuels différents, les deux modèles correspondent de manière 
très satisfaisante au référentiel expérimental. 
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1  INTRODUCTION.  

A large class of foundation engineering problems can be 
examined by idealizing the multi-component resultant action 
transmitted by the structure as a purely vertical, eccentric load, 
e.g. water tanks, chimneys, silos or tall wind turbines. In this 
regard, Iovino et al. (2021) have documented a case study of a 
wind farm in south Italy with 95 m high turbines where the 
horizontal load due to extreme wind actions is only 5% the dead 
load of the structure. In such case, the inclination of the resultant 
action can be neglected from an engineering viewpoint. Piles are 
usually needed to avoid a bearing capacity failure or excessive 
rotations at foundation level. In this last case, the load-
deformation response of the piled foundation is usually 
calculated by carrying out 3D numerical analyses. This approach, 
however, involves large numerical models as well as the 
calibration of appropriate constitutive law of soil behavior and, 
therefore, has no practical appeal for routine engineering. There 
is a clear trend in literature toward the analysis of coupled ‘soil-
foundation-structure’ interaction problems by the use of ‘force-
resultant’ or ‘lumped’ plasticity models, in which the soil-
foundation system is replaced by a unique macro-model capable 
of describing the incremental relationship between generalized 
forces and displacements by appropriate constitutive 
relationships. The advantage of this approach over the so-called 
direct approach is manifold as widely discussed in many 
publications (Nova & Montrasio 1991, Gottardi et al. 1999, 
Houlsby & Cassidy 2002, Salciarini & Tamagnini 2009, Marchi 

et al. 2011, Pisanò et al. 2016). The research on this subject has 
primarily focused on shallow foundations, including the case of 
cyclic/dynamic seismic soil-foundation-structure interaction 
(SFSI) problems (Chatzigogos et al. 2011, Figini et al. 2012). 
Conversely, the application of the macro-element concept to 
piled foundations has received much less attention. The few 
works on this topic are focused on the isolated pile (Pender et al. 
2012, Gerolymos et al. 2014, Li et al. 2016). This paper is a first 
attempt to fill this gap at least for monotonic, vertical load, even 
if remarkably eccentric. More specifically, we propose two 
alternative frameworks, one derived from the interaction factor 
methods as originally developed by Poulos (1968) and one from 
the classical macro-element formulation based on the theory of 
strain-hardening plasticity (Nova & Montrasio 1991, Montrasio 
& Nova 1997, Gottardi et al. 1999). The ability of these two 
models in predicting the relationship between generalized force 
variables and their work-conjugated displacements is checked 
against the outcome of a recent centrifuge testing program 
carried out on annular-shaped groups of piles embedded in kaolin 
clay.   

2 MATHEMATICAL FRAMEWORK BASED ON 
INTERACTION FACTOR METHOD 

The first approach is a lumped model based on easily 

determinable parameters describing the axial response of isolated 

piles. It is based on interaction factor method and a stepwise 

incremental approach to account for non-linear behavior of piles. 

Particularly, the basic assumption of this approach are: (a) piles 
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modelled as uniaxial, non-linear elements, with backbone curves 

in compression and uplift not necessarily antisymmetric; (b) 

irreversible pile behavior; (c) piles' connection cap idealized as a 

rigid body, clear from the soil; (d) piles' connections to the raft 

idealized as hinges; (e) pile-to-pile interaction modelled using 

superposition. The basic ingredients of the model are the failure 

envelope of the pile group in the (Q, M) plane (with Q and M 

being the vertical and moment components of the resultant 

action) and the load settlement relationship of the piles. With 

regard to the former point, we adopted the closed form equations 

by Di Laora et al. (2019) determined from an application of 

theorems of limit analyses. This failure envelope is an irregular 

polygon with 2p vertexes where p is the number of piles. In case 

of unevenly distributed, identical piles, the above coordinates are 

(i, k = 1, …, p):  
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where Qu and Mu are ultimate axial load and moment of the 
group, Nu and Su are the pile axial capacities in compression and 
in uplift and j the abscissa of j-th pile along the direction 
perpendicular to the resultant moment vector. Figure 1 shows the 
interaction diagram of a row of 4 equally spaced, identical piles 
under the assumption of Su = 3/4·Nu. As outlined by Di Laora et 
al. (2019), the vertexes of the interaction domain correspond to 
failure modes where the cap displaces by rotation about a point 
in between two piles, while the sides of the polygon represent 
failure modes in which the cap displaces by rotation about the 
head of one pile. As a load path will never end on one vertexes, 
a corollary of this solution is that a pile group fails always by 
rotating about one pile or a piles alignment.  
 

 
Figure 1. Failure envelope of a row of four piles (from Di Laora et al. 
2019) 

The second fundamental ingredient is the load-displacement 

characteristic of the isolated pile, which can be of any shape. 

Some examples are shown in Figure 2, where the pile behavior 

is supposed to be elastic-perfectly plastic (EPP) or hyperbolic 

with truncation at 90% of the asymptote (HYP). Suppose now 

that the amount of preload on a generic pile due to the dead load 

of the structure be Np. As the external moment increases, this pile 

may move toward its axial capacity in compression or that in 

uplift. In this last case, the axial stiffness along with the 

unloading path is taken constant and equal to the initial stiffness 

in compression, referred to as Kc, until the axial load drops to 

zero (path ab). Then, the pattern followed is parallel to the 

backbone curve on the side of tension loads (path bc).  
 

 
Figure 2. Constitutive laws of piles 

Pile-to-pile interaction is accounted for by superposition 
using the approximate solution by Dobry & Gazetas (1988), in 
which the ratio between the additional displacement of pile j 
caused by load Ni on pile i and that of pile j due to its own load 
Nj is expressed as:   

2
ij

ij

d

s
  (3) 

where d is the pile diameter and sij the axis-to-axis distance 
between the two piles. From a methodological viewpoint, more 
complex solution can be adopted, such as that by Randolph & 
Wroth (1979) or the one by Mylonakis & Gazetas (1998). As 
outlined by Mylonakis & Gazetas (1998), the accuracy of Eq. (3) 
diminishes in inhomogeneous soils and deformable piles, while 
it is satisfactory for stiff piles in homogeneous soil. After all, it 
is believed that Eq. (3) is consistent with the level of complexity 
of the proposed formulation.  

Non linearity is concentrated at pile-soil interface and is 
accounted for by updating at each step of the analysis the terms 
of the principal diagonal of the stiffness matrix, while interaction 
among the piles is assumed to be linear. The ultimate axial-
moment capacity along with a load path with constant 
eccentricity or constant axial load is known apriori, allowing the 
analysis to be performed under load control.  

Despite the foregoing simplifications, the proposed 
framework is fully capable to grasp some of the key features of 
the response of pile groups to monotonic moment, such as the 
nonlinearity of the pile behavior, the influence of the past load 
history and the coupling of displacements and rotations. 
Moreover, it can be easily expanded to simulate cyclic loads.   

3   MACRO-ELEMENT FORMULATION BASED ON 
THEORY OF STRAIN HARDENING PLASTICITY 

The second approach is an elasto-plastic macro-element (ME) 
formulated in the framework of strain-hardening plasticity as 
originally developed by Nova & Montrasio (1991) for shallow 
foundations. Following this approach, for vertical eccentric load 
(i.e. neglecting the horizontal component) the generalized loads 
vector, V: 
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and the generalized displacements vector, v: 
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with B the characteristic dimension of the foundation, v the 

vertical displacement and   the rotation, are related by a rigid-

plastic constitutive law with non-associated flow rule. In 

particular, the loading function is defined as follows: 
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where  and  are model parameters, QM is the bearing 

capacity under vertical load and c is a state variable accounting 

for the dependence on the stress history. Eq. (5) employing c = 

1 returns the failure locus. The state variable c is related to the 

generalized displacements as follows: 
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with R0 being the initial axial stiffness and  a model 

parameter. The flow rule is defined as:  

v
V

g
d  

=


 (8) 

where  is the plastic multiplayer and g is the plastic potential 
whose expression are not reported for the sake of brevity. 

The ME by Nova & Montrasio (1991) has been adapted to 
pile groups by: (i) translating the failure locus and, hence, the 
loading surfaces leftward on the Q axis so as to explicitly model 
the capacity of pile groups to withstand tension loads; (ii) adding 
a yielding surface to account for the elastic component of the 
generalized displacements vector; (iii) postulating that the flow 
rule is associative. In this framework, with reference to positive 
values of M, the loading surface is described by a quadratic 
approximation: 
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where Mmax is the maximum value of the moment capacity. 

As in Nova & Montrasio (1991) the use of c = 1 in Eq. (9) 

returns the failure locus. Figure 3 illustrates a comparison 

between the parabolic function and the exact failure locus for the 

same row of 4 piles considered before; the yielding surface using 

c = 0.5 is also reported for comparison. Finally, the elastic 

stiffness matrix is defined as follows: 
 

 ,vdiag K K=k  (10) 

 

where Kv, K are the initial stiffnesses under purely vertical 
and moment loading, respectively. 

4   VALIDATION AGAINST EXPERIMENTAL 
BENCHMARKS 

Two series of centrifuge experiments on pile groups under 
combined axial-moment loads have been carried out at the 
Schofield Centre of the University of Cambridge (de Sanctis et 

al. 2021). They were performed at an increased gravity of 50g on 
annular shaped pile groups consisting of 8 aluminum piles and 
isolated piles embedded in kaolin clay. We refer in this paper 
only to the first series of experiments (set A), including a pile 
group under centered load (A1), a pile group under highly 
eccentric load (A2) and two isolated piles, one in compression 
and one in uplift. The arrangement of the model foundations is 
shown schematically in Figure 4. Model piles were 1 mm thick 
closed-ended hollow cylinders, with an outer diameter of 10 mm, 
coated with a film of Houston sand to increase their unit shaft 
resistance. They were connected by spherical hinges to a circular 
raft so that they could not but support axial loads. Pile group A2 
was equipped with a cantilever beam for the application of the 
eccentric load.  

The clay layer was prepared in a cylindrical contained and 
consolidated at 1g by applying a combination of vertical stress 
and a suction by a vacuum pump. The model piles were installed 
at 1g after the consolidation stage by pushing them into the clay. 
The clay layer was then re-consolidated in the centrifuge at 50g. 
The undrained shear strength profile obtained from a cone 
penetration test executed during the flight is shown in Figure 4, 
in which, for comparison, the theoretical profile obtained from 
kaolin clay properties by means of the critical state theory is also 
plotted.  

The external load was applied under displacement control 
through a miniaturized spherical ball so that it could be idealized 
as a point load. For each group, the direction of the load path in 
the (Q, M) plane is known a priori, allowing an easy 
identification of the collapse load. Also shown in Figure 4 is the 
layout of the recording devices installed to monitor settlements, 
rotations, axial loads on piles and pore water pressures within the 
soil mass. As each raft behaves like a rigid body, the settlement 
of any point belonging to it was evaluated by combining the 
vertical displacement recorded by the Linear Variable 
Differential Transformer (LVDT) and the rotations derived from 
the recordings of the MEMs accelerometer.  

The axial capacity and stiffness of isolated piles in both 
compression and uplift as derived from the testing program are 
resumed in Table 1. The initial stiffnesses in compression and 
uplift, Kc and Kt, were estimated to be both 45 MN/m considering 
also loading tests on isolated piles belonging to the second series 
of experiments (set B).  

 

 
Figure 3. Parabolic failure locus for eccentric load  

Table 1. Axial capacity and axial stiffness in compression and uplift of 
isolated piles. 

Test 
Nu (Su) 

(kN) 

Kc (Kt) 

(MN/m) 

Tension -267 45 

Compression  455 45 
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Figure 4. Plan view and cross section of the model foundations tested in the centrifuge (series A) and soil properties; dimensions (mm) are given at 
model scale, dimensions in brackets (m) refer to prototype scale 

With regard to the application of the mathematical framework 
based on the interaction factor method, the load-settlement 
relationship of isolated piles was idealized by a hyperbolic 
function truncated at 90% of its asymptote, whose parameters are 
taken from Table 1. The outcome of this model under centered 
load is compared to the observed behavior in Figure 6. Void 
points identify the piles' rows which progressively achieve 
failure during the loading process. There is a very good 
agreement between the theoretical model and the data gathered 
from the centrifuge experiments. The same applies to model 
foundation A2, as shown in Figure 7. Notably, the model is 
capable to account for the coupling of vertical displacements and 
rotations.  

The parameters needed to defined the elasto-plastic strain 
hardening model are summarized in Table 2. To make it possible 
the comparison between the ME approach and the model based 
on interaction factor method, Kv and K are calculated directly 
from this last approach. The outcome of this model under purely 
vertical load is plotted Figure 6 while that under eccentric load 
in shown in Figure 7. Once again, the agreement between 
predictions and experimental evidence is rather satisfactory for 
both the considered load paths. Notably, while Kv in Table 2 is 
calculated on the leftmost point of the initial branch of load path 
A1, the initial slope of the load settlement curve labelled ME in 
Figure 5 is just an output of the strain-hardening model. At the 
same time, the rotational stiffness in Table 2 does not correspond 
to the initial slope of the curve predicted by the ME in Figure 7a. 
As a further comment, it seems that the assumption of associative 
flow rule is appropriate.    

 
     
 

Table 2. Constitutive parameters of the elasto-plastic ME 

Su 

(kN) 

Nu 

(kN) 

Mmaxx 

(kNm) 

Kv 

(MN/m) 

K 

(MNm) 

 
(-) 

-267 455 5130 129 1668 1 

 

 

Figure 5. Failure envelope of the pile group and load paths followed in 
the centrifuge 
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Figure 6. Validation against experimental benchmarks: centered load  

 

Figure 7. Validation against experimental benchmarks: eccentric load  

5  DISCUSSION AND CONCLUSIONS 

Two mathematical models aimed at predicting displacements and 
rotations of pile groups under combined axial moment loads have 
been presented and discussed. The first one is a lumped, 
physically motivated model derived from the interaction factor 
method and requires a very few parameters describing the axial 
response of isolated piles in compression and uplift. Non 
linearity of the pile behavior is accounted for by a stepwise 
incremental procedure. The second model is an elastic-plastic 

macro-element founded on classical theory of strain hardening 
plasticity with associative flow rule. They are both well suited to 
deal with non-linearity, irreversibility and coupling of 
deformation parameters. Failure is modelled as well. Even 
though the two approaches are based on conceptually different 
frameworks and calibration procedures, they both compare well 
with the experimental evidence. Most of engineers are not very 
familiar with MEs and would presumably prefer the adoption of 
the method based on superposition. Conversely, the ME model is 
capable to describe into a unified framework the behavior of pile 
groups subjected to multi-component loads until failure.  

Moreover, it can be expanded to model the coupling of 
vertical displacements, horizontal displacements and rotations 
while this cannot be fully achieved with the simplified model.      
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