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ABSTRACT: This paper presents examples of analytical calculations of groups of encased stone columns using a closed-form 
analytical solution recently developed by the authors. The analytical solution is based on a simplified geometric model that converts 
the group of encased stone columns under a footing into an equivalent central column with the same cross-sectional area and the same 
stiffness-to-diameter ratio of the encasement. Soft soil is assumed to be linearly elastic but plastic strains in the column are considered 
using the Mohr-Coulomb yield criterion and a non-associated flow rule with a constant dilatancy angle. The solution can be 
implemented in a spreadsheet and the soil profile is divided into independent horizontal slices. Comparisons between the results of the 
analytical solution and two different finite element models, namely a full 3D model and a simplified axisymmetric model with a central 
column, are presented. The comparisons show a good agreement between the different approaches in terms of footing settlement, 
vertical displacements and vertical stresses. 
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1 INTRODUCTION 

The use of stone columns is a common ground improvement 
technique in soft soils used to accelerate consolidation, reduce 
settlements, mitigate liquefaction risk, and enhance bearing 
capacity and lateral stability (e.g., Barksdale and Bachus, 1983; 
Han, 2015). When stone columns are encased with a 
geosynthetic, the system becomes more effective, particularly 
in very soft clays, as the geosynthetic provides additional lateral 
confinement to the column. This technique has been 
increasingly adopted due to its improved performance in 
challenging ground conditions, i.e., soils with low undrained 
shear strength (e.g., Alexiew and Raithel, 2015; Almeida et al., 
2019). 

Stone columns and geosynthetic-encased stone columns 
(ESCs) are widely employed beneath embankments and 
extensive uniformly loaded zones (e.g., Almeida et al., 2015). 
In these cases, the columns are arranged in a regular grid 
pattern, and the foundation system is often idealized using the 
unit cell concept, which considers a single column surrounded 
by its corresponding soil volume and analyzes it under 
axisymmetric conditions. This simplification facilitates the 
development of analytical solutions for estimating settlement 
reduction (e.g., Raithel and Kempfert, 2000; Pulko et al., 2011; 
Castro and Sagaseta, 2011, 2013; Pulko and Logar, 2016; Zhou 
et al., 2021). 

In other cases, stone columns are also deployed beneath 
footings subjected to low or moderate loads (e.g., Watts et al., 
2000) and they may also be encased with a geosynthetic. 
However, predicting the settlement of groups of encased stone 
columns (ESCs) under shallow foundations remains a complex 
task due to the interaction between columns, encasement, and 
surrounding soil, with limited data available in the literature 
(Murugesan and Rajagopal, 2010; Raithel et al., 2011; 
Keykhosropur et al., 2012; Ali et al., 2014; Debnath and Dey, 
2017; Nazariafshar et al., 2019). 

The authors have performed finite element analyses of 
both ordinary and encased stone columns (Castro, 2014; Castro, 
2017, respectively) to propose simplified geometric models of 
groups of ordinary and encased stone columns as detailed in the 
following section. These simplified geometric models have 
been the basis for the development of analytical solutions to 
estimate the settlement reduction achieved by groups of 
ordinary and encased stone columns under shallow foundations 
(Castro, 2016a; Castro et al., 2024). This paper presents an 

example of an analytical calculation of the settlement of a group 
of encased stone columns using the closed-form analytical 
solution recently developed by the authors (Castro et al., 2024). 
Accordingly, Section 2 presents the analytical solution, Section 
3 provides an illustrative example and Section 4 includes a 
comparison with numerical analyses. Finally, some conclusions 
are drawn. 

2 ANALYTICAL SOLUTION 

2.1 General assumptions 

The analytical solution addresses the settlement of a group of 
ESCs beneath a rigid footing (Fig. 1a). The analysis is 
conducted under drained conditions; therefore, both the soil and 
column responses are evaluated in terms of effective stresses. 
A perfectly bonded interface—i.e., no slippage—is assumed 
between the soil, the encasement, and the column, following 
common practice (e.g., Yoo, 2010). Although the installation 
process of the columns (e.g., Castro and Karstunen, 2010; 
Nagula et al., 2018) is not explicitly included in the formulation, 
its effects can be indirectly considered by adjusting input 
parameters, such as the at-rest earth pressure coefficient, K0 
(e.g., Castro et al., 2014). A key parameter in the analysis is the 
area replacement ratio, ar, defined as the ratio of the total 
column area, Ac, to the loaded area, Al. This ratio is sometimes 
referred to as the footprint replacement ratio to emphasize that 
the loaded area corresponds to the footing base. 

 
Figure 1. Modelling of a group of encased stone columns beneath a 
rigid footing: (a) 3D real geometry; (b) Equivalent central column. 
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Although the footing is idealized at ground level in the model, 
it is typically embedded in practice. This embedment enhances 
overall stability and reduces settlement, and can be incorporated 
into the analysis through a correction factor if necessary. 

2.2 Column length 

The columns are assumed to either rest on a rigid substratum 
(end-bearing columns) or, in the case of floating columns, to 
have a length L equal to or greater than the critical column 
length. For homogeneous (non-stratified) soil profiles, Miranda 
et al. (2021) demonstrated the existence of a critical column 
length beyond which additional length does not significantly 
influence the settlement response. This critical length is around 
two or three times the footing width (Lc=2-3B). 

2.3 Simplified geometric model 

The analysis of a group of ESC using the actual 3D geometry is 
highly complex. Therefore, a simplified geometric model is 
necessary. To make the problem analytically tractable, a 
simplified geometric model is required. Castro (2017) 
demonstrated that, for a given ar and a fixed ratio between the 
encasement stiffness and the column diameter (Jg/dc), the 
number and arrangement of columns beneath a rigid footing 
have a negligible effect on the load–settlement response. This 
finding supports the use of a simplified two-dimensional model 
in which the entire group of columns is represented by a single 
equivalent central column with the same cross-sectional area Ac 
and identical Jg/dc ratio (Castro, 2017) (see Fig. 1b). 

To ensure axisymmetry in the simplified model, it may 
also be necessary to idealize the footing geometry—for 
instance, by replacing a square footing with a circular one of 
equivalent area. 

2.4 Stress distribution and boundary conditions 

To simplify the analysis, the soil profile is divided into 
horizontal slices, and a uniform vertical stress pa(z) is applied 
to each slice at depth z, similar to traditional hand calculations 
for footings (Figure 2). While in unimproved soils a stress 
dispersion of 2V:1H is commonly assumed, ESCs are stiffer 
than the surrounding soil and tend to concentrate the load. For 
this reason, a narrower load dispersion—specifically, a 4V:1H 
slope—is adopted, following Sehn and Blackburn (2008). This 
approach aligns with methods used for pile groups (e.g., 
Tomlinson and Woodward, 2008), and the average vertical 
stress at each depth is estimated accordingly. 

The use of a constant slope assumes a homogeneous soil; 
however, in stratified profiles, the slope of load dispersion may 
vary depending on the relative stiffness of the ESCs and the 
surrounding ground. 

In addition to vertical compression, the applied load causes 
significant horizontal displacements due to limited lateral 
confinement. Beneath the footing, both soil and columns tend 
to expand radially (εᵣ < 0), while compressive radial strains 
(εᵣ>0) develop further away. Numerical simulations (Castro, 
2017) have shown that the transition between these zones also 
follows an approximate 4V:1H slope, reinforcing the validity of 
the assumed stress distribution. 

The analytical solution is formulated for a horizontal slice 
at depth z (Figure 2), neglecting shear stresses. The global 
response is obtained by integrating the vertical deformation 
over all slices. A uniform vertical strain εz is assumed within 
each slice, which is a reasonable approximation due to the 
rigidity of the footing. The left-hand boundary corresponds to 
the axis of symmetry, while a radial strain of zero (εr=0) is 
imposed at the right-hand boundary. The latter permits outward 
horizontal displacement, and consequently vertical strains are 
greater than those calculated in "unit cell" models. 

 
Figure 2. Stress distribution beneath the footing (end-bearing 
columns). 

2.5 Material properties 

The soil is modeled as linear elastic, defined by its Young’s 
modulus Es and Poisson’s ratio νs. For the cohesionless column, 
plastic behavior is included using the Mohr-Coulomb yield 
criterion and a non-associated flow rule with a constant 
dilatancy angle (Ec, νc, c, c). The geosynthetic encasement is 
idealized as a linear elastic, flexible membrane of negligible 
thickness, with uncoupled vertical and tangential responses 
(νg=0)—as supported by Soderman and Giroud (1995) and 
explained in Castro (2016b). Since the encasement is vertically 
flexible and only experiences compressive strains in the vertical 
direction, its vertical stiffness is disregarded. The tangential 
stiffness is characterized by Jg, with units of force per unit 
length, accounting for both the material stiffness and its 
thickness. 

2.6 Elastic solution 

Initially, the column is assumed to behave elastically and at 
depth z, the column slice is modeled as a vertical solid cylinder 
subjected to uniform vertical stress and radial confinement on 
its lateral surface—resulting in a triaxial stress state. The 
corresponding elastic solution is given, for example, by Balaam 
and Booker (1985): 

ቂ
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Radial and tangential stresses are the same and constant within 
the column. Therefore, εrc=εθc=-sr/rc, where sr is the radial 
displacement at the soil-encasement-column interface. Lamé’s 
elastic constants (𝜆, 𝐺) are used for convenience and all the 
stresses are effective ones, although dash notation is omitted for 
simplicity. 

The surrounding soil is a cylinder with a central cylindrical 
cavity, subjected to a vertical uniform pressure 𝜎௭௦, a radial 
pressure 𝜎௥௦ at the cavity wall (soil-encasement interface) and 
a null radial strain (εr=0) at the external boundary (r=rl). Its 
solution was derived by Castro (2016a) and is equal to: 
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The encasement is a flexible membrane under internal, σrc, and 
external pressure, σrs (σrc≥ σrs) (Figure 3). The equilibrium and 
compatibility conditions are: 
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 (4) 

 
Figure 3. Stress distribution beneath the footing (end-bearing 
columns). 

Combining Eqs. (3) and (4), the radial equilibrium between soil 
and column at their interface depends on the encasement 
properties (stiffness and radius) and its radial expansion: 

𝜎௥௖ ൌ
𝐽௚𝑠௥
𝑟௖ଶ

൅ 𝜎௥௦ (5) 

Imposing compatibility of deformation at the soil-encasement-
column interface and radial and vertical equilibrium, the 
vertical strain may be expressed as a function of an equivalent 
elastic modulus. 

𝜀௭ ൌ
𝑝௔
𝐸௠௟
௘  (6) 

where the equivalent elastic modulus is: 

𝐸௠௟
௘ ൌ 𝑎௥𝐸௠௖ ൅ ሺ1 െ 𝑎௥ሻ𝐸௠௦ ൅ 𝐹∗∗ (7) 

and Em is the confined (oedometric) elastic modulus. The first 
and second terms in Eq. (7) are the weighted values of the soil 
and column moduli, respectively, and the third term (𝐹∗∗) is 
detailed in Castro et al. (2024). 

2.7 Plastic solution 

Accurately modeling the behavior of the stone column requires 
accounting for yielding, which can be adequately modelled with 
the Mohr-Coulomb yield criterion: 
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As for the elastic case, each column slice is assumed to be in 
compressive triaxial condition, and thus, the major principal 
stress direction is vertical. Now, column strains have an elastic 
part (Eq. 1) and another plastic part (Eq. 9). Superscript "p" is 
used here to denote the plastic component. Combining those 
two components, the stress-strain relationship can be obtained 
(Castro et al., 2024). 

In the elastic-plastic analysis, the effective stresses in the 
yield condition (Eq. 8) have to include also the initial stresses, 
existing before load application, and the applied vertical stress 
may be divided into the yielding vertical stress and the plastic 
increment: 

𝑝௔ ൌ 𝑝௔
௬ ൅ 𝑝௔

௣
 (10) 

The solution for the plastic increment, 𝑝௔
௣, may be obtained 

following the same procedure as for the elastic case, but 

replacing Eq. (1) by the one that considers the column elasto-
plastic behavior (Castro et al. 2024). 
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where 𝐸௠௟
௣  is an equivalent modulus for the plastic increment: 
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Please, refer to Castro et al. (2024) for further details and the 
formulation of 𝐾∗ and 𝐽∗. Finally, the vertical strain of each 
slice may be obtained as: 
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The total footing settlement is obtained by integrating the 
vertical deformation across all slices. 

3 EXAMPLE 

3.1 Problem definition 

To demonstrate the application of the proposed analytical 
solution, the following example is considered. The soil profile 
is simplified to a single homogeneous layer with a thickness of 
H=5 m. The elastic properties of the soil and the stone columns 
are defined by Poisson’s ratios νs=νc=0.33, and Young’s moduli 
Es=2 MPa and Ec=30 MPa, respectively—yielding a modular 
ratio of 15. The column material is assumed to have typical 
friction and dilatancy angles of ϕc=40º and ψc=5º. A 
representative encasement stiffness of Jg=1000 kN/m is 
adopted for the geosynthetic. For simplicity, the groundwater 
table is assumed to be at the ground surface, and both the soil 
and column have unit weights γs=γc=20 kN/m3, resulting in 
effective unit weights γ's=γ'c=10 kN/m3. The at-rest earth 
pressure coefficient is set to K0s=0.6, and installation effects are 
neglected. 

The foundation considered is a rough, rigid square footing 
with a side length B=3 m, subjected to a vertical pressure of 
pa=50 kPa. The soil beneath the footing is improved with five 
stone columns (Figure 1a), each with a diameter of dc=0.9 m. 
Consequently, the total area of the columns is Ac=3.18 m2, and 
the footing area is Al=9 m2, giving an area replacement ratio at 
the footing base of ar(0)=35.3%. A similar case with four 
columns is presented in Castro et al. (2024). 

3.2 Analytical solution 

To obtain an axisymmetric model, the square footing is 
replaced by a circular footing of equivalent area, yielding a 
diameter of 𝐷 ൌ 2 √𝜋𝐵⁄ =3.39m. Similarly, the group of five 
columns is replaced by a single equivalent central column with 
diameter 𝑑௖,௘௤ ൌ √𝑁𝑑௖=2 m, ensuring the same total column 
area. To maintain the same Jg/dc ratio, the equivalent 
encasement stiffness is set to Jg,eq=2236 kN/m. It is assumed 
that both the stone columns and the equivalent column reach a 
rigid substratum, with lengths equal to the soil thickness: 
L=H=5 m (end-bearing condition). 

For this example, the soil and equivalent column are 
discretized into five horizontal slices of equal thickness (Δt=1 
m). This discretization provides sufficient accuracy for the 
analysis. The applied vertical stress pa(z) and area replacement 
ratio ar(z) at the center of each slice are computed using the 
stress distribution shown in Figure 2. Their values are 
summarized in Table 1. 
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The equivalent moduli for the elastic and plastic cases—
denoted as 𝐸௠௟

௘  and 𝐸௠௟
௣ , respectively—are calculated using 

Eqs. (7) and (12), and vary slightly between slices due to their 
dependence on ar(z). The yielding vertical stress 𝑝௔

௬(z), which 
increases with depth, must be computed using Eq. (8). The 
vertical strain 𝜀௭ at the center of each slice is determined using 
Eq. (13). 

Finally, the deformation of each slice is computed by 
multiplying the vertical strain by the slice thickness (1 m). 
Summing the deformations of all five slices yields the total 
footing settlement: sz=23 mm (see Table 1). 

Table 1. Analytical calculation example. 
Depth 
(m) 

𝑝௔ 
(kPa) 

𝑎௥ 
(%) 

𝐸௠௟
௘  

(MPa) 
𝐸௠௟
௣  

(MPa) 
𝑝௔
௬ 

(kPa) 
szi 
(mm) 

0.5 43.4 30.7 11.8 5.7   4.8 7 

1.5 33.5 23.7   9.8 5.0 11.7 6 

2.5 26.7 18.9   8.4 4.5 16.6 4 

3.5 21.7 15.4   7.4 4.2 20.3 3 

4.5 18.0 12.8   6.7 4.0 23.3 3 

Total      23 

The analytical solution can be implemented in a spreadsheet or 
similar numerical calculation tool. For example, its formulation 
in Matlab may be found in Castro et al. (2024).  

3.3 3D finite element analysis 

For comparative purposes, the previous case is also analyzed 
using 3D finite element analyses. The commercial numerical 
code Plaxis 3D v2024 is used and the finite element mesh is 
shown in Figure 4. Exploiting the two planes of symmetry, only 
one quarter of the problem domain is modeled, i.e., only one 
column and one quarter of the central column are modeled 
instead of the five columns (Figure 1a). A spacing between 
external columns of 2 m is assumed for the 3D model, although 
its influence on the results is minor. 

The vertical displacements of the 3D finite element model 
are shown in Figure 5 and the settlement of the rigid square 
footing is 21 mm, which is slightly lower than the value 
obtained with the analytical solution (23 mm). These 
differences are within the expected range of accuracy 
considering the simplifying assumptions of the analytical 
model (e.g., simplified geometric model and stress distribution 
with depth). 

 
Figure 4. 3D finite element model of the illustrative example. 

 
Figure 5. Settlement contours from 3D finite element analysis. 

3.4 2D finite element analysis 

As an intermediate case between the simplified analytical 
solution and the full 3D finite element model, a 2D finite 
element analysis is performed using the simplified geometric 
model based on a single equivalent central column (Figure 1b). 
The analysis is carried out using Plaxis 2D v2024 and the finite 
element mesh is shown in Figure 6. 

The vertical displacements of the 2D finite element model 
are shown in Figure 7 and the settlement of the circular footing 
is computed as 23 mm, matching the analytical value. Thus, the 
analytical solution agrees well with the 2D finite element 
model, and the main differences are due to the geometric 
simplifications introduced in the 2D model. Comparing the 3D 
and 2D results (Figures 5 and 7), agreement is good, although 
minor differences arise from the specific arrangement of the 
columns. A more detailed comparison—including the 
analytical solution and both 2D and 3D finite element models—
is presented in the following section. 

 
Figure 6. 2D finite element model of the illustrative example. 

 
Figure 7. Settlement contours from 2D finite element analysis. 
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4 COMPARISON 

4.1 Settlement profile 

Figure 8 shows the settlement profile along the central axis of 
the models and demonstrates that the analytical solution not 
only captures accurately the surface settlement, but also the 
vertical displacements with depth. 

The oscillations in the vertical displacements (for example, 
around 2 m in the 2D numerical analysis) are caused by shear 
bands in the columns (Figures 9 and 10). Other examples of 
shear bands in the columns and associated oscillations in the 
numerical results may be found, for instance, in Pulko et al. 
(2011). 

It is worth noting that the shear bands are captured more 
clearly in the 2D model than in the 3D model, partly due to the 
slightly finer mesh and, more importantly, the higher order of 
the 2D finite elements. Additionally, in the 3D model, the 
central column is smaller than the single equivalent central 
column used in the 2D model. 

 
Figure 8. Comparison of vertical displacements with depth. 

 
Figure 9. Shear strain contours from 2D finite element analysis. 

 
Figure 10. Shear strain contours from 3D finite element analysis. 

4.2 Vertical stresses 

The comparison of the vertical effective stresses, including the 
initial geostatic stresses, are plotted in Figures 11 and 12 for 
two different depths, z=1 and 2.5 m, respectively. The results 
show a good agreement, but for some differences caused by the 
simplifying assumptions of the analytical model as commented 
in the following. 

The assumed distribution of the vertical stress in the 
analytical solution (Figure 2) is obviously a simplification, and 
in the numerical analyses there is not an abrupt distinction 
between loaded or not-loaded soil. On the other hand, the 
vertical stresses on the column in the numerical models are 
influenced by shear bands (Figures 9 and 10), which introduce 
oscillations in the numerical results. Besides, the horizontal line 
section in the 3D model only goes along the central column 
(dc=0.9 m), which is smaller than the single equivalent central 
column used in the analytical model and the 2D finite element 
analyses (dc,eq=2 m). 

 
Figure 11. Comparison of vertical stresses at 1 m depth. 

 
Figure 12. Comparison of vertical stresses at 2.5 m depth. 

5 CONCLUSIONS 

This paper illustrates a closed-form analytical solution for 
estimating the settlement of groups of ESCs beneath shallow 
foundations. This analytical solution is based on a simplified 
geometric model that replaces the actual column arrangement 
with a single equivalent central column, while maintaining the 
same total column area and encasement stiffness-to-diameter 
ratio. The formulation accounts for the elasto-plastic behavior 
of the columns using the Mohr-Coulomb yield criterion and 
incorporates the stiffness of the geosynthetic encasement. 
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The analytical solution is implemented by dividing the soil 
into horizontal slices and applying a trapezoidal vertical stress 
distribution, as commonly done in analytical calculations of 
shallow foundations, but with a narrower distribution to account 
for the stress concentration introduced by the ESCs (for 
example, 4V:1H instead of 2H:1V). The results show that even 
a moderate discretization (e.g., five slices) provides sufficient 
accuracy for engineering practice. The methodology is easily 
implementable in spreadsheets or numerical tools, offering a 
practical alternative to finite element analyses. 

The analytical predictions have been validated through 
comparisons with both 2D and 3D finite element simulations. 
The results demonstrate good agreement in terms of settlement, 
stress distribution, and strain patterns. In particular, the 
analytical solution accurately captures the total settlement of 
the footing and the vertical displacement profiles with depth. 
Minor discrepancies with the 3D numerical model are 
attributable to mesh differences and the geometric 
simplifications inherent in the equivalent column approach. 

Overall, the proposed analytical method provides a reliable 
and efficient tool for preliminary design and parametric studies 
of shallow foundations on ESC-improved soils. Its simplicity 
and completeness make it particularly useful for rapid 
settlement estimations, while retaining a high degree of 
accuracy when compared with more complex numerical 
models. Further work may explore its extension to stratified soil 
profiles, which are not currently addressed by the present 
formulation. 
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