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ABSTRACT: Granular materials are ubiquitous in geotechnical engineering applications, including dams, backfills, and road bases. 
The behavior of these materials is significantly influenced by particle morphology—i.e., grain size, shape, and distribution. Accurate 
quantification of these attributes is therefore essential for understanding and predicting mechanical behavior. This study investigates 
the statistical considerations necessary for accurately quantifying the 2D morphological characteristics of irregular granular materials. 
Using Monte Carlo simulations, we evaluate the accuracy of derived indices used in this quantification. Three granular materials are 
analyzed using traditional 2D image-processing techniques. We then examine error margins in commonly used empirical equations 
that predict key mechanical properties (e.g., the critical state line and small-strain shear modulus) to assess the influence of sample size 
(Z). The findings provide practical insight into potential errors introduced when grain-scale shape descriptors are used to estimate 
material parameters, thereby helping researchers and practitioners improve the reliability of their analyses. 
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1 INTRODUCTION 

Granular materials such as sandy soils are widely used in 
construction and are critical to the performance of foundations. 
Although sands, gravels, and cobbles are among the earliest 
construction materials in civil engineering, predicting their 
mechanical properties (e.g., elastic stiffness, yield surface) and 
associated volumetric-change regimes remains challenging 
because of their inherent heterogeneity. Natural soil particles, 
shaped by depositional processes and mechano-chemical 
weathering, exhibit diverse sizes and morphologies that directly 
affect mechanical response. 

Unlike engineered continua, the macroscopic response of 
granular materials is governed by microscale particle 
interactions—particularly particle morphology—which must 
be evaluated from representative samples. Morphology 
strongly influences mechanical behavior alongside stress state 
and history (Roesler, 1979; Rahhal and Lefebvre, 2000; Payan 
et al., 2016; Jafarian et al., 2018; Jafarian and Javdanian, 2020), 
relative density (Fakharian et al., 2022a; Lashkari et al., 2017; 
Fakharian et al., 2019, 2022b, 2023, 2024; Kaviani-Hamedani 
et al., 2021; Shabani and Kaviani-Hamedani, 2023; Hejazi et 
al., 2024; Kaviani-Hamedani et al., 2025; Hardin and Richart 
Jr., 1963; Hardin and Black, 1966; Hardin, 1978), drainage and 
loading conditions (Escribano and Nash, 2015; Wersäll et al., 
2017), and soil fabric (Fakharian, Kaviani-Hamedani and 
Imam, 2022.; Fakharian et al., 2019, 2022b, 2023; Kaviani-
Hamedani 2021; Yang et al., 2008; Bayat and Ghalandarzadeh, 
2019; Shi et al., 2021). 

Various thermo-hydro-mechanical characteristics of 
granular materials are affected by particle shape, size, 
gradation. There is substantial evidence for effects on 
mechanical properties such as shear modulus, elastic stiffness, 
internal friction angle, and the critical state line (Mitchell, Soga 
et al., 2005; Cho, Dodds and Santamarina, 2006; Peña, García-
Rojo and Herrmann, 2007; Rousé, Fannin and Shuttle, 2008; 
Kandasami and Murthy, 2017); on elastic stiffness, yield 
surface, and associated volumetric behavior (Altuhafi, Coop 
and Georgiannou, 2016; Payan et al., 2016a, 2017; de Bono and 
McDowell, 2020); and on hydraulic and thermal properties—
such as permeability and thermal conductivity (Lee et al., 2017; 
Zheng et al., 2021; He et al., 2022). 

To determine the mechanical response of granular 
materials, various experiments have been designed to mimic in 

situ conditions (e.g., uniaxial, triaxial, simple shear, 
bidirectional simple shear, true triaxial, hollow-cylinder 
apparatus). These experiments have led to the development of 
empirical correlations (Hardin and Richart Jr., 1963; Seed and 
Idriss, 1970; Seed et al., 1986; Saxena and Reddy, 1989; 
Fioravante, 2000; Menq, 2003; Wichtmann and Triantafyllidis, 
2009; Senetakis et al., 2012; Giang et al., 2017; He et al., 2019; 
He et al., 2022), many of which have overlooked the role of 
morphological characteristics. Ignoring these characteristics 
often reduces accuracy and necessitates conservative safety 
factors (Payan, 2017), owing to the limitations of grain-scale 
inspection and the diversity of particle sizes and shapes, which 
make it difficult to obtain representative, well-founded values. 
Therefore, explicitly addressing morphological characteristics 
and their diversity is essential to overcome the limitations of 
existing correlations. 

Additionally, incorrect predictions of soil properties in 
foundation systems can have severe consequences. Loose, 
saturated sands, for instance, are prone to significant settlement 
and low bearing capacity and are also susceptible to 
liquefaction under undrained conditions (Yoshimi et al., 1989). 
During liquefaction, the shear strength of loose sand rapidly 
diminishes as the stress state approaches a critical condition, 
leading to sudden failure. This type of failure, known as flow 
liquefaction, has been responsible for several tailings-dam 
failures, including the Merriespruit, Mount Polley, and Fundão 
dams, and has sparked extensive research to uncover the 
contributing factors (Castro and Poulos, 1977; Lashkari et al., 
2017; Fakharian and Kaviani-Hamedani, 2020; Shabani and 
Kaviani-Hamedani, 2023; Fakharian et al., 2024; Hejazi et al., 
2024; Kaviani-Hamedani et al., 2024). Therefore, accurate 
morphological quantification is critically important. As with 
any statistical estimate, reliable values require a representative 
sample of sufficient size. However, the required sample size (Z) 
primarily depends on the variability of the target parameter and 
on the material’s diversity in shape and size. Although 
numerous morphology-driven correlations exist in the 
literature, there is no systematic study quantifying the potential 
errors across different parameters. 

Despite extensive advances in particle-scale 
characterization, there remains no systematic framework for 
quantifying how sampling error propagates through commonly 
used 2D morphological descriptors. Existing studies typically 
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report mean or modal values without evaluating the statistical 
reliability of these indices or the minimum sample size required 
to achieve acceptable accuracy. This gap becomes critical when 
morphological descriptors are used as inputs to empirical 
correlations for estimating stiffness, critical state friction angle, 
and liquefaction resistance. The present study addresses this 
gap by evaluating the sample-size sensitivity and associated 
statistical error for several widely used shape descriptors across 
three sands, thereby providing practitioners with guidance on 
the reliability of morphology-dependent correlations. 

In this study, we present existing definitions of quantitative 
shape descriptors for three sandy soils and discuss how sample 
size influences the associated error for several 2D indices.  

2 SHAPE DESCRIPTORS DEFINITIONS 

The measurement of the 3D surface area of soil grains, as 
originally proposed by (Wadell, 1932), presents significant 
challenges. Consequently, several practical definitions of 
sphericity have been introduced based on a particle's projected 
area, essentially a 2D approximation of sphericity. The earliest 
definition involved calculating the ratio of the diameter of a 
circle with an area equal to the largest projected area of the 
particle to the diameter of the smallest circle that could 
circumscribe the particle's projection.  

Table 1. Description of 2D shape descriptors. 
Sphericity 
Parameters Description Parameters 

𝑆! (Area 
Sphericity) 𝑆! =

𝐴"	
𝐴#$%	

 
𝐴": area of soil particle 
𝐴#$%: area of minimum 
circumscribed circle 

𝑆& (Diameter 
Sphericity) 𝑆& =

𝐷#	
𝐷#$%	

 

𝐷#: diameter of a circle 
with the same area of soil 
particle 
𝐷#$%: diameter of 
minimum circumscribed 
circle 

𝑆' (Circle Ratio 
Sphericity) 𝑆' =

𝐷$("	
𝐷#$%	

 𝐷$(": diameter of the 
maximum inscribed circle 

𝑆) (Perimeter 
Sphericity) 𝑆) =

𝑃#	
𝑃"	

 

𝑃#: perimeter of the circle 
with the same area of soil 
particle 
𝑃": perimeter of soil 
particle 

𝑆*+(aspect ratio) 𝑆,- =
𝐷	
𝐿	  

D: minimum Feret size 
L: maximum Feret size 

R (Roundness) 𝑅 =
∑ 𝑅$/𝑁.
$/0

𝑅1
 

𝑅$ is the radius of 𝑖th 
corner circle 
N: total number of corners  
Rm: maximum inscribed 
circle in the particle 
projection 

C (Convexity) 𝐶 =
𝐴

𝐴 + 𝐴∗ 

A: Projected area of 
particle 
𝐴∗: projected area of 
particle area when all 
convexities within its 
perimeter are filled 

EL (Elongation) 𝐸𝐿 =
𝐷1$(
𝐷134

 
𝐷1$( and 𝐷134: minimum 
and maximum dimension 
of particle 

Over time, alternative sphericity definitions have been 
developed (Krumbein and Sloss, 1951; Santamarina and Cho, 
2004; Mitchell, Soga and others, 2005; Altuhafi, O’Sullivan 
and Cavarretta, 2013). Table 1 summarizes commonly used 2D 
sphericity definitions in the literature, including those reviewed 
by (Mitchell, Soga and others, 2005). Table 1 also details the 
parameters utilized in each definition. 

3 TESTED MATERIALS 
 

This study utilizes three granular materials with irregular sizes 
and shapes. Their physical properties are summarized in Table 
2. All materials are classified as fine to medium sand, with a 
significant portion of particles falling within the fine sand 
category. However, since sphericity is a dimensionless index, 
the results of this study can be generalized to grains of any size. 

Figure 1 presents grain-scale SEM images of the tested 
sands, highlighting the varying levels of angularity across the 
materials. The images illustrate a notable range of angularity, 
from the rounded grains of Sand I to the angular grains of Sand 
III. These SEM images are further analysed using ImageJ 
software to evaluate the 2D sphericity of the particles, a process 
detailed in the following sections. 

Table 2. Physical properties and morphological characteristics of 
tested materials. 

Physical Properties 

Soil 𝐺" 𝐶# 𝐶5 𝐷67 
[mm] 𝑒134 𝑒1$( 

I 2.63 1.14 1.81 0.36 0.71 0.50 
II 2.69 0.93 1.61 0.23 0.79 0.49 
III 2.64 1.55 1.90 0.49 1.13 0.724 

Morphological Characteristics 

Soil R 𝑆! 𝑆& 𝑆' 𝑆) 𝑆,- EL C 
I 0.34 0.73 0.85 0.71 0.93 0.77 0.77 0.95 
II 0.30 0.65 0.81 0.64 0.91 0.72 0.72 0.92 
III 0.34 0.60 0.77 0.59 0.88 0.66 0.68 0.92 

         

4 2D IMAGE PROCESSING 

To determine the 2D sphericity of particles, several SEM 
images taken from tested materials (e.g., Figure 2) were 
assessed using Fiji which is an open-source image processing 
package based on ImageJ2. In this method, the sphericity and 
other shape descriptors can be specified as “the envelope 
formed by all the points of the outer surface of the particle” 
(e.g., (ISO, n.d.)). There are several extensive contributions in 
the field of 2D particle shape characterization reported in the 
literature (e.g., (Wadell, 1933; Yang & Luo, 2015).  

Sand I Sand II Sand III 

   
Figure 1. SEM images of tested materials. 

In this study, the particles are detected using Auto Local 
Thresholding Methods, which is a modified local thresholding 
method to select the foreground from the background by 
boosting the threshold at lower intensities. 

Figure 2(b) presents the processed SEM image shown in 
Figure 2 (a) after assigning the Local thresholding and filling 
the possible holes. This image is a binary image in which each 
particle's outer surface is defined by Analyze Particle module, 
labeling and characterizing each particle. For each material, at 
least 5000 particles are individually characterized (in terms of 
𝑆!, 𝑆", 𝑆#, 𝑆$, and 𝑆%& as outlined in Table 2, and the sphericity 
is defined as the mode of the distribution curve of particle 
sphericity, signifying the most frequent sphericity value. Table 
2 encompasses sphericity indices of irregular and semi-regular 
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materials. As can be seen, there is a good variety in particle 
sphericity indices. 

 
Figure 2. Typical Image Processing: (a) Raw image; (b) binarized and 
segmented image. 

5 RESULTS 
Figure 3 illustrates the distribution curves of the indices 
discussed in this study for the tested materials, based on over 
5000 particles. The distributions show a normal pattern for all 
indices when the sample size is sufficiently large. Some indices, 
such as convexity and roundness, exhibit narrow distributions, 
while others, particularly 𝑆%& and 𝐸𝐿, demonstrate broader 
distributions, indicating greater variability in these shape 
descriptors.  

 
Figure 3. Distributions of morphological characteristics.  

These findings suggest that the required sample size with a 
specific error level varies depending on the intended shape 
descriptor. This variability is influenced not only by the 
material's inherent diversity but also by the index under 
consideration. 

To quantify the error associated with a given sample size, 
a Monte Carlo simulation was conducted, as illustrated in 
Figure 4. In this approach, one hundred random samples were 
drawn with the sample size ranging from 2 to 5000. The median 
value of each sample was calculated, and error levels were 
determined relative to the overall median value, which includes 
all particles in the soil. A total of 100 Monte Carlo iterations 
were selected for each sample size, which provided a stable 
estimate of the median and error envelope across all indices. 
Preliminary convergence checks showed that increasing the 
number of iterations beyond 100 resulted in changes of less than 
1% in the estimated error levels for all descriptors. Therefore, 
100 iterations offered an optimal balance between 
computational efficiency and statistical reliability, ensuring 

consistent representation of sampling variability over the full 
range of sample sizes. 

 

Figure 4. Monte Carlo simulations procedure. 

Figure 5 illustrates the results of multiple Monte Carlo 
simulations performed on Soil I, covering all indices analysed 
in this study. Each point represents the median value of a 
sample of a specific size, with 100 samples evaluated per size 
to capture the variability. The results demonstrate that narrower 
distributions correspond to reduced error levels, emphasizing 
the link between distribution tightness and measurement 
accuracy. 

Moreover, the error level decreases as the sample size increases, 
eventually converging to negligible asymptotic values. This 
indicates that the sample size is sufficiently large and 
representative, providing reliable and accurate results. 

In Figure 6, the maximum error levels in 𝑆! for different Z 
values across various materials. As shown, the maximum error 
decreases significantly with increasing sample size but remains 
slightly higher for materials with lower aspect ratios, 
particularly for flaky particles. The top projection of a flat 
particle tends to overestimate sphericity values and limit the 
visible diversity in terms of shape, as such particles typically 
settle on their more stable side during gravitational deposition 
on a plate. This bias commonly occurs during specimen 
preparation for most microscopic inspections. 

In the literature, there are numerous empirical correlations 
predicting important mechanical properties such as the Critical 
State Line (CSL) and initial shear modulus (𝐺'), which work 
with morphological characteristics (Lashkari et al., 2020; Payan 
et al., 2016b, 2016a). 

One of the correlations predicting the initial shear modulus 
based on morphological characteristics was presented by 
(Payan et al., 2016a) as follows: 

𝐺' = 𝑎'𝐶()!(𝜌))"𝑒)#(𝑝′ 𝑝)⁄ )*$
%&()',-)() (1) 

where, 𝑎7 = 84; 𝑎0 = −0.14; 𝑎8 = 0.68; 𝑎9 = −1.29; 𝑎: =0.12; 
𝑎6 =-0.23; 𝑎; =0.59;  𝜌 = (𝑅 + 𝑆) 2⁄ ; 𝑝′ is the mean effective 
stress; 𝑒 is the void ratio; 𝐶( is the unifirmity coefficient. 
Moreover, as for effective friction angle at the critical state 
(𝜙′*/&): 

𝜙*/&01'.345.'	7489.:/;  (2) 
 

Figure 7(a) and Figure 7(b) presents the developed error in 𝐺' 
and 𝜙′*/& due to poor sample size based on the maximum 
obsereved error in 𝑅 and 𝑆 for soil I when 𝑒 =0.6, 𝑝; =100 kPa, 
respectively. As can be seen, these correlations will result in 
considerable error levels for sample sizes lower than 500. 
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Figure 5. The results of Monte Carlo simulations for soil I: (a) R; (b) 
𝑆!; (c) 𝑆<; (d) 𝑆#; (e) 𝑆=; (f) 𝑆*+; (g) EL; (h) C. 

 
Figure 6. Maximum error levels observed for different Z. 

6 PRACTICAL DISCUSSION 

These findings highlight a critical consideration in the practical 
application of existing morphology-based correlations: their 
sensitivity to the quality and representativeness of the 
morphological input data must be considered. As demonstrated, 
morphological indices derived from small or statistically 
insufficient samples can introduce significant variability, 
leading to substantial prediction errors in key mechanical 
parameters.  

 
Figure 7. Errors in estimation of: (a) Shear Modulus; (b) CSL 

These results demonstrate that sampling error in morphological 
indices can translate directly into meaningful variations in 
design parameters. For example, an underestimation or 
overestimation of sphericity or roundness by only 5–10%—a 
level commonly observed when fewer than 300–500 grains are 
analyzed—can lead to substantial deviations in predicted small-
strain shear modulus or critical state friction angle. In practical 
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terms, this may affect assessments of settlement, stiffness 
degradation, cyclic resistance, and liquefaction susceptibility. 
In safety-critical applications such as tailings storage, 
embankments, and foundations on loose sands, even modest 
errors in morphology-based correlations may shift design 
outcomes across boundary conditions, effectively altering the 
intended safety factor. Thus, the choice of sample size is not 
merely a statistical consideration but also a design-reliability 
requirement. 

7 CONCLUSIONS 

This study addresses the challenges associated with quantifying 
various morphological characteristics of irregularly shaped 
granular materials using traditional 2D image processing 
techniques. It emphasizes the critical role of sample size in 
ensuring the accuracy of derived indices for such materials. The 
key findings are summarized as follows: 
• Some indices, such as convexity and roundness, exhibit 

narrow distributions, while others, such as 𝑆%& and EL, 
display broader distributions, reflecting greater variability 
in these shape descriptors. 

• The required sample size to achieve a specific error level 
varies depending on the shape descriptor. This variability 
is influenced by both the material's intrinsic diversity and 
the particular index being measured. 

• Regardless of the shape descriptor, the maximum error 
decreases as the sample size increases.  

Application of existing correlations from the literature, even 
those developed using sufficiently large sample sizes, can yield 
erroneous values if the sample size is inadequate. 
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