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ABSTRACT: The paper analyses a single head-restrained flexible passive pile embedded in a soil profile consisting of an unstable 

layer overlying a stable one. The pile segment in the unstable layer is subjected to a linear distribution of the load whereas the pile 

response is evaluated by assuming a uniform modulus of subgrade reaction in the stable layer. Closed-form expressions are derived for 

the pile deflection and bending moment at the pile head. Analytical solutions for infinitely flexible and rigid piles have been obtained 

as special cases of the general solution. A novel rational flexibility criterion for passive piles is also proposed. A numerical example is 

finally presented to illustrate the application of the derived solution.   
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1 INTRODUCTION 

Vertical piles are subjected to a passive load when they are 

installed in a moving soil. If the soil movement is vertical the 

well-known phenomenon of the negative skin friction occurs 

which implies a supplementary axial force and pile downdrag. 

On the other hand, lateral soil movement induces shear forces 

and bending moments that the piles must be able to resist 

without serviceability or ultimate limit state failure. Typical 

examples of piles subjected to lateral movement are piles 

adjacent to deep excavations (Leung et al. 2000; Goh et al. 

2003), or piles supporting bridge abutment close to approach 

embankments (Poulos 1996) or piles used to stabilize 

landslides.  

In this latter context a variety of design and analysis 

methods have been developed to calculate the factor of safety 

of pile-reinforced slopes (Ito et al., 1979, 1981, 1982; Chow, 

1996; Hassiotis et al., 1997; Cai and Ugai, 2000, 2011; Ausilio 

et al., 2001; Jeong et al., 2003; Won et al., 2005; Wei and 

Cheng, 2009; Ellis et al., 2010; Yamin and Liang 2010; 

Kourkoulis et al. 2011, 2012; Ashour and Ardalan, 2012; Di 

Laora and Fioravante 2018; Lei et al., 2022). Finite element 

methods generally allow simultaneously to capture pile and 

slope behavior, but they require a specific expertise in soil and 

pile modelling, selection of the input parameters and the use of 

three-dimensional computer codes with extensive 

computational resources. In practice an uncoupled analysis is 

generally performed in which the pile response and slope 

stability are considered separately. 

Piles installed in unstable slopes are designed with the 

purpose to stop the soil movement and the success of this 

technique depends on the capacity to develop the arc effect. 

Some studies suggest a center to center spacing of three/four 

pile diameter as the most cost-effective solution (Poulos, 1995; 

Kourkoulis et al., 2011; Ellis et al., 2010). The length of a pile 

in the unstable layer is generally known and the main design 

issues include the selection of the embedded length and the 

prediction of the internal forces and deflections of the piles. 

In the literature two main methods are available to analyze 

piles embedded in a soil subject to lateral movement: the 

displacement-based and the pressure-based methods. 

The displacement-based method (Chen and Poulos, 1997) 

allows realistic loading conditions, but only if an accurate 

assessment of lateral soil movement can be made, it is generally 

possible to obtain a satisfactory prediction of the pile response, 

In the pressure-based method the aforesaid drawback is 

overcome assuming that the pile segment in the moving soil is 

subjected to an assigned load, in the same direction of the soil 

movement. For a conservative design, the passive load can be 

assumed equal to the ultimate soil pressure (Ito et al., 1979, 

1981). This assumption is strictly valid if the piles are 

sufficiently embedded in the stable layer to develop the failure 

mechanism named mode C  or “flow mode” in previous studies 

(e.g. Viggiani, 1981; Poulos, 1995; Di Laora et al., 2017; 

Bellezza and Caferri, 2018) and that the soil movement is 

sufficient to fully mobilize the pile-soil ultimate pressure 

(Bellezza, 2024).  

To predict the pile displacement and maximum bending 

moment it is necessary to model the soil-pile interaction below 

the sliding surface and the use of a specific computer program. 

For simplified soil profiles closed-form expressions are 

available for a ready evaluation of the pile response but most 

analytical solutions refer only to infinitely flexible or rigid piles 

(Ito et al., 1981; Guo, 2014; Bellezza, 2020). Recently, Bellezza 

and Fratalocchi (2025) derived a general analytical solution for 

free-head piles of whichever flexural stiffness subjected to a 

linear passive load using the subgrade reaction method. 

Considering that actual slope-stabilizing piles are often 

connected by a beam, in this paper the analysis is extended to 

piles with unrotated head with the purpose of obtaining 

analytical expressions for the pile deflections and maximum 

bending moment, to be used in preliminary design phase. It will 

be shown that the case of flexible and rigid piles can be viewed 

as special cases of the general solution. A novel rational 

criterion to establish whenever a passive pile with unrotated 

head can be assumed flexible is finally proposed. 

2 METHOD OF ANALYSIS 

2.1 Basic assumptions 

A pile of total length L with a constant flexural stiffness EJ is 

considered. A portion of the pile of length L1 lies in the unstable 

layer, whereas the remaining portion of length L2 (= L1) is 

embedded in a stable layer. 

An upward (z1) and a downward (z2) abscissa with origin 

at the sliding surface are taken for the pile segment in the 

unstable and stable zone, respectively (Fig.1a). Similarly to 

previous studies on stabilizing piles (e.g. Cai and Ugai, 2003, 

2011; Lei et al., 2022), the soil reaction in the stable layer is 

assumed to be fully elastic with a uniform modulus of subgrade 

reaction, ES. This assumption is reasonably valid in 

overconsolidated clays (Viggiani et al., 2012). 

In the unstable layer a linear distribution of the passive 

load is considered with a value q0 and q1 at the sliding surface 

and at the ground surface, respectively, with a resultant force S0 

applied at a distance L1 above the sliding surface (Fig.1a). The 

assumed linear distribution agrees with distributions proposed 

in the literature for the ultimate soil reaction (Ito and Matsui, 

1975; De Beer and Carpentier, 1977; Broms, 1964; Fleming et 

al., 2009). The values of q0 and q1 depend on several factors, 

including soil type and pile spacing (Poulos, 1995; Georgiadis 

et al., 2013).  

Proceedings of the 21st ICSMGE, Vienna, Austria, 14 – 19 June 2026. Pistrol, Adam & Schweiger (eds.)
Published by: ÖGG, Austrian Society for Geomechanics, Salzburg, Austria, ISBN 978-3-9503898-4-5

https://doi.org/10.53243/ICSMGE2026-1672

3149

https://doi.org/10.53243/ICSMGE2026-1672


 

 

 
Figure 1. Typical response of a single passive pile with unrotated 
head: (a) load per unit length; (b) pile deflection; (c) bending moment; 

(d) shear force. 

2.2 Governing equations 

The deflections of the pile in the unstable and stable zone 

(Fig.1b) are governed by:  

𝐸𝐽
𝑑4𝑦1

𝑑𝑧1
4 = 𝑞0 − 𝑚1𝑧1              0 ≤ 𝑧1 ≤ 𝐿1 (1a) 

𝐸𝐽
𝑑4𝑦2

𝑑𝑧2
4 + 𝐸𝑆𝑦2 = 0                 0 ≤ 𝑧2 ≤ 𝐿2 (1b) 

where m1 = (q0 – q1)/L1. 

The general solutions of (1) are:  

𝑦1(𝑧1) = −
𝑚1

120𝐸𝐽
𝑧1

5 +
𝑞0

24𝐸𝐽
𝑧1

4 + 𝑘4𝑧1
3 + 𝑘3𝑧1

2 +

𝑘2𝑧1 + 𝑘1         
(2a) 

𝑦2(𝑧2) = exp(−𝛽𝑧2) (𝐴1 cos 𝛽𝑧2 + 𝐴2 sin 𝛽𝑧2) +
exp(𝛽𝑧2) (𝐴3 cos 𝛽𝑧2 + 𝐴4 sin 𝛽𝑧2)        

(2b) 

where ki and Ai are constants and  = (Es/(4EJ))0.25.  

The slopes, bending moments and shear forces in the two 

pile segments can be obtained as: 

𝜃1(𝑧1) = −
𝑚1

24𝐸𝐽
𝑧1

4 +
𝑞0

6𝐸𝐽
𝑧1

3 + 3𝑘4𝑧1
2 + 2𝑘3𝑧1 +

𝑘2        
(3a) 

𝜃2(𝑧2) =
𝛽 exp(−𝛽𝑧2)[−𝐴1 (cos 𝛽𝑧2 + sin 𝛽𝑧2) + 𝐴2(cos 𝛽𝑧2 −
sin 𝛽𝑧2)] +
𝛽 exp(𝛽𝑧2) [𝐴3 (cos 𝛽𝑧2 − sin 𝛽𝑧2) + 𝐴4(cos 𝛽𝑧2 +
sin 𝛽𝑧2)]        

(3b) 

𝑀1(𝑧1) = 𝐸𝐽 (−
𝑚1

6𝐸𝐽
𝑧1

3 +
𝑞0

2𝐸𝐽
𝑧1

2 + 6𝑘4𝑧1 + 2𝑘3)        (4a) 

𝑀2(𝑧2) = 2𝐸𝐽𝛽2 {exp(−𝛽𝑧2) [𝐴1 sin 𝛽𝑧2− 𝐴2 cos 𝛽𝑧2] +
exp(𝛽𝑧2) [−𝐴3 sin 𝛽𝑧2 + 𝐴4 cos 𝛽𝑧2]}     (4b) 

𝑆1(𝑧1) = 𝐸𝐽 (−
𝑚1

2𝐸𝐽
𝑧1

2 +
𝑞0

𝐸𝐽
𝑧1 + 6𝑘4)       (5a) 

𝑆2(𝑧2) = 2𝐸𝐽𝛽3 {exp(−𝛽𝑧2)[𝐴1 (cos 𝛽𝑧2 − sin 𝛽𝑧2) +
𝐴2(cos 𝛽𝑧2 +sin 𝛽𝑧2)] −
exp(𝛽𝑧2) [𝐴3 (cos 𝛽𝑧2 + sin 𝛽𝑧2)− 𝐴4(cos 𝛽𝑧2 −
sin 𝛽𝑧2)]}  

(5b) 

The values of the constants ki and Ai are calculated by imposing: 

(1) the continuity conditions of the deflection, slope, bending 

moment and shear force at the depth of the sliding surface (z1 = 

z2 = 0); (2) the boundary conditions at the pile head (z1 = L1) and 

(3) the boundary conditions at the pile tip (z2 = L2): 

𝑦1│𝑧1=0 = 𝑦2│𝑧2=0 ⟹ 𝑘1 = 𝐴1 + 𝐴3        (6a) 

𝜃1│𝑧1=0 = −𝜃2│𝑧2=0 ⟹ 𝑘2 = β(𝐴1 − 𝐴2 − 𝐴3 −

𝐴4)        
(6b) 

𝑀1│𝑧1=0 = 𝑀2│𝑧2=0 ⟹ 𝑘3 = −β2(𝐴2 − 𝐴4)        (6c) 

𝑆1│𝑧1=0 = −𝑆2│𝑧2=0 ⟹ 3𝑘4 = −β3(𝐴1 + 𝐴2 −

𝐴3 + 𝐴4)        
(6d) 

𝜃1│𝑧1=𝐿1
= 0 ⟹ −

𝑚1

24𝐸𝐽
𝐿1

4 +
𝑞0

6𝐸𝐽
𝐿1

3 + 3𝑘4𝐿1
2 +

2𝑘3𝐿1 = 0  
(7a) 

𝑆1│𝑧1=𝐿1
= 0 ⟹ −

𝑚1

2𝐸𝐽
𝐿1

2 +
𝑞0

2𝐸𝐽
𝐿1 + 6𝑘4 = 0  (7b) 

𝑀2│𝑧2=𝐿2
= 0 ⟹

exp(−𝜓2) [𝐴1 sin 𝜓2 −𝐴2 cos 𝜓2] −
exp(𝜓2) [𝐴3 sin 𝜓2 −𝐴4 cos 𝜓2] = 0  

(8a) 

𝑆2│𝑧2=𝐿2
= 0

⟹ exp(−𝜓2) [𝐴1(cos 𝜓2 −sin 𝜓2)+𝐴2(cos 𝜓2 +sin 𝜓2)]
− exp(𝜓2) [𝐴3(cos 𝜓2 +sin 𝜓2)−𝐴4(cos 𝜓2 −sin 𝜓2)]
= 0 

(8b) 

where 𝜓2 = 𝛽𝐿2. 

2.3 Dimensionless solutions 

The Equations (6)-(8) form a linear system with 8 unknowns (ki 

and Ai). After some algebraic manipulations the solutions can 

be conveniently expressed in dimensionless form as:  

𝑘1𝑛 = 𝑘1 (
𝐸𝑠𝐿1

𝑆0
) = 2𝐶1𝜓1 + 4𝐶2𝜓1

2 + 2𝐶3(𝜇 +

1 6⁄ )𝜓1
3        

(9a) 

𝑘2𝑛 = 𝑘2 (
𝐸𝑠𝐿1

2

𝑆0
) = 4𝐶3𝜓1

3 + 4𝐶4(𝜇 + 1 6⁄ )𝜓1
4        (9b) 

𝑘3𝑛 = 𝑘3 (
𝐸𝑠𝐿1

3

𝑆0
) = −2𝐶3𝜓1

3 + 2𝐶5(𝜇 +

1 6⁄ )𝜓1
5        

(9c) 

𝑘4𝑛 = 𝑘4 (
𝐸𝑠𝐿1

4

𝑆0
) = −2𝜓1

4/3        (9d) 

𝐴1𝑛 = 𝐴1 (
𝐸𝑠𝐿1

𝑆0
) = (𝐶1 + 𝐶4)𝜓1 + (2𝐶2 + 𝐶3 +

𝐶5)𝜓1
2 + (𝐶3 + 𝐶4)(𝜇 + 1 6⁄ )𝜓1

3        
(10a) 

𝐴2𝑛 = 𝐴2 (
𝐸𝑠𝐿1

𝑆0
) = (𝐶3 + 𝐶4)𝜓1 − (𝐶3 − 𝐶5)𝜓1

2 −

(𝐶4 + 𝐶5)(𝜇 + 1 6⁄ )𝜓1
3      

(10b) 

 L1

L1

L2 = 

 L1

S0

moving 
layer

stable 
layer

passive 
load

soil 
reaction

z1

z2

q0

q1

(a)

yhead

z2

z1

y1

y2

(b)

Mmax-

Mmax+

(c)

z2m

S0

(d)
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𝐴3𝑛 = 𝐴3 (
𝐸𝑠𝐿1

𝑆0
) = (𝐶1 − 𝐶4)𝜓1 + (2𝐶2 − 𝐶3 −

𝐶5)𝜓1
2 + (𝐶3 − 𝐶4)(𝜇 + 1 6⁄ )𝜓1

3        
(10c) 

𝐴4𝑛 = 𝐴4 (
𝐸𝑠𝐿1

𝑆0
) = (𝐶4 − 𝐶3)𝜓1 + (𝐶5 − 𝐶3)𝜓1

2 +

(𝐶5 − 𝐶4)(𝜇 + 1 6⁄ )𝜓1
3        

(10d) 

where 𝜓1 = 𝛽𝐿1 and 𝐶1, 𝐶2, 𝐶3, 𝐶4 and 𝐶5 are auxiliary 

functions of 𝜓1and 𝜓2 (Figure 2) defined as: 

𝐶1 =
cosh2 𝜓2+cos2 𝜓2

2𝜓1(sinh2 𝜓2−sin2 𝜓2)+sinh 2𝜓2 +sin 2𝜓2
        (11a) 

𝐶2 =
sinh 𝜓2 cosh 𝜓2− sin 𝜓2 cos 𝜓2

2𝜓1(sinh2 𝜓2−sin2 𝜓2)+sinh 2𝜓2 +sin 2𝜓2
        (11b) 

𝐶3 =
cosh2 𝜓2−cos2 𝜓2

2𝜓1(sinh2 𝜓2−sin2 𝜓2)+sinh 2𝜓2 +sin 2𝜓2
        (11c) 

𝐶4 =
sinh 𝜓2 cosh 𝜓2+ sin 𝜓2 cos 𝜓2

2𝜓1(sinh2 𝜓2−sin2 𝜓2)+sinh 2𝜓2 +sin 2𝜓2
        (11d) 

𝐶5 =
sinh2 𝜓2−sin2 𝜓2

2𝜓1(sinh2 𝜓2−sin2 𝜓2)+sinh 2𝜓2 +sin 2𝜓2
        (11e) 

The expressions (9)-(10) explicitly contain the stabilizing force 

S0 provided by the pile. According to the current design 

procedures (e.g. Poulos, 1995) this force is estimated before the 

pile response is calculated.  

Once the values of ki and Ai are known, the pile deflections, 

slopes, bending moments and shear forces at any depth can be 

obtained by (2), (3), (4) and (5), respectively. 

2.4 Pile head deflection 

The pile head deflection is obtained by (2a) for 𝑧1 = 𝐿1: 

𝑦ℎ𝑒𝑎𝑑 = 𝑦1│𝑧1=𝐿1
= −

𝑚1

120𝐸𝐽
𝐿1

5 +
𝑞0

24𝐸𝐽
𝐿1

4 +

𝑘4𝐿1
3 + 𝑘3𝐿1

2 + 𝑘2𝐿1 + 𝑘1         
(12) 

Substituting into (12) the values of the constants ki given by (9), 

the normalized pile head deflection can be expressed by:  

𝑦ℎ𝑒𝑎𝑑
𝐸𝑠𝐿1

𝑆0
= 2𝐶1𝜓1 + 4𝐶2𝜓1

2 + 2𝐶3(𝜇 +

7 6⁄ )𝜓1
3   + [4𝐶4(𝜇 + 1 6⁄ ) − (3𝜇 + 1) 5⁄ ]𝜓1

4  +
2𝐶5(𝜇 + 1 6⁄ )𝜓1

5      

(13) 

2.5 Maximum bending moment 

For an unrotated-head pile the negative bending moment 

(𝑀𝑚𝑎𝑥−) at the pile head (Figure 1c) can be calculated by (4a) 

for z1 = L1:  

𝑀𝑚𝑎𝑥− = 𝑀1│𝑧1=𝐿1
= 𝐸𝐽 (−

𝑚1

6𝐸𝐽
𝐿1

3 +
𝑞0

2𝐸𝐽
𝐿1

2 +

6𝑘4𝐿1 + 2𝑘3)        
(14) 

 
Figure 2. Example of trends of the auxiliary functions Ci versus 2 for 

1 = 0.5.  

Substituting (11c) and (11d) into (14), and rearranging the 

terms yield:  

|𝑀𝑚𝑎𝑥−|

𝑆0𝐿1
= 𝜇 + 𝐶3 𝜓1⁄ − 𝐶5(𝜇 + 1 6⁄ )𝜓1       (15) 

In some cases a positive maximum bending moment 

(𝑀𝑚𝑎𝑥+) can develop in the pile segment embedded in the 

stable layer (Figure 1c). The depth of 𝑀𝑚𝑎𝑥+ (𝑧2𝑚) is obtained 

by imposing null the shear force in (5b) and by numerically 

solving the following transcendent equation: 

tan 𝜓𝑚 =
exp(2𝜓𝑚)(𝐴4𝑛 − 𝐴3𝑛) + 𝐴1𝑛 + 𝐴2𝑛

exp(2𝜓𝑚)(𝐴4𝑛 + 𝐴3𝑛) + 𝐴1𝑛 − 𝐴2𝑛
 (16) 

where 𝜓𝑚 = 𝛽𝑧2𝑚.  

Then, 𝑀𝑚𝑎𝑥+ is calculated by:  

𝑀𝑚𝑎𝑥+

𝑆0𝐿1

=
cos 𝜓𝑚

2𝜓
1
2 exp 𝜓𝑚

{
𝐴1𝑛 tan 𝜓𝑚 − 𝐴2𝑛

− exp(2𝜓𝑚)(𝐴3𝑛 tan 𝜓𝑚 − 𝐴4𝑛)
} 

(17) 

Table 1 lists the calculated values of 𝑀𝑚𝑎𝑥+ for selected 

combinations of 1,  and  

2.6 Infinitely flexible piles 

As shown in Figure 2, for increasing 𝜓2 all the auxiliary 

functions 𝐶𝑖 tend to the same value 0.5/(1 + 𝜓1). Therefore, 

simplified expressions can be written for 𝑘𝑖 and 𝐴𝑖 (Table 2). 

The pile deflection and the maximum negative bending 

moment given by (13) and (15) become:  

𝑦ℎ𝑒𝑎𝑑,𝐹

𝐸𝑠𝐿1

𝑆0

= 𝜓1 + 𝜓1
2 + (𝜇 +

1

6
) 𝜓1

3 + (
2

5
𝜇 −

1

30
) 𝜓1

4 (18) 

|𝑀𝑚𝑎𝑥−.𝐹|

𝑆0𝐿1
=

1 + 2𝜇𝜓1 + (𝜇 − 1 6⁄ )𝜓1
2

2𝜓1(1 + 𝜓1)
  (19) 

Also for the maximum positive bending moment in the stable 

layer a closed-form expression can be obtained:  

𝑀𝑚𝑎𝑥+,𝐹

𝑆0𝐿1
=(2𝜓1 sin 𝜓𝑚,𝐹 exp 𝜓𝑚,𝐹)

−1
 (20) 

where 𝜓𝑚,𝐹 is given by: 

𝜓𝑚,𝐹 = tan−1
1 + 𝜓1

𝜓1 + (𝜇 + 1 6⁄ )𝜓1
2 (21) 

Table 1. Normalized positive maximum bending moments for some 

combinations of , 1 and . 

 1  = 1/3  = 1/2  = 2/3 

1 2 0.1874 0.2303 0.2751 

 3 0.2164 0.2696 0.3248 

 4 0.2188 0.2787 0.3404 

1.5 1.5 0.1998 0.2352 0.2724 

 2 0,2176 0,2599 0,3045 

 2.5 0.2168 0.2651 0.3156 

2 1 0.1700 0.1949 0.2209 

 1.5 0.2233 0.2578 0.2942 

 2 0.2187 0.2608 0.3052 

2.5 1 0.2220 0.2472 0.2736 

 1.5 0.2255 0.2596 0.2956 

3 1 0.2418 0.2662 0.2917 

 1.5 0.2256 0.2597 0.2958 

1,E-04

1,E-03

1,E-02

1,E-01

1,E+00

1,E+01

0,1 1 10



C1

C5

C3

C4

C2

1 = 0.5 
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Table 2. Values of the constant ki and Ai for the case of infinitely 

flexible pile segment in the stable layer. 

Constants 𝑘𝑖𝑛,𝐹  Constants 𝐴𝑖𝑛,𝐹 

𝑘1𝑛,𝐹 =
𝜓1+2𝜓1

2+(𝜇+1 6⁄ )𝜓1
3

1+𝜓1
  𝐴1𝑛,𝐹 =

𝜓1+2𝜓1
2+(𝜇+1 6⁄ )𝜓1

3

1+𝜓1
  

𝑘2𝑛,𝐹 =
2𝜓1

3+2(𝜇+1 6⁄ )𝜓1
4

1+𝜓1
  𝐴2𝑛,𝐹 =

𝜓1−(𝜇+1 6⁄ )𝜓1
3

1+𝜓1
  

𝑘3𝑛,𝐹 =
(𝜇+1 6⁄ )𝜓1

5−𝜓1
3

1+𝜓1
  𝐴3𝑛,𝐹 = 0  

𝑘4𝑛,𝐹 = −2𝜓1
4/3  𝐴4𝑛,𝐹 = 0  

  

Eqs. (18)-(21) reproduce the solution of Ito et al. (1981) in a 

simpler, compacted and dimensionless form. 

2.7 Infinitely rigid piles 

For increasing flexural stiffness, 𝐸𝐽, the pile tends to move 

horizontally with a null rotation along the whole pile. 

For 𝛽 → 0 (i.e. 𝜓1 → 0; 𝜓2 → 0), the auxiliary functions 

𝐶𝑖 can be approximated by the McLaurin series as: 

𝐶1 ≅
1

2𝜓2
;   𝐶2 ≅

𝜓2
2

3
;   𝐶3 ≅

𝜓2

3
;   𝐶4 ≅

1

2
;   𝐶5 ≅

𝜓2
3

6
 (22) 

Then, substituting (22) into (13) and neglecting higher 

infinitesimals, the expression for the normalized pile head 

deflection simplifies in:   

𝑦ℎ𝑒𝑎𝑑,𝑅

𝐸𝑠𝐿1

𝑆0
≅

𝜓1

𝜓2
=

1

𝜆
 (23) 

The maximum bending moment is always at the pile head, and 

it can be calculated as:   

|𝑀𝑚𝑎𝑥,𝑅|

𝑆0𝐿1
= 𝜇 +

1

2
𝜆      (24) 

3 RESULTS AND DISCUSSION 

3.1 Effect of 1 and  on the pile head deflection 

Figure 3 shows the normalized pile head deflection yhead,n (= 

yhead EsL1/S0) as a function of 1 for different values of . For 

an assigned value of  all curves follow a similar trend and two 

zones can be distinguished.  For low values of 1, yhead,n 

remains practically constant and equal to the value of the rigid 

pile given by Equation (23); then yhead,n starts to increase at 

increasing 1. As expected, the pile head deflection is always 

inversely proportional to the embedment ratio . As an 

example, for 1 = 1, yhead,n is about 3.38 and 2.61 for  =1 and 

 = 3, respectively. The effect of  on yhead,n is maximum for 

rigid piles (1 = 0) and it tends to vanish at increasing 1 when 

all curves converge to the curve relevant to an infinitely flexible 

pile (dashed line in Figure 3), analytically defined by Equation 

(18). 

3.2 Effect of 1 and  on the maximum bending moment 

Figure 4 shows both the normalized negative maximum 

bending moment (Mmax-n developed at the pile head) and the 

positive maximum bending moment (Mmax+n developed along 

the pile shaft) at varying 1 for different values of .  

For a given value of  the trend of the curves of Mmax-n 

versus 1 is similar to that of Figure 3.  For low values of 1 

Mmax-n remains practically unchanged at varying 1 with the 

value of a rigid pile (equation 24); then it starts to decrease (in 

absolute value) at increasing 1, with a rate of decrease 

dependent on .  

 
Figure 3. Effect of the dimensionless length 1 and of the embedment 

ratio  on the normalized pile head deflection for  = 1/3. 

 
Figure 4. Normalized maximum bending moment vs the 

dimensionless length 1 for different values of  with  = 1/3. 

It is worth noting that the positive maximum bending 

moment starts to develop when 1 exceeds a minimum value 

that decreases at increasing . More importantly, for values of 

1 exceeding a threshold value 1* the maximum bending 

moment on the pile develops no longer at the head but along the 

shaft. As shown in Figure 4, for  = 1/3 and  > 1.5 this 

threshold value 1* is about 2.42, obtained by equalizing 

Equations (19) and (20).  However, the threshold value 1* 

depends on the distribution of the passive load (i.e. ); as an 

example, for  = 2/3 the threshold value increases to about 4.48. 

In the range 1/3 <  < 2/3, 1* can be accurately calculated by 

a linear interpolation between the above values as 0.36 + 6.18 .   

The crossover of the curves in Figure 4 indicates that the 

trend of Mmax versus  depends on the value of 1. In Figure 5 

the normalized maximum bending moment at the pile head is 

plotted versus  for different values of 1 at which the bending 

moment at the pile head (in absolute value) is always greater 

than the maximum positive bending moment along the pile 

shaft (i.e. Mmax = ‖Mmax-‖). As expected, for some values of 1 

Mmax peaks for a given value of  (p). The values of p are 

found to decrease at increasing 1, whereas p is less sensitive 

to variation of ; as an example, for 1 = 0.5, p = 2.334 and p 

= 2.253 for  = 1/3 and  =2/3, respectively. Only for relatively 

high values of 1 Mmax monotonically decreases at increasing 

 as p is outside the range of practical interest (i.e. p < 1). 

Finally, it can be observed that the effect of  on Mmax 

disappears at increasing  as all curves tend to reach the 

maximum bending moment of the flexible piles (eq. 19) which 

depend no longer on  but only on 1 and .    
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Figure 5. Normalized maximum bending moment vs the embedment 

ratio  for different values of 1 with  = 1/3. 

3.3 Effect of  on pile head deflection and maximum 

bending moment 

Equation (13) clearly indicates that the normalized pile head 

deflection yhead,n increases linearly with , all other factors being 

equal. Only for rigid piles (eq.23) yhead,n is independent of . 

Also the negative maximum moment given by Equation (15) is 

a linear function of  with a gradient equal to (1- C51). On the 

contrary, the form of eq. (17) implies that the correlation 

between the positive maximum bending moment and  is not 

strictly linear, but the errors involved assuming a linear 

correlation are negligible. In fact, it is easy to check that the 

values of Mmax+ in Table 1 for  = 0.5 practically coincide with 

the average of the values of Mmax+ for  = 1/3 and  = 2/3.  

3.4 Flexibility criterion  

Figure 5 indicates that in some ranges of 1 and  the values of 

Mmax calculated by the rigorous solution practically coincide 

with those obtained for flexible piles by Equation (19). To 

quantify the range of applicability of the expressions of flexible 

piles to real piles, a relative difference of 1% is initially 

considered (triangular symbols in Figure 5). A similar approach 

can be applied to check the range of validity of Equation (18) 

for the pile head deflection.  

Figure 6 shows some pairs of values of 1 and  for which 

Mmax = 1.01Mmax,F and yhead = 1.01yhead,F  for the extreme values 

of . As shown in Figure 6 the points can be conveniently 

interpolated by a power law correlation: 1 = a b where a and 

b are fitting parameters.   

 
Figure 6. Pairs of values of  and 1 which meet the flexibility 

criteria. 

 

It is evident that, the relative percentage error being equal, 

the criterion based on the head deflection is more conservative 

than that based on Mmax, whereas the distribution of the passive 

load (i.e. ) has a minor influence. For sake of simplicity a 

unique average criterion of flexibility for passive piles with 

unrotated head is here proposed based on 2% relative error on 

yhead for  =1/3: 

𝜓1𝜆0.935 ≥ 2.44 (25) 

If this condition is hold, in the investigated range of  the 

relative errors on Mmax using (19) are less than 1%.  

4 NUMERICAL EXAMPLE 

Consider a slope made of 3 m of unstable silty sand (unit weight 

  = 18 kN/m3, friction angle  = 30°) underlaid by a stable 

overconsolidated clay (Es = 36 MPa). To stabilize the slope a 

row of bored piles with unrotated head is used (D = 1 m, L = 10  

m; EJ =2’000 MNm2). The maximum stabilizing force is 

obtained assuming that the piles in the moving layer are 

subjected to the soil ultimate pressure. For a pile spacing of 4D 

it is reasonably to consider the ultimate soil pressure of an 

isolated pile; therefore, according to Fleming et al. (2009), a 

maximum shear force S0 = 729 kN/pile is derived for  = 1/3 

and m1 = DKP
2=162 kN/m2 (where KP = 3 is the Rankine 

passive earth pressure coefficient).  

For the assigned input, the dimensionless length 1 (= L1) 

and the embedment ratio  = L2/L1 are calculated as 0.777 and 

2.333, respectively (i.e. 2 = 1.813).  Then, the normalized pile 

head deflection is obtained by (13) as 1.859 (i.e. yhead = 1.859 

S0/EsL1 = 0.0125 m). For 1 < 1* (= 2.445), the maximum 

bending moment develops at the pile head, and it is calculated 

by (15) as Mmax/S0L1 = 0.6455, which implies Mmax = 1’412 

kNm. For sake of completeness the maximum positive bending 

moment along the pile shaft is numerically computed by (16) 

and (17) as about 281 kNm at a depth z2m ≅ 3.16 m.  

The calculated values of yhead and Mmax can be considered 

as the upper bounds of the actual values if the required 

stabilizing force is less than 729 kN/pile. In such a case, the pile 

behavior should be evaluated by numerical methods, which 

analyze the pile response before the development of the soil 

ultimate state (e.g., Bellezza et al., 2017; Lei et at. 2023; 

Bellezza, 2024). 

5 SUMMARY AND CONCLUSIONS 

An analytical method based on the subgrade reaction approach 

was presented to analyze a single pile with an unrotated head 

subjected to a passive load. A uniform modulus of subgrade 

reaction is assumed in the stable layer whereas a generic linear 

load is considered on the pile segment in the moving layer. 

Closed-form equations are derived for the pile head deflection 

and bending moment at the pile head for pile with a finite 

flexural stiffness. Tabulated values are provided to evaluate the 

maximum bending moment along the shaft. For infinitely 

flexible and rigid piles simplified solutions are also derived, 

which agree with previous studies. A novel flexibility criterion 

for passive piles is also proposed.  

The results of a parametric study can be summarized as 

follows: 

- as expected, the normalized pile head deflection decreases 

at increasing the pile embedment  and at decreasing the 

dimensionless length 1; 

- as far as the maximum bending moment is concerned, the 

results indicate that for pile of high flexibility Mmax can 

develop also on the pile shaft and not necessarily at the 
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pile head. Moreover, for a given value of 1, the increase 

of the embedment ratio does not imply necessarily a 

reduction of Mmax and the use of the solution for flexible 

piles can be unconservative. 

If the passive load is based on the ultimate soil pressure, 

the present solution gives conservative estimates for both yhead 

and Mmax and it can be particularly useful in pre-dimensioning 

phase for a quick evaluation of the response of single passive 

piles. On the other hand, the proposed solution becomes 

unconservative in the presence of soil plasticization and it is 

limited to the condition of a fully elastic soil response in the 

stable layer. 

The accuracy of the proposed solutions decreases in soil 

profiles where the hypothesis of a uniform modulus of subgrade 

is not reasonable, and an average modulus of subgrade reaction 

must be necessarily assumed.  However, the solutions derived 

in this paper are rigorous from a mathematical point of view 

and they can be effectively used as a benchmark to validate 

more sophisticated numerical analyses. 
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