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ABSTRACT: Jet grouting is widely used for ground improvement, yet its design remains affected by substantial uncertainty in both
geometric and mechanical parameters, particularly the unconfined compressive strength (UCS) of the treated soil. These uncertainties
become more predominant in heterogeneous soil deposits, where different combinations of jetting parameters might be selected to meet
minimum design requirements. This study introduces a hierarchical Gaussian Process (GP) with non-Gaussian likelihood to model the
spatial variability of UCS in jet-grouted soils. The methodology integrates three levels of information: (i) a global Gaussian Process
with Weibull likelihood; (ii) geology-specific GP formulated through hierarchical priors; and (iii) a target site-level random-effect that
updates the latent GP predictions as new target site UCS measurements become available. The hierarchical formulation allows the
model to share information among geologically related sites, improving statistical significance when data are limited, while still
accommodating site-specific spatial variability. This results in principled Bayesian updating of UCS predictions under sparse
observations and yields design-ready estimates with quantified uncertainty. The proposed framework is applied to a published case
study involving the Rapid-Jet system in soft marine clay, demonstrating significant improvements in predictive accuracy and reliability

compared with non-hierarchical alternatives.
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1 INTRODUCTION

Jet grouting is a widely adopted ground-improvement
technique used for foundation reinforcement, settlement
mitigation, and stabilization of excavations and tunnels (e.g.,
Croce et al., 2014; Toraldo et al., 2017; Spagnoli & Oreste,
2025). The method consists of injecting a high-velocity water—
cement mixture or other fluids into the ground to form
cylindrical cemented bodies, commonly referred to as jet-
grouted columns. Modern systems are generally classified into
single-fluid, double-fluid, and triple-fluid configurations
depending on the number of fluids involved. Several
technological developments over the past two decades have
focused on optimizing column dimensions and improving the
mechanical performance of the treated soil (Shibazaki, 2003).

Despite these advances, predicting jet-grouted column
diameter and unconfined compressive strength (UCS) based on
geological description and indirect geotechnical information
(e.g., Standard Penetration Test values, Ngpr) remains highly
challenging. Several theoretical, empirical, and semi-empirical
models have been proposed to estimate column dimensions
(Modoni et al., 2006; Ribeiro & Cardoso, 2017). Theoretical
formulations based on fluid—soil interaction (Ho, 2007) are
rigorous but require parameters that are often poorly
constrained in practice, while empirical models might suffer
from limited data availability and site applicability.

Predicting UCS is even more challenging. Parametric
regression methods, such as those discussed by Yoshida et al.
(2021) and Collico et al. (2023), have been proposed by Zhao
et al. (2023) and Akan et al. (2015), who applied such models
to estimate unconfined compressive strength with promising
accuracy. Nevertheless, these methods remain rarely employed
and rely on parametric assumptions, which can limit their
applicability when datasets are limited, noisy, or do not
conform to assumed distributions.

Current research relies increasingly on black-box,
machine-learning models (Tinoco et al. 2014), which can
capture nonlinear trends but provide only point predictions and
do not elicit the aleatory and epistemic uncertainty involved.
Furthermore, models trained on global (i.e. generic) databases
often perform poorly when applied to new target sites with
different geological and geotechnical characteristics (Ching et
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al. 2021). Ideally, jet grouting design would rely on local
predictive models calibrated using site-specific UCS
measurements. However, jet grouting projects typically provide
only a small number of UCS tests per site, often limited to
quality-control cores. This scarcity of data makes purely local
modeling statistically unreliable and leads to substantial
uncertainty in early design stages.

To address these challenges, this study develops a
hierarchical Gaussian Process (GP) regression model with a
Weibull likelihood for predicting the UCS of jet-grouted
columns. Unlike a Gaussian likelihood, the Weibull
formulation enables flexible modelling of the positively
skewed, heavy-tailed behavior characteristic of UCS data,
thereby substantially increasing modelling flexibility. The
proposed model explicitly quantifies epistemic uncertainty and
allows hierarchical predictions to be updated as new
observations become available. The hierarchical structure is
composed of three levels: a global GP with Weibull likelihood;
geology-specific GPs introduced through hierarchical priors
that pool statistical strength across similar lithologies; and a
site-level depth-dependent GP that refines predictions using
local UCS data. This approach allows fully probabilistic UCS
estimates and enables principled Bayesian updating. Validation
using a published Rapid-Jet case study in marine clay
demonstrates notable gains in predictive performance
compared with hierarchical models that are not updated with
target-site measurements.

2 DATASET OVERVIEW

The database used in this study is an extended version of the
one presented by Collico et al. (2025), which was initially
compiled for double-fluid jet grouting systems including only
jet-column diameters and UCS values across project sites in
Japan. For each site, mean estimate of jet grouting system’s
parameters and Standard Penetration Test value (Nspr) are
available, together with multiple UCS measurements. The
dataset comprises: soil classification, Standard Penetration Test
value (Ngpr), grout pressure, grout flow rate, water/cement
ratio, rotation speed, lifting speed, jet-column diameter, and
UCS.
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An overview of the parameters involved is shown in Figure
1, which reveals complex pairwise dependencies among jet
grouting parameters, UCS, and Ngpr values. Such complex
dependence underscores the need for a flexible, multi-level
statistical model capable of capturing both global patterns and
site-specific deviations.
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Figure 1. Pairwise data scatter of compiled dataset.

3 METHODOLOGY

The objective of this work is to develop a probabilistic
framework capable of predicting the unconfined compressive
strength (UCS) of jet-grouted columns at a target site while: (i)
quantifying uncertainty; (ii) exploiting information from a
multi-site database; and (iii) allowing for site-specific updating
when local UCS tests become available. To achieve this, a
hierarchical Gaussian Process (GP) with non-Gaussian
likelihood is introduced. A simplified overview of the
hierarchical structure is reported in Figure 2. The method
combines:

1. A global, Weibull-GP regression.

2. Geology-specific GPs, whose hyperparameters are
partially pooled toward the global hyperparameters
through hierarchical priors.

3. Asite-level updating using a depth-GP random effect,

to integrate target site UCS measurements.

The adoption of geology-specific GPs represents a
pragmatic form of dataset clustering, justified by the structure
and volume of the currently available database (i.e. for each site
a single mean estimate of each parameter, except for UCS, is
available). Other clustering strategies—such as grouping by
jetting fluid system (e.g., Diaz et al., 2024) or by geotechnical
and/or statistical characteristics (Wu et al., 2022, Collico et al.,
2023)—could, in principle, be incorporated within the same
hierarchical framework. However, these alternatives require
richer and more comprehensive datasets and are therefore left
for future extensions of this work.

Concerning the selected statistical model, the Weibull
model is employed due to its flexibility in capturing the
empirical distribution of geology-specific UCS. As shown in
Figure 3, the marginal distributions of UCS exhibit right-
skewness, and non-constant dispersion across soil types—
features that might not be adequately represented by Gaussian
models. The Weibull distribution, through its independent
shape and scale parameters, adapts naturally to these changes in
skewness and tail behavior. Figure 3 provides supporting
evidence for the Weibull choice, showing marginal kernel-
density estimates and fitted Weibull probability density
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functions for UCS and Nspr, across the three geological clusters
considered.

The formulation follows the general treatment of GP
models with arbitrary differentiable likelihoods described by
Murphy (2023), implemented via Laplace approximation.
Although other positive-valued likelihoods (e.g., gamma,
lognormal) could be embedded in the same GP formulation,
their comparative performance, model averaging, and adaptive
likelihood selection remain outside the scope of this study.
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Figure 2. Hierarchical structure of proposed methodology.

kernel
----- Weibull
16000 ®
o clay
14000 - e mixed 7
L4 o sand
12000 - ® %0 o
L]
5 10000 o, e © ®
< 8000 | ? °
3 0®eg o® ° °g
S 6000 ® - 8e :
° 't.l e © 080 ©
40000 @ .! oo °
%888 o o %
2000 [ @ ¢
[ )
0 I L
donsity x104 0 5 10 15 20 25 30
NSPT
0 é 10 15 20 25 30

Figure 3. Scatter, kernel density and Weibull density fit to dataset
employed.

3.1 Global level

Let X denote the covariates for generic sites (injected pressure,
lift speed, rotation speed, Ngpr value, water/cement ratio) and
letY = UCS denote the measured UCS. At the global level UCS
observations are assumed to fit a Weibull regression model such
that:

1
Y| f,k~Weibull(k,2ge’) O

with k global Weibull shape parameter, 1, global scale
coefficient and f=f(X) latent log-scale function. A GP prior is
placed on f(+) such that (Murphy, 2023):
fO) ~ 6P kse (5 £,0)) @

with kgg autocovariance matrix (Yoshida et al., 2021). In
this study the isotropic squared-exponential kernel is assumed
for simplicity which reads:
Ihx—x" 112

3
0 (€)

ksp(x,x") = afzexp (-

with afz, £ global variance and scale of fluctuation
respectively.

Thus, the global parameter array, defined as 8yjopa =
{[, sz,k, AO}, characterizes the global level. Because the
Weibull likelihood is non-Gaussian, the posterior over f does
not admit a closed-form solution. Following standard Gaussian-
process regression for non-Gaussian likelihoods, a Laplace



approximation is required. The global parameters are then
estimated by maximizing the approximate marginal likelihood
described in Rasmussen & Williams, (2006), Nickisch &
Rasmussen, (2008):

Betona = arg max(logp (Y| X, Ogovar)) (4a)
Using the Laplace approximation, this becomes:
é\global = arg meax[logp(y If*(e), 9) -05 ]Og (dEtA(e))] (4b)

with f*(8)is the Laplace mode (i.e., the MAP estimate) of
the latent function and A(6)is the negative Hessian of the log-
posterior with respect to f.

3.2 Geologic level

Sites in the dataset are grouped into three coarse geological
classes: clay, mixed soil, and sand. For each class g, geology-
specific GP (Equation 5a) and Weibull regression model
(Equation 5b) are considered such that:

(52)
(5b)

FOO18,~GPO kL - 5 49,07
Y@ | f, g),kg,/lolg ~ Weibull(k@, 1,@e®)

Therefore, each geological level has its own covariance
1@ (length scale) and sz (g)(latent
variance)—and its own Weibull shape k(@ and scale coefficient
Agg) such that Bg=(f(g),af(g),k(g),/lo(g)). To prevent

overfitting—given that per-class data may be limited—a partial
pooling by shrinking geology-level parameters toward global
parameters is introduced such that:

structure—through

0y = Ogiopal © exp (84) with 5 ~ NV (0, diag(ré)) (6)
where (O denotes element-wise multiplication. The
parameter Tgcontrols the deviation of 6, from the global
parameters: small Tgenforces strong shrinkage toward Ogopal,
while larger 7, permits geology-specific differences when
supported by the data.
Geological-specific hyperparameter 6, are then obtained

by maximizing a penalized Laplace—approximate marginal
likelihood:

9 = argmax [(logpLap (Y| 9 g) ™)
- 0.5(10g 0,

—log Hglobal)T diag(rgz)(log 6,

—log Gglobal)]

3.3 Hierarchical latent predictor

For any new input X, both the global and the geological model
yield Gaussian latent approximation:

(8a)
(8b)

f(global) _ N(#global(X),U;lobal(X))
@ ~ N(u,(X),02(X))

They are combined using precision weighting giving the
hierarchical predictor such that (Zhang et al. 2004; Ang &
Tang, 2007):

FO N (e (X), 0200 (X)) (8)
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i (X) = Tgtob (X) Haloba (X) + 7 (X) Hetusier (X) (8d)
hier . Tglob (X) + Tg(X)
(8e)
o (X) = ————;
Tgiop(X) = o () (X)) = = (X)
O_P%ier(X) = (Tgloba](X) + Tg(X)) (8f)

This provides intuitive behavior: high-uncertainty geological
clusters borrow strength from the global model, whereas data-
rich clusters rely on their own geology-specific GP.

Finally, the hierarchical latent predictor controls the
Weibull scale parameter for UCS distribution at input X
belonging to geology g:

UCS(x) | £(X) ~ Weibull (k@, 1, P/ ®)  (9)

3.4 Target site Updating

Even after conditioning on the global and geology-specific GPs,
a new target site j, typically exhibits systematic discrepancies
between the hierarchical GP predictions and target site UCS
trend. These discrepancies may reflect changes in chemo-
physical soil conditions, construction quality, or unobserved
heterogeneities. To account for this, a site-level random effect
8sie(2) acting on the latent log-scale function of the Weibull
model is considered. For a depth z; at the target site, the local
UCS is again modeled by Weibull model such as:

~ Weibull(k@, 1,9 e/ =) (10a)
with f(z;) latent field:
f(z)) = FO(2) + 85e(2)) (10b)

where f (hier) (z;) prediction computed according to Equation
(8¢c) by considering covariate X at depth z;.

The local effect is modeled as a one-dimensional Gaussian
process along depth, &g(2) ~ GP(O, ks (z,z’)) with
ks (zj,zj') squared exponential autocovariance matrix with

scale length £5 and variance Ug both learned from data
residuals at target site.

Residuals relative to the hierarchical predictor are
computed as:

_ f(hier)(zj) (11)

rj = log (,1 )

These residuals are treated as noisy observations of the
latent depth-varying deviation. Performing GP regression on
pairs {(z;, 7;)} yields the posterior mean §yyean (2) and posterior
variance Oyar(2) = .. The posterior (i.e. updated) latent
function at the target site is obtained by correcting the
hierarchical predictor with the inferred site-specific deviation
such as (Deisenroth & Ng, 2015):

Fe9(z) (12a)
UhLer(Z] )f(hler) (Z ) + Uloc (Zj)smean (Z])
ahter + Uloc
upd (Jhter(z ) + alac (Z )) (12b)

with alfpd updated variance. Thus, the final local latent

function respects the global and geological structure while
adapting flexibly to local spatial variability.



4 HIERARCHICAL MODEL VALIDATION

Global and geology-specific hyperparameters are learned from
the compiled dataset through maximization of the penalized
Laplace—approximate marginal likelihood according to Eq. (4b)
and Eq. (7). As an illustration, Figure 4a reports the pairwise
posterior scatter plots for global églobal, and geological ég
hyperparameters. These visual diagnostics reveal how the
global and geological Weibull shape, scale coefficient, and GP
kernel parameters co-vary when fitted to the dataset.

The hierarchical model’s predictive performance,
evaluated through site-level K-fold cross-validation, is reported
in Figure 4b. Predictions are expressed as posterior means
together with 95% predictive intervals. The hierarchical GP
achieves relatively strong accuracy, with R? of about 0.78
across folds, and a minor difference during K-fold training
(R?=0.73). The uncertainty bands behave consistently with the
database distribution: they are relatively narrow in well-
represented regions of the covariate space and widen in sparse
areas, reflecting increased epistemic (i.e. statistical and
transformation model) uncertainties.

Figure 4b also suggests that the dataset is likely reliable for
UCS values greater than 2000 kPa, while lower values might be
overpredicted due to the lack of sufficient information in the
dataset.
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5 CASE STUDY

The proposed methodology is applied to a case study that
concerns the Rapid-Jet system for installation of jet grout piles
(JGP) in soft marine clay of up to 44.8 m (Iwakubo et al., 2019),
which was part of the ground improvement works for the
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construction of one of the tunnelling projects constructed by
China Railway First Group Co. Ltd. Singapore Branch in
Singapore. The large diameter JGPs served 2 purposes: 1) to
mechanically improve the soft marine clay and 2) to grout to
the bottom of the storm water pipe. The average grout depth
was 37 m, and the average drill depth was 45 m. The geological
soil profile is reported in Figure 5a. The stratigraphy consists of
five primary units. The “Sand Fill Layer” extends from 0 to 14.5
m depth and is composed of fine- to coarse-grained sand with
gravel, exhibiting Ngpr values ranging from 3 to 16. The “Soft
Marine Clay” unit, part of the Kallang Formation, spans from
14.5 to 23 m depth and displays low stiffness and high
compressibility. Below this lies the “Stiff Fluvial Clay” layer,
also within the Kallang Formation (F2 subunit), extending from
23 to 28.7 m depth with Ngpr values of 8-9. A deeper “Very
Soft Marine Clay” unit within the Kallang Formation reaches a
depth of about 44.8 m, characterized by markedly reduced shear
strength. Finally, the “Old Alluvium” unit, consisting of
medium-dense to dense cemented clayey sand, extends beyond
44.8 m depth and shows Ngpr values of 24-36. UCS laboratory
measurements collected within a 4.5 m radius (Figure 5b)
reveal significant strength variability in jet columns. Observed
jet-column diameters range between 3.0 m and 3.5 m,

consistent with typical grouting outcomes for such
heterogeneous strata.
5.1  Unconfined Compressive Strength Prediction

To illustrate the benefit of proposed hierarchical updating, four
case scenarios are considered by accounting for a different
amount of target-site information:

A. No local information

B. 15% of local information
C. 30% of local information
D. 90% of local information

Scenario A represents the early, preliminary design phase,
where only the geological description of the site, in-situ tests
(Nspr), and the planned jet grouting system are available. Under
these conditions, UCS predictions rely entirely on the
hierarchical model trained on the compiled database.

The geological description, shown in Figure 5a, is used to
uniquely assign each depth to one of the geological clusters g.
The corresponding predictions are reported in Figure 6a. Blue
markers denote local UCS measurements, which in this
scenario are used only for validation. The dashed curve shows
the median UCS profile obtained from the combined global and
geology-specific GPs, while the shaded band represents the
associated 95% confidence interval. Results clearly indicate a
tendency to overestimate UCS with depth. This overestimation
is not unexpected: the compiled database contains many cases
with relatively high UCS, which biases the hierarchical
prediction. The large uncertainty region further reflects that the
covariates X at the target site depth lie in regions of the input
space that are sparsely represented in the training data.

Scenario B (15% local data, Figure 6b), introduces a very
small fraction of local UCS measurements (i.e. 3 data points).
Due to the limited local information, the posterior UCS profile
undergoes a slight update, especially in the posterior median.
This behavior stems from the model’s structure: the hierarchical
GP provides a prior trend, whereas the site-specific deviation is
represented by a depth Gaussian Process (depth-GP) acting on
the residuals of the latent log-scale function. Differences
between the measured and hierarchical-predicted UCS values
are mapped into §(z) along depth, enabling the model to start
detecting whether the target site tends to produce higher or
lower strengths than expected. Because of the spatial
distribution of the available local data, a downward shift in the
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Finally, Scenario D (i.e. 90% of local data, Figure 6d),
corresponds to nearly complete availability of local UCS
measurements. The posterior UCS variability becomes almost
entirely target-site driven. The local depth GP acts as a smooth
interpolant of local measurements, while the hierarchical GP
contributes mild regularization. Because the latent log-scale
deviations are strongly constrained by abundant local
observations, the posterior uncertainty strongly reduces,
yielding a narrow confidence band. Overall, the four scenarios
demonstrate the intended behavior of the hierarchical Weibull-
GP model with site-level depth-GP updating. When data are
scarce, predictions rely primarily on global and geological
trends. As site data accumulates, the posterior UCS profile
progressively adapts and ultimately converges to local trend
spatial variability.

6 CONCLUSIONS

This paper presented a hierarchical Gaussian Process regression
with a Weibull likelihood for predicting the unconfined
compressive strength (UCS) of jet-grouted columns. The model
integrates generic site information, geology-specific GPs, and a
site-level depth-GP that updates predictions as local UCS
measurements become available. This structure enables
borrowing strength from past projects while preserving
flexibility to adapt to project-site conditions, providing
uncertainty-quantified UCS estimates even when only a few
local data points exist. Application to a published case study
demonstrated that the hierarchical model yields substantially
improved predictive capabilities with respect to predictive
models calibrated only on generic dataset. The four update
scenarios showed smooth progression from dataset-dominated
predictions (0 % of local data) to target-site-dominated UCS
spatial variability (30 - 90% local data). For the specific case
study, minimal site information (i.e. 15%) start reducing
epistemic uncertainties while updating median trend variability.
Moderate to dense local information (30—90%) produce narrow,
realistic uncertainty bounds and good agreement with local
observed UCS. These results highlight the value of hierarchical
GP modelling for design-stage decision-making in jet grouting,
offering a framework for UCS prediction and updating under
limited local observations. Future work will extend the
approach to multi-output prediction (i.e. including jet column
diameter) and the assessment of clustering techniques in
addition to the assumed coarse geological descriptors.
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