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ABSTRACT: The cone penetration test (CPT) is the primary site characterization tool in geotechnical engineering. In-soil
measurements and models of cone penetrations have suggested that unloading is the predominant behaviour mode of the soil past the
cone tip. This behaviour mode affects the friction sleeve and the tip resistance in drained penetration simulations, and can potentially
affect conventionally measured pore water pressures at the cone shoulder in partially drained CPT simulations. With a need for better
interpretation of the CPT in non-conventional soils such as mine tailings, numerical modelling of the cone penetration process is gaining
more popularity. At the same time, progress in computational power is making more realistic models feasible. This paper expands on
previous work on modelling drained cone penetration in sand using the popular critical state constitutive model NorSand implemented
in ABAQUS and utilizing Arbitrary Lagrangian Eulerian (ALE) formulation. NorSand’s internal cap was implemented into the user
material subroutine (UMAT) for Abaqus/Standard. The cap formulations were clarified and expanded, and objective criteria were set
up to differentiate unloading from softening. The implementation was validated by simulating triaxial compression loading-unloading
tests. The drained cone penetration model was then extended to include cap unloading. The tip resistance and the sleeve friction with
the internal cap were compared with that from NorSand without the internal cap. The comparison showed that the inclusion of the
internal cap can reduce sleeve friction and slightly increase tip resistance.
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1 INTRODUCTION Therefore, a constitutive model that is able to capture unloading
behaviour well is necessary for CPT simulations.

NorSand is a critical state based model for cohesionless
soils, originally proposed by Jefferies (1993). NorSand has a
bullet-shaped yield surface similar to Cam Clay’s. NorSand can
simulate the general loading stress path very well, for example,

The Cone Penetration Test (CPT) is one of the most widely used
in-situ tests in geotechnical engineering. During cone
penetration, three measurements are commonly obtained: tip
resistance ¢, sleeve friction f, and pore water pressure u,.

These measurements can be interpretated to determine triaxial compression test (e.g., Mozaffari et al., 2022), uplift
subsurface stratigraphy and estimate the engineering properties capacity of plate anchor in sand (e.g., Liu et al. 2024), tip
of soils. A good interpretation method relies on the deep resistance of CPT (e.g., Mozaffari and Ghafghazi 2023).
understanding soil response during penetration. Liu et al. NorSand’s original bullet-shaped yield surface produces a
(2025) pla}ced §train and stress sensors within a saqd sample in purely elastic response in unloading. To solve this issue,
a CPT calibration chamber to measure the changes in strain and Jefferies (1997) defined a straight vertical line at the maximum
stress as the cone approached and passed the sensors. Their dilatancy mean stress, referred to as the ‘internal cap’. If a stress
results showed that the soil response during penetration can path crosses the internal cap, it causes plastic strain. Dabeet
generally be divided into two stages: loading until cone tip (2008) used it to simulate unloading in triaxial compression
arrives and unloading when cone tip and shoulder pass. tests and showed that the internal cap in NorSand can simulate
Therefore, both loading and unloading stress paths matter in soil response in unloading well.
modelling the CPT. o In this paper, NorSand was implemented into an
Numerical modelling is a powerful tool to under: sta.nd and Abaqus/Standard UMAT subroutine, with its internal cap. This
analyze the CPT and has been conducted through different necessitated formulating new criteria to differentiate unloading
methods, such as cavity expansion (e.g., Yu and Houlsby 1991, from softening for application in boundary value problems. The
Ghafghazi and Shuttle 2008), finite element method (FEM) UMAT was used to simulate the triaxial compression load-
(e.g., Yietal. 2012, Moug et al. 2019, Mozaffari and Ghafghazi unload-reload tests. The comparison between simulation results
2023a), material point method (MPM) (e.g., Ayala et al. 2023, and experimental data demonstrates NorSand’s capabilities in
Martinelli et al. 2024), among others. However, in these simulating unloading behaviour. Two existing CPT chamber
simulations, the unloading stress path behind the cone has not tests were simulated to study the effect of unloading on CPT
received much attention. Cavity expansion method is by measurements, by using NorSand without the internal cap and

definition a one-way loading process. The cone is explicitly NorSand with the internal cap. The inclusion of internal cap can
simulated in the FEM, and MPM. In these simulations, the increase tip resistance and decrease sleeve friction such that the

constitutive models used were Modified Cam Clay and Tresca simulations have a better comparison with chamber test data.

for clay, and Mohr-Coulomb and Druck-Prager models for sand. The stress paths from the two cases showed that inclusion of the
When soil is unloaded, the behaviour is elastic in these models. internal cap can turn the unloading path from an elastic to a

The elastic assumption is not realistic for granular soils. plastic process demonstrating softening behaviour.
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2 CONSTITUTIVE MODEL IMPLEMENTATION

2.1 NorSand with the internal cap

NorSand, initially created by Jefferies (1993), is a critical state
based Cambridge-type constitutive model for sand. The yield
surface is derived in a similar way to the Cam Clay by using the
normality and dilatancy definition. This approach produces a
bullet-shaped yield surface. Different from the unique normal
consolidation line (NCL) in clay, an infinity of NCLs exists for
granular soils. This characteristic requires the yield surface to
be decoupled from the critical state line (CSL). Figure 1 shows
the yield surface of NorSand. The apex of the bullet is defined
as image state. To achieve the mentioned decoupling, the stress
ratio at image state, M;, is not always equal to the stress ratio at
critical state, M. The image state converges to the critical state
with shear strain, making M; eventually equal to M. This yield
surface’s efficiency has been proven for simulating many
loading stress paths, for example, triaxial compression tests
(e.g., Mozaffari et al., 2022) and direct simple shear test (e.g.,
Handspiker and Ghafghazi 2024). However, when the soil is
unloaded (inward stress paths relative to the yield surface), the
response is purely elastic and always produces elastic strains,
which is not realistic soil behaviour, especially for granular
soils.

To address this, an internal cap was defined by Jefferies
(1997). Experimental results showed a maximum dilatancy
exists for cohesionless soils and it depends on the stress state of
the soil. As shown in Figure 1, the maximum dilatancy occurs
to the left of the image state for dense soils, and to the right of
the image state for loose soils. The internal cap was defined as
a vertical straight line at the position of maximum dilatancy by
Jefferies (1997). When stress paths cross the internal cap, they
can produce plastic responses instead of elastic. The internal
cap is represented by Equation (1).

Xii
Mi,tc

péap = pL{e M

where peqp and p; are mean stresses at the internal cap and
image state, respectively. ¥; is the state parameter at the image
state, calculated by y; = e — (I' — Alnp;). T is the void ratio
at the critical state at p” = 1 kPa and A is the slope of the CSL

on a semi-logarithmic scale. y; =

- _X& relates maximum
Mec
dilatancy to v;, with y,. is that parameter from triaxial
compression tests and can be calibrated by plotting the
maximum dilatancy measured in drained triaxial tests on dense
specimens and the state parameter corresponding to the
maximum dilatancy. M;.. is the M; in triaxial compression
stress state, defined by M; .. = My, (1 - NXM‘—W) where M, is

tc
the stress ratio (q/p’) at the critical state from triaxial

compression tests. N is a volumetric coupling coefficient. My,
and N can be calibrated by plotting the relation between the
maximum dilatancy and stress ratio measured in drained triaxial
tests on dense specimens.

In NorSand, the mean stress at image state, p;, is used to
control the size of the yield surface. The hardening law of the
internal cap is expressed by Equation (2). The negative sign and
absolute plastic deviator strain increment show p; always
decreases at the internal cap, which means the cap always
contracts and results in the additional softening.
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Figure 1. The concept of NorSand model: (a) dense soil, (b) loose soil.

where dsg is the plastic deviator strain increment. H is a
hardening parameter, H = Hy — Hy. 1 is the state parameter,
Y =e— (I' — Alnp"). The details of NorSand and internal cap
are available in Jefferies and Been (2015b). NorSand without
the internal cap was implemented into UMAT subroutine for
Abaqus/Standard by Liu et al. (2025b). NorSand with the
internal cap is implemented into UMAT here for following
simulations.

The unloading stress paths relatively to bullet yield surface
arises when the angle, a, between the gradient of the bullet-
shaped yield surface, a,, and the elastic stress increment, Ao,

is greater than 90°. This criterion can be written as Equation (3).

_ Ofbuttet .

In this equation, a, = e I8 the normal direction of bullet
0

yield surface evaluated at the initial stress state of each
increment, 6y, Ag, is calculated using the elastic tangential
modulus, ||agll; and ||Aa, ||, are the Euclidean norm of a, and
Ao, respectively, and TOL is a suitable tolerance. p’ and gq
decrease in both the unloading stress path and the softening on
the bullet yield surface. But the softening on the bullet yield
surface produces a less than 90°, which means the value of
Equation (3) is greater than —TOL. The stress path direction
should be checked, and the correct volumetric strain should be
given for corresponding stress path.

(aO)TAae

———— < —TOL
llaoll2llAce |l

3)

cosa =

2.2 Validation by element test simulation

To validate the developed NorSand with the internal cap
UMAT, unloading of triaxial compression tests was simulated.
Dabeet (2008) presented the experimental results on Fraser
River sand (FRS). The input parameters are summarized in
Table 1.
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Figure 2. Comparison of simulation results from NorSand UMAT with the internal cap and triaxial compression load-unload-reload data.

In Abaqus, a downward displacement was applied to the
top surface of the soil domain in the loading stage, and it was
retreated to a smaller displacement in the unloading stage. This
process was repeated to simulate the unload-reload loops. The
simulation results are compared with experimental data in
Figure 2. Two tests were simulated: dense case 1 = —0.156,
and loose case Py = 0.012. The results show that NorSand
with the internal cap is able to capture the unloading behaviour
of soils in triaxial compression load-unload-reload cycles.
Capturing the contracting volumetric strain in unloading stage
for both dense and loose soils is noteworthy.

Table 1. Input parameters for Fraser River sand (Ghafghazi and
Shuttle, 2010; Jefferies and Been, 2015).
Parameter Value
r 1.22
A 0.066
M,, 1.45
N 0.43
Xtc 32
H, 60
Hy, 280
37.5 p'
G (MPa - 0.5
( ) e —0.344 X (100)
v 0.2

3 NUMERICAL MODELLING OF CPT TESTS IN SAND

Two CPT chamber tests on Medium Hutcheson Sand conducted
by Liu et al. (2025) were simulated to validate the numerical
modelling of the CPT. The two versions of NorSand UMAT,
i.e. with and without the internal cap, were used to analyze the
effect of unloading stress path on CPT.

3.1  Chamber test setup
Specimens had a 1.14 m depth and 1.4 m diameter. The
chamber is made with 10 mm thick steel, making all walls semi-
rigid. The semi-rigid lateral wall results in near-zero lateral
displacements.

Tests were performed on Medium Hutcheson (MH) sand;
a poorly graded Feldspar- and Quartz-dominated sand
(Manmatharajan et al., 2023). The physical properties of MH
sand are summarized in Table 2.
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Sand specimens were prepared by air pluviation. The sand
was deposited into the chamber through a hopper at a constant
height and deposition intensity. The hopper moved at a constant
rate and followed an S shape curve path during deposition to
achieve uniformity. The void ratio was calculated from the
weight and volume of the deposited sand. After deposition, the
cone was inserted 150 mm into the sample. Then, a vertical
stress was applied to the top surface to consolidate the specimen.
After consolidation, the cone was pushed into the specimen at
a constant 0.005 m/s rate by a hydraulic jack.

Table 2.  Physical properties of MH sand (Manmatharajan et al.,
2023).
Parameter Value
G 2.7
€min 0.60
emax 0.88
D5y (mm) 0.42
Dy, (mm) 0.22
Cy, 2.4

3.2 Numerical modelling setup

The chamber tests were simulated in Abaqus/Standard.
Figure 3 shows the geometry of the model. The geometry in
simulations identical to the chamber tests. The cone radius is
0.01785 m (10 cm? cone), and the cone is buried into the soil
domain at 0.15 m depth at the beginning.

Arbitrary Lagrangian Eulerian (ALE) formulation was
used in an adaptive region to address the large deformations
leading to mesh distortions. ALE cannot adjust nodes in the
direction constrained by boundary conditions. Therefore, an
axisymmetric boundary condition (i.e., no horizontal
displacement) cannot be applied to the left surface of soil
domain. To solve this issue, a small gap was left between the
model and the center axis, but leftward displacement was not
allowed at this gap. The adaptive region was defined in the
model, as shown in Figure 3. The adaptive region is defined to
be perpendicular to the cone tip surface. This definition of the
adaptive region helps to have a uniform mesh shape and
improves computational stability. The width of adaptive region
was 0.1785 m (5d,) and its depth was 0.853 m from top surface
(0.6 m below cone tip). ALE mesh smoothing was applied
every 3 increments and sweeping number was 5, which means
5 sweeping iterations will be applied in mesh smoothing.
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Figure 3. Geometry, mesh and boundary conditions of the CPT model.

The boundary conditions are also presented in Figure 3.
The bottom surface of soil domain has no vertical displacement.
The horizontal direction displacement was constraint on the
right hand side boundary because the chamber wall is semi-
rigid. A vertical stress was applied to the top surface of soil
domain. A uniform stress state with the vertical stress and K,
was applied within soil domain. Because the cone has a much
higher stiffness than the soil, a rigid body constraint was applied
to the cone. This setup also improves the stability of numerical
modelling. A 0.5355m (15d.) downward displacement was
applied on the cone at a rate of 0.005 m/s.

Even though the simulated cases are drained, the coupled
hydromechanical analysis in Abaqus/Standard, soils step, was
used. To achieve drained conditions, the permeability of the soil
was input as 1 m/s. A flux boundary condition was applied to
the top surface of soil domain. CAX4P elements were used in
the soil domain and CAX4 elements were used in the cone. In
the adaptive region, the width and length of elements are 0.006
m and 0.009 m, respectively. Sensitivity analysis on mesh size
showed that the further reduction of mesh size has no effect on
simulation results. In other regions, a coarser mesh was used.

Table 3. NorSand parameters for MH sand (Mozaffari et al., 2022).
Parameter Value
r 0.965
A 0.038
M, 1.25
N 0.2
Xtc 6.0
H, 300
Hy, 2100
(22-¢) p
G (MPa 27 x 2 77 T yo05
(MPa) 8271 oo
v 0.2

The calibrated NorSand parameters for MH sand are listed in
Table 3. The shear modulus is measured from bender element
tests. 1/10 of that value was used in this paper, consistent with

\ 4
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that recommended by Ghafghazi (2025). Other parameters in
Table 3 were not changed.

The coefficient of friction, u, on cone-soil interface is
required in CPT simulation. Zhao et al. (2025) conducted
friction cell tests to test frictional coefficient between CPT and
MH sand. Their results report that u is 0.22 for dense case and
0.17 for loose case. In this paper, the average value of 0.2 was
used.

Two chamber tests were simulated for validation. The
stress state, void ratio, and state parameter are summarized in
Table 4. Both cases are dense, one medium dense (Y, =
—0.096), and the other dense (y, = —0.226).

Table 4. Summary of simulated chamber tests (Liu et al., 2025a).
Chamber test No. g, Ky e Yo
4 300 0.348 0.675 -0.096
5 100 0.308 0.588 -0.226
3.3 Numerical Results

Figure 4 compares simulation results and chamber test data.
The comparison shows that tip resistance from simulations
agrees well with chamber test data. For iy = —0.226, the tip
resistance from simulation (11.8 MPa for NorSand without the
internal cap) is less than the chamber test data (14.0 MPa). For
Yo = —0.096, the tip resistance is 1.6 MPa higher for
simulation (9.8 MPa for NorSand without the internal cap) than
chamber test (8.2 MPa). The simulated sleeve friction is higher
than chamber test data. For 1y = —0.226, the sleeve friction
from NorSand without the internal cap is 410.2 kPa, but the
chamber test data is 30.2 kPa. For 5 = —0.096, the sleeve
friction from NorSand without the internal cap is 344.4 kPa, but
the chamber test data is 20.9 kPa.

The simulation results from NorSand without internal cap
are also compared with that from NorSand with internal cap in
Figure 4. The tip resistance slightly increases for the case with
1Py = —0.226 when internal cap is included (i.e., 13.3MPa for
NorSand with internal cap, 11.9 MPa for NorSand without
internal cap). The change is negligible for the case with 1y =
—0.096 (i.e., 10.1 MPa for NorSand with internal cap, 9.8 MPa



for NorSand without internal cap). However, the internal cap
has a significant effect on sleeve friction. The sleeve friction is
reduced because of the internal cap for both 1y = —0.096 and
Py = —0.226. For the case with Y, = —0.096, the sleeve
friction decreases from 344.4 kPa to 222.7 kPa when internal
cap is included in NorSand (i.e., 35.3% reduction). For the case
with P, = —0.226, the sleeve friction decreases from 410.2
kPa to 236.0 kPa when internal cap is included in NorSand (i.e.,
42.3% reduction). The inclusion of the internal cap in NorSand
improves the comparison between the simulation results and the
chamber tests sleeve friction. This is because, the internal cap
affects the stress response in the region behind the cone.

4  DISCUSSION

Figure 5(a) shows the stress paths during penetration at a point
0.0714 m (2d.) from the center. The stress variation during
penetration can be generally divided into two stages, loading
and unloading. In the loading stage, both p’ and q increase and
the slope of ¢ — p’ curve is almost constant. The slope for ¢, =
—0.226 is higher than that for 1y = —0.096, which means the
stress state increases faster in the denser case. This faster
increase is contributed from the larger dilatancy in the denser
case. The stress state keeps increasing until the stress state
approaches the maximum value. For ¢, = —0.226, NorSand
with the internal cap produces a slightly larger maximum value
than NorSand without the internal cap, which results in a higher
tip resistance. For g = —0.096, these two models produce
almost the same stress paths, so the tip resistances are the same
for these models. After approaching the maximum values, both
p’ and q start to decrease. In this case, & is greater than 90°,
which means the stress path is inward relatively to the bullet-
shaped yield surface and the soil starts to be unloaded. The
unloading stress path starts after the tip passes but before the
cone shoulder passes. For NorSand without the internal cap, p’
and q decrease at same slope to loading stage. However, when
the internal cap is included, p’ and q decrease with a steeper
slope and this results in a lower stress state than NorSand
without the internal cap. The lower stress state contributes to
the lower sleeve friction when the internal cap is included.
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Figure 4. Comparison of CPT simulation results and chamber test
data: (a) tip resistance q., (b) sleeve friction f;.

Figure 5(b) shows the variation of p; during penetration,
which presents the movement of yield surface. During the
loading stage, p; increases with increase in p’, so the model is
hardening. p; reaches its maximum value when the cone
shoulder arrives. When the unloading starts, for NorSand
without the internal cap, p; remains constant, meaning the soil
response is elastic. However, for NorSand with the internal cap,
p; decreases with the decrease in p’. This means the unloading
stress path crosses the internal cap and produces the additional
plastic response. The additional plastic response on the internal
cap due to unloading contributes to the faster decrease in the
stress state, and further reduction in the sleeve friction. This
additional softening is more evident in the denser case (Y, =
—0.226).
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Figure 5. Stress paths comparison between NorSand with and without the internal cap: (a) ¢ — p’ curve, (b) p; — p’ curve
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5 CONCLUSIONS

CPT is the primary tool in geotechnical engineering for
estimating in-situ soil properties. Past research shows that both
loading and unloading stress paths occur around the cone.
However, in most existing numerical models of the CPT, the
unloading behind the cone has not been simulated well. This is
because the unloading is either ignored or assumed as elastic in
the constitutive models used in these simulations.

NorSand with the internal cap was implemented into the
UMAT subroutine of Abaqus/Standard. The UMAT was
validated by simulating triaxial unloading. The results showed
that the internal cap can capture soil behaviour in unloading
conditions well.

Two CPT chamber tests in a poorly graded dry sand were
simulated in Abaqus/Standard using NorSand with and without
the internal cap. The simulation results showed tip resistance
from simulations have good comparison with chamber test data,
but the sleeve friction is higher than that from chamber tests.
The results also showed that the inclusion of the internal cap in
NorSand reduces the sleeve friction. The stress variation during
penetration was analyzed. It was shown that the unloading
stress path crossing the internal cap can reduce the stress state
when the cone shoulder passes. It subsequently reduces the
sleeve friction. The inclusion of internal cap and unloading
behaviour can improve the estimated values of both tip
resistance and sleeve friction, leading to better interpretation
methods stemming from computational models.
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