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Simplified pile stress calculation method considering superstructure rocking during
large earthquakes
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ABSTRACT: During large earthquakes, the bending moment and shear force in piles are determined by the following three factors:
inertial force (or pile-head horizontal displacement), pile-head moment (or pile-head rotation), and ground deformation. In Japanese
structural design, both the inertial force and ground deformation are considered using Seismic Displacement Method analysis. The
analysis that excludes pile head rotation leads to an overestimation of the pile head stress, which results in a conservative design.
Incorporating pile head rotation into the analysis enables a more economical design. However, this method requires accurate pile head
rotation calculations. This study presents dynamic centrifuge model tests in a 50 g field using models considering soft clayey ground
and a superstructure model with a large moment of inertia. Based on the centrifuge model test results, we proposed a simplified pile
stress calculation method that considers the superstructure rocking motion. The calculation method involves two steps: response
analysis of the superstructure and stress analysis of the piles. The response analysis model has one mass and two degrees of freedom:
superstructure vibration and rocking. It is calculated using only five parameters: the equivalent weight of the superstructure, natural
period of the superstructure’s vibration and rocking, and their respective damping factors. The pile stress calculation method was
derived from the theoretical calculation method with the addition of pile head rotation. By comparing the test and analysis results, it
was found that the measured vertical stiffness at the pile head was lower than the theoretical value because the tensioned pile caused
both a reduced confining pressure around the pile and a decrease in ground shear stiffness. The response analysis using the experimental
vertical stiffness of the pile accurately reproduced the acceleration of the superstructure and rotation angle of the foundation. In addition,
the estimated bending moment of the piles closely matched the experimental results.
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1 INTRODUCTION This study proposes a simple response analysis method for
calculating the pile head rotation angle owing to superstructure
rocking and a method for calculating the pile stress by
considering the pile head rotation. Additionally, we report the
results of the verification by comparing the calculation results
obtained using this method with the centrifuge model
experiment results.

The stress generated in piles during a large earthquake is
determined by the pile head inertial force (or displacement),
pile head rotational moment (or rotation angle), and the ground
displacement. In the seismic displacement method used for
calculating pile stress in Japanese building design, mainly pile
head inertial force and ground displacement are used, and it is
common practice to fix the pile head rotation (rotation angle 0)
to evaluate stress conservatively for a safe design (AlJ, 2019). 2 CENTRIFUGE EXPERIMENT
However, three factors contribute to the pile-head rotation 2.1  Centrifuge model

during earthquakes. These include 1) the rotation due to the

deformation of foundation beams connecting piles, 2) the Figure 1 shows the prototype of a building with a pile

rotation due to mechanisms that promote pile head rotation (the foun('iation. Figur s 2 and 3 show schematic diagrams f)f Fhe
so-called semi-rigid pile head connection method), and 3) the centrifuge models (in a 50 g field). A prototype of the bulld}ng
rotation due to the rotational movement of the superstructure model was 'assumed to be a plate-shape{i building (13 stories,
(the so-called superstructure rocking motion). The effect of 49'0 m height, and a 'ﬁrst' natural period of 0.{112 'S)~ The
foundation beam rigidity on pile head rotation has been studied dimensions of the bulldlng in the long and short dlrectlons.are
in the previous study (Kimura et al. , 2007). The effect of the 12.0 m and 6.0 m, respectively. In the superstructure modeling,
semi-rigid pile head connection method on pile head rotation the two models, Case 1-2 and Case 3-1 were prepared. For Case

1-2, the weight and first to third natural periods were combined

was considered in previous study (Hamada et al., 2013). The : : - peLiot "
with the prototype according to the similarity law in a 50 g

authors focused on the effect of superstructure rocking motion

on pile head rotation and conducted several centrifuge centrifugal field (Kazama &' Inatomi, 1993)'35 a three-layer
experiments simulating a plate-shaped building on soft clay fr'ame structure bgsed on the eigenvalue analy§1s under the fixed
ground, where the rotational angle due to rocking motion and Pll? head condition. For Qase .3'1> the welght, first 'natural
ground displacement were observed. The results revealed that period, and moment of inertia were combined with the
when a building has a large moment of inertia, the peak times prototype as a single-layer truss structure. As a result, the
of the inertial force and overturning moment differ from each reaction force of Case3-1 turned out to be twice as large as that
other (Okumura et al., 2021; Okumura & Hamada, 2022). In the of C'a.se 1-2 in the horizont'al l'oading analysis upder the
case of piled-raft foundations, where the influence of pile head condition of the ﬁxeq foundation in Case 3-1.'The plles were
rotation becomes significant, bending moments causing modeled after a cast-in-place concrete belled pile (with a shaft
compression at the pile head displacement direction end occur dlam'eter Of.‘P L5 m anq a .bell diameter of ¢ 2-2 m) using
owing to rotation angles exceeding free-head conditions, alumlnum.plpes (30 mm in diameter and.l.S'mm m thlcknesg),
contrary to the typical tension that would be expected ar}d aluminum alloy was used f(?r their tips. As shown in
(Okumura & Hamada, 2025). These findings indicate that F 1gure 2, accelerometers, dlsplgcement transducers,
considering pile head rotation could potentially rationalize the piezometers, apd strain gauges were installed to measure the
current design methods while also posing risks, highlighting the seismic behavior, pile stress, and pore water pressure. The
importance of accurately evaluating pile head rotation to model ground 'compr.lsed two layers: a logd-bearn}g layer and a
understand the pile stress during earthquakes. clayey layer. Iide silica sand No. 4 (relative density D, = 90%)

with 100 kg/m?3 of cement (W/C = 100%) was used as the load-
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bearing layer, which was strong (unconfined compression
strength g, = 1.4 N/mm?) and stiff (shear wave velocity Vs
approximately 550 m/s). The clayey layer was a reconstructed
sample of Kanto loam collected in Tokyo, Japan. The clayey
layer was prepared by wet compaction at an optimum water
content (w = 63.1%) to achieve the maximum dry density (pa =
0.943 g/cm’) to facilitate consolidation in the centrifuge.
Because the sand content was over 30%, it became nonplastic
(NP) in the consistency test. Water was used for the pore fluid
because the permeability of the Kanto loam is very low at 9.0 x
1075 cm/s. Thus, we consider that the effect of drainage during
shaking is sufficiently small. The detailed soil properties are
described in a previous study (Okumura & Hamada, 2022).
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Cast in-situ concrete pile
Design strength : 33 N/mm?
Shaft diameter : 1.5m
Bell diameter : 2.2m
Tip depth : GL-20.0 m

Figure 1. Schematic diagram of the prototype plate-shaped building
for the superstructure and pile models.
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Figure 2. Schematic of the centrifuge model (Casel-2).
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Figure 3. Schematic of the centrifuge model (Case3-1).

2.2 Input motion

The shaking table tests were conducted after confirming that the
surface settlement of the loam layer and pore water pressure had
stabilized. Figure 4 shows an example of the input seismic
motion. The input motions used in the shaking table tests were
the within motions (E+F) of Notification L2 with the Kobe
phase (BSLJ, 2000; Okumura & Hamada, 2022), with
waveforms having maximum accelerations of 0.5 to 6.0 m/s? in
outcrop motion (2E), applied sequentially. Table 1 shows the
relationship between 2E and E+F. In this study, to examine the
effects of inertial force and pile head rotation on pile stress
among the influences of inertial force, pile head rotation, and
ground deformation, we used the results of vibration
experiments with relatively small accelerations of up to 2.0 m/s?
in 2E equivalent.
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Figure 4. Input motion (2E).

Table 1. Peak acceleration used in the shaking table tests.

Case Peak acceleration (m/s?)
Number  Qutcrop (2E)  Within (E + F)
0 (30200 Hz Sweep wave)

1 0.50 0.35

2 2.00 1.23

3 3.50 2.14

4 4.50 2.96

5 6.00 3.85

6 0.50 0.35



3 SIMPLIFIED RESPONSE ANALYSIS WITH
SUPERSTRUCTURE ROCKING MOTION

The analytical model is illustrated in Figure 5. The analytical

model is a single-mass model with two degrees of freedom: the

displacement of the superstructure vibration x;, and the

superstructure rocking angle 6.

H0t i

Figure 5. Schematic of the simplified response analysis model.

For this model, the acceleration of the superstructure ¥, and the
rotational acceleration of the superstructure & with respect to
the effective input acceleration j; (acceleration of the
foundation) are expressed in the frequency domain as follows:

X, _ My
{He@}_ 4 {1}Yf M
A
iCb kb
— — > 1
msw Mmgw 2)
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1 1- -
mgH?w mgHZw?

Here, the uppercase of %, , 6, Jr represents their Fourier
transforms, and 7 and @ are the imaginary unit and angular
frequency, respectively. In addition, k» and c» are the stiffness
and damping coefficient for the vibration of the superstructure,
respectively. In addition, & and ¢, are the superstructure rocking
motion’s ones. Next, p» and p, are the natural angular
frequencies related to the superstructure vibration and rocking,
respectively, and are expressed by the following equations
using the natural period of the superstructure’s vibration 75 and
rocking T

2T kb
= —_—= _— 3
Do T, m, 3)
21 k k
Pr="7"= == - 2 @
T, Iy mgH;

Using p» and pr, Equation 5 can be obtained from Equation 2.

1—2ihbi—b—(i)—b)2 1

1 1—2ihr%— (%)2

A= )

According to Equations1 to 5, the response of the
superstructure, including rocking, can be calculated from only
five parameters: the time history of the input acceleration
(effective input motion of the foundation) j;, the equivalent
height of the superstructure mass H., the natural period 7» and
the damping constant /5 related to the superstructure vibration,
and the natural period 7 and the damping constant /4 related to
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superstructure rocking. Tables 2 and 3 show the calculation
parameters (prototype scale) used in the reproduction analysis
of the above experiment. The masses of the superstructure and
foundation, ms and my, respectively, are the measured values of
the model, and the moment of inertia 7, is the sum of each mass
multiplied by the square of the center height. The equivalent
height H. of the mass in the analytical model was calculated to
match the moment of inertia of the model. 75 is the design value
of the model, and 7, is determined from Equation 4 using the
moment of inertia /» and the rotational stiffness of the pile
foundation K.

Table 2. Parameters of the response analysis.
Case 1-2 3-1
Superstructure’s Mass my Mg) 3,111 2,418
Foundation’s Mass my Mg) 792 1,447
Moment of Inertia I (Ggm?) 656 3,013
Equivalent Mass Height H, (m) 14.5 353
Superstructure’s Ty (s) 0.412 0.412
Vibration (Cal.)
hy 0.02 0.02
Superstructure’s T. (s) 0.427 0915
Rocking (Exp.)
h, 0.02 0.02
Table 3.  Parameters for calculating the rotational stiffness of the pile
foundation X..
Surface ground’s Vs v, (m/s) 130
Surface ground’s v 0.4
Poisson ratio ¢ )
Support Layer’s Vs Ve (m/s) 550
Support layer’s
Poisson ratio Vo 03
Shaft Diameter D, (m) 1.5
Shaft Thickness 4 (m) 0.075
Tip Diameter D, (m) 22
Pile’s Length L, (m) 20.0
Pile’s Young Modulus E, (10*N/mm?) 6.86
Vertical stiffness (Cal.) K, (MN/m) 1,257
Rotational Stiffness (Cal.) K, (GNm/rad) 180
Vertical stiffness (Exp.) K  (MN/m) 972
Rotational Stiffness (Exp.) k. (GNm/rad) 140

The rotational stiffness K is determined as follows (AlJ, 2006):
First, the vertical springs at the pile head are divided into pile-
soil springs and pile tip springs. The pile-soil spring Sy is the
pile peripheral spring according to Randolf and Wroth (1978),
and is determined by the following equations:

_ 21,
Sv - 2”Ge/IOge D_ (5)

p

Tm = 2.5L(1 —v,) 6)
Here, D,: pile diameter, L: pile length to the load-bearing layer,
Ge, ve: equivalent shear stiffness and equivalent Poisson's ratio
of the surface ground. Next, the pile tip spring ks is obtained
using the following equation:

3n wGyD,

b= 2 — vy M

Here, D;: tip diameter, G», vs: shear modulus and Poisson's ratio
of the bearing layer. As described above, the vertical spring



constant at the pile head Ky can be obtained from the following
equation using the calculated pile shaft spring Sv and pile tip
spring kb.
Kos ( 2Bl ( 2Bl
E,A,Bs(1—e P ) + ky(1+ e “Ps
= E,A,fs 1=

E,ApBs(1 + e72PsL) + ky, (1 — e~25sl)

®)

Here, B = Sv / Epdp, where E, is the Young's modulus of the
pile and A, is the cross-sectional area of the pile. Finally, the
rotational spring of the pile foundation K, is obtained by
summing the pile head springs multiplied by the square of the
distance xi from the center of rotation, as follows:

K, = Z Kvsxiz

The amplification ratios of the superstructure mass against the
input motion at the foundation in the analytical model
calculated using the parameters obtained from the above tables
are shown by the blue lines in Figure 6, while the amplification
ratio of the top of the superstructure against the foundation in
the experiments is shown by the black lines in the same figure.
The natural period inferred from the maximum value of the
amplification ratio was smaller in the calculated value than in
the experiment, suggesting that the natural period of the
superstructure's vibration or the natural period of rocking was
larger than the calculated value.
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Figure 6. Transfer function of structure top against foundation

Therefore, the relationship between the pile head displacement
and the variation of the axial force for each pile are shown in
Figure 7. The variation in the axial force was obtained by cubic
spline interpolation of the axial forces measured by the strain
gauges at each depth, extrapolated to the GL-0 m for each time
point. The pile-head stiffness Kys calculated using the above
equation is also shown by the blue line in the same figure. The
results of Case 1-2 are shown in Figure 7a), the slope on the
compression side of the experiment generally matches Ks, but

the slope on the tension side is slightly smaller than the Ksslope.

However, for Case 3-1 shown in Figure 7b), compared to the
Case 1-2 data, there are scattered plots, and a less-matched
trend can be observed than in Case 1-2, but the slope is
generally smaller than Kvs. A possible reason for these results is
that when the pile was pulled, the confining pressure of the soil
around the pile decreased, which reduced the shear stiffness of
the soil. Next, the pile-head stiffness Kys was determined, as
shown in Table 3, to be consistent with the experimental result
trends in Figures 6 and 7. The theoretical amplification ratio
and slope based on this are shown by the red lines in Figures 6
and 7. The rocking natural period 7, obtained from the
foundation rotational spring K derived from this experimental
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Kys was set as shown in Table 3 and used in subsequent

investigations.
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Figure 7. Relationship between vertical displacement of pile heads
and variation in axial force.

4 CALCULATION METHOD OF PILE STRESS

The pile stress is calculated from the response acceleration (¥,
) obtained by the above analytical method. The rotation angle
0(t) in the following equations is positive in the
counterclockwise direction, which differs from that in Figure 5.
First, as shown in Equation 10, the time history of the inertial
force of the entire structure H(?) is calculated by multiplying the
response acceleration of the superstructure and the acceleration
of the foundation by the masses of the superstructure and
foundation, respectively.

H(t) = —mg(%, + HO + y) — my; (10)
Next, to make the displacement at the top of each pile the same,
the displacement of the foundation y(#) is determined using the
following equation:

_ H(®) — X 2EIB? 6(t)
N Y 4EIB3

Here, f (= {/knD,/4Epl,) is the characteristic value of the pile,
and the coefficient of subgrade reaction k; is calculated
according to the following equations (AlJ, 2019): Ej, I, and D,
are the Young's modulus, moment of inertia of the cross-section,
and the diameter of the pile, respectively.

y(©) an

3/4

kno = 80Ey(D,/0.01) (12)
Ey = Eps/30 = 2(1 +v.)pVi2/30 (13)
kh = akho (14)

The shear wave velocity Vs of the surface ground was set to 130
m/s for Case 1-2 and 100 m/s for Case 3-1, based on the transfer
function of the ground. Additionally, the coefficient o in
Equation 14, which is used for the relative displacement
between the pile and ground, typically takes values below 3.16
(= V10), but in this study, it was set to 3.16. Using the obtained
foundation displacement y(?) and superstructure rocking angle
& (1), the bending moment and shear force of the pile at depth z
from the pile head can be calculated using the following
equations:

M(z,t) = 2EIB%e B {(y(t) + %)cosﬁz
—y(t)sinfz}

(15)



Q(z,t) = —2EIB3e P~ {<2y(t) + %) cosPz

(16)
+ %sinﬁz}

In particular, the bending moment Mo and shear force Qo at the
pile head (z = 0) are expressed as follows:

20
Mo(t) = 2EIB*(y(0) + R a7
2 = 2818 (2900 + 52 1s)

As mentioned previously, the stress on the piles is further
affected by ground deformation. For this calculation, methods
such as those in reference (Hamada, 2019) can be used. In this
study, we focused on the effects of inertial force and pile head
rotation angle and conducted our investigation using inputs that
caused minimal ground deformation. However, examining the
impact of ground deformation on experiments with larger
inputs remains a task for future research.

5 COMPARISON CALCULATION AND
CENTRIFUGAL EXPERIMENT’S RESULT

The calculation results obtained using the above methods were
compared with the centrifugal experimental results. The time
histories of the superstructure response acceleration and
rocking angle are shown in Figures 8 and 9, respectively. Note
that the calculation results from a single-mass model that does
not consider foundation rotation are also shown with blue lines
for the response acceleration. From Figure 8, it can be
confirmed that the two-degree-of-freedom model that considers
superstructure’s rocking reproduces the experimental results
more accurately compared to the single-degree-of-freedom
model that does not consider one. Additionally, the rotational
angle of the rocking in Figure 9 can also be calculated with
good accuracy. For the response acceleration of Case 3-1
(Figure 8b), the single-mass model showed very large
accelerations with shorter periods than the experimental results.
Figure 10 shows the time histories of the foundation
displacement. The experimental data were calculated by
second-order integration of the acceleration data observed at the
foundation. In contrast, the calculation results were obtained by
adding the integral result of the ground surface acceleration to
Equation 11. From this figure, the proposed method can also
calculate the displacement of the foundation well.

Exp. Cal. (Vib.) Cal. (Vib.+Rot.)

t=33.56s

=]

ot C;w

T

T
G
Time (s)

Figure 8. Time histories of the response acceleration at the top of the
superstructure.
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Figure 10. Time histories of the foundation displacement.

Figures 11 and 12 show the time histories of the bending
moments and shear forces, respectively, from both the
calculations and experiments at the strain gauge installation
depth (GL-2.25m). Considering the calculated bending
moments for Case 1-2 shown in Figure 11a), the calculation
results with the red line well evaluate the waveform compared
with the experimental results with the black line, whereas for
Case 3-1 shown in Figure 11b), the amplitude of the waveform
is underestimated. As a cause of this underestimation, as can be
seen from Figure 10, during the time interval when the bending
moment was underestimated, the foundation displacement
increased, suggesting that the influence of ground deformation
may have been significant. As shown in Figure 12, it can be
confirmed that the shear force calculated from Equation 16 also
reproduces the experimental results well. Nevertheless, despite
using a simplified method, the pile stresses are reproduced with
relatively good accuracy.

| — Exp.(P) ——Exp. (P2) —+Exp.(P3) - - Exp.(P4) — Cal. |

a) Casel-2 I

Bending Moment (MNm)
(1w

_ b) Case3-1
-5
20

30 .40 50 60
Time (s)

Figure 11. Time histories of the bending moment at the depth of 2.25m
from the ground surface.
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Figure 12. Time histories of the bending moment at the depth of 2.25m
from the ground surface.

Figure 13 shows the depth distribution of the bending moments
when the inertial force H(?) recorded its maximum value in each
experimental case. Each plot indicates the experimental results,
the solid black lines represent the bending moments calculated
from Equation 15, and the black dashed lines represent the
bending moments when 6(?) in Equations 11 and 15 is set to 0,
that is with a fixed rotation at the pile head. The values of the
solid lines are slightly smaller than those of the dashed lines,
indicating that considering the rotation at the pile head reduces
the bending moment near the pile head. This reduction in the
bending moment was smaller in Case 3-1 than in Case 1-2,
which was inversely proportional to the magnitude of the
moment of inertia of the superstructure. As reported previously
(Okumura & Hamada, 2022), this is largely attributed to the
significant phase difference between the inertial force and
rotation angle.
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Figure 13. The bending moment profile was recorded at the time of the
maximum inertial force.

6 CONCLUSIONS

In this study, we proposed a response analysis method using a
single-mass system with two degrees of freedom that considers
the superstructure’s rocking motion to evaluate the seismic pile
stress with large foundation rotation more precisely and simply.
We also proposed a method to evaluate the pile stress using the
response values (time history of the response acceleration and
foundation rotation angle) obtained from this response analysis
method. Furthermore, by comparing with the centrifugal
experimental results, we obtained the following conclusions.

1. The rotational spring of the building was slightly smaller

than that in the method described in reference (AlJ, 2006).

Comparing the vertical springs at the pile head between
the calculation and experiment, the stiffness differed
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between the compression and tension sides in the
experiment. For piles on the tension side, the vertical
spring at the pile head may decrease because the
confining pressure of the soil around the pile decreases,
resulting in a decrease in the shear stiffness of the soil.

2. The proposed response analysis method, although a
simple approach, accurately evaluated the response
acceleration of the superstructure and rotation angle of
the foundation.

3. The proposed method for evaluating the pile stress
successfully reproduced the time history and depth
distribution of the bending moments.

As described above, we have confirmed that the proposed

calculation method can calculate pile stresses during

earthquakes with relatively good accuracy, considering the
rocking motion of the superstructure (the rotational angle of the
foundation). The effect of ground deformation, which was not
addressed in this study, remains a challenge for future studies.

We aim to improve the proposed calculation method by

referring to existing evaluation methods for pile stresses caused

by ground deformation.
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