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ABSTRACT: In this study, we investigated the numerical stability of the soil-water coupling analysis based on the u-p/u-w-p 

formulations using the spectral radius of the simultaneous recursive equation consisting of the discretized governing equation of u-p/u-

w-p and the time integration formulas of Wilson’s θ method. Main findings are as follows: 1) The “band-shaped” unstable region of u-

p on the permeability coefficient k-time increment Δt plane was investigated. The band bends at the threshold line where the 

eigenfunction of the main mode of the u-p theoretical solution transitions from exponential (overdamped) to trigonometric (damped 

oscillation). Therefore, the numerical stability of the step update in the u-p analysis depends on k/Δt in the low permeability cases and 

Δt in the high permeability cases. It is also suggested that the bending of the unstable region is not caused by switching of divergent 

modes, but by rotation of eigenvectors. 2) the existing criteria for judging applicability of u-p depending on k/Δt is generally valid only 

in the low permeability cases. 3) The most unstable mode in the unstable region of u-p is accompanied by i) stepwise sign inversion of 

pore water pressure and ii) checkerboard pattern of pore water pressure distribution. The features, i) and ii) are typical phenomena that 

occur when u-p exhibits instability. The numerical divergence of the u-p solution is characterized by the fact that only the pore water 

pressure diverges without accompanying soil deformation in the low permeability cases, while the pore water pressure diverges 

accompanying soil deformation in the high permeability cases. 4)  The u-w-p is numerically stable regardless of k and Δt (effectiveness 

of u-w-p).  
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1 INTRODUCTION 

The history of “porous media theory,” which regards saturated 

soil as a two-phase mixture, goes back to Fillunger (1913), 

before Terzaghi proposed the effective stress principle in 1923, 

Fillunger (1936) formulated the interaction between solids and 

fluids, and Biot combined solid elasticity theory and 

permeability theory to give a theoretical explanation from 

multi-dimensional consolidation (Biot, 1941) to wave 

propagation (Biot, 1962) in porous media, formed the basis of 

modern soil mechanics. In the 1980s and 1990s, the “soil-water 

coupling analysis” was established as typified by the works of 

Zienkiewicz et al. (1980, 1999) and Verruijt (2010), and is still 

widely applied in both static and dynamic analyses. Especially, 

the u-p formulation (hereinafter, referred to as u-p), which 

assumes static seepage of pore water (i.e., the relative 

acceleration of pore water to the soil skeleton is sufficiently 

small compared to the acceleration of the soil skeleton), has 

been widely applied to both static and dynamic analyses. On the 

other hand, the dynamic motion of pore water is neglected, and 

the solution of the discretized equation of u-p diverges 

numerically when applied to problems in which pore water can 

migrate dynamically, such as coupled problems in highly 

permeable soils due to the failure of the assumption of static 

seepage (limitation of u-p; Kato, 1995; Noda et al., 2008). The 

author have developed an analytical method based on the full 

formulation (u-w-p formulation, hereinafter, referred to as u-w-

p) that solves the governing equations of the soil-water coupling 

problem including the equation of motion of pore water without 

introducing the assumption of static seepage and have 

demonstrated the effectiveness of this method (Noda and 

Toyoda, 2019). 

In this paper, the numerical stability of the soil-water 

coupling analyses (u-p, u-w-p) are evaluated using the spectral 

radius of a simultaneous recursive equation constructed from 

the discretized governing equation. The following contents are 

included in this manuscript: 1) visualization of the stable range 

of the u-p soil-water coupling analysis, 2) discussion on of the 

existing criteria for checking applicability of u-p, 3) 

investigation on the characteristics of diverging eigenmodes in 

the u-p solution, and 4) demonstration of the validity 

(unconditional stability) of u-w-p. 

2 GOVERNING EQUATION AND METHOD FOR 

EVALUATING NUMERICAL STABILITY  

2.1 Governing equations of soil-water coupling problem 

and their simultaneous recursive equations 

The governing equation based on u-w-p for the soil-water 

coupling analysis using the updated Lagrangian method is 

shown below (Noda and Toyoda, 2019): 

Equation of motion of mixture 

𝜌𝑠D𝑠
2𝒗𝑠 + 𝜌𝑓D𝑠D𝑓𝒗𝑓 + 𝜌𝑓(div 𝒗𝑠)(D𝑠𝒗𝑠 − 𝒃)

= div(D𝑠𝑺𝑡), 

 

(1) 

Equation of motion of fluid phase 

𝜌𝑓D𝑓𝒗𝑓 = −𝛾𝑤 grad ℎ −
𝛾𝑤

𝑘
𝒘, 

 

(2) 

Soil-water coupling equation 

div 𝒗𝑠 + div 𝒘 = 0, 

 

(3) 

where 𝜌, 𝜌𝑠, 𝜌𝑓, and 𝜌𝑓 are densities of mixture, solid phase, 

fluid phase and pore water, respectively. D𝑠  and D𝑓  are the 

material-time derivatives with respect to the solid and fluid 

phases, respectively.𝒗𝑠  and 𝒗𝑓  denote velocities of solid and 

fluid phases, respectively, 𝒘 = 𝑛(𝒗𝑓 − 𝒗𝑠)  is the averaged 

relative flow rate of pore water, 𝒃 is the body force vector per 

mass, D𝑠𝑺𝑡 is the nominal stress rate tensor, ℎ = 𝑧 + 𝑝/𝛾𝑤 is 

the total head, 𝑝  is pore water pressure, 𝑧  is elevation, 𝑛  is 

porosity, 𝑘  is the coefficient of permeability, 𝛾𝑤  is the unit 

weight of water. On the other hand, the governing equation for 

u-p is derived by contracting Eqs. (1) – (3) by assuming the 

seepage acceleration (the relative acceleration of pore water to 

the soil skeleton) is sufficiently small compared to the 

acceleration of the soil skeleton (D𝑓𝒗𝑓 − D𝑠𝒗𝑠 ≪ D𝑠𝒗𝑠). 

Equation of motion of mixture 

𝜌D𝑠
2𝒗𝑠 + 𝜌𝑓(div 𝒗𝑠)(D𝑠𝒗𝑠 − 𝒃) = div(D𝑠𝑺𝑡), 

 

(4) 

Soil-water coupling equation 

𝜌𝑓𝑘

𝛾𝑤
div(D𝑠𝒗𝑠) − div 𝒗𝑠 + div(𝑘 grad ℎ) = 0. 

 

(5) 
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To discuss u-p-induced numerical instability, we assumed 

infinitesimal elastic deformation that does not cause instability 

due to material and geometric nonlinearities. Equations (4) and 

(5) are non-dimensionalized under one-dimensional conditions 

(Toyoda and Noda, 2021) and then spatially discretized based 

on the finite element method with Christian and Tamura’s 

methods, following Noda et al. (2008) and Noda and Toyoda 

(2019). Then, combining the discretized governing equation 

with the time integration formula of the Wilson-θ method, the 

system of equations can be summarized into the following 

algebraic equations. 

Spatially discretized time integration formulas & 

Wilson-θ interpolation formulas 

A𝒖𝑛+𝜃 = B𝒖𝑛 , 

 

(6) 

Retraction formula for the Wilson-θ method 

𝒖𝑛+1 = C𝒖𝑛 + D𝒖𝑛+𝜃 , 

 

(7) 

where 𝒖𝑛 , 𝒖𝑛+1 , 𝒖𝑛+𝜃  are coefficient vectors consisting of 

components of the unknown variables for each degree of 

freedom at the n-th, (n+1)-th, and (n+θ)-th time step, 

respectively (n = 0, 1, ...). Specific form of the matrices A to D 

are omitted due to the space limitation, but they are constant 

coefficient matrices when assuming infinitesimal elastic 

deformation. Substituting Equation (6) into Equation (7) and 

eliminating 𝒖𝑛+𝜃 , the following simultaneous recursive 

equation is obtained. 

𝒖𝑛+1 = E𝒖𝑛  , E = C + DA−1B. (8) 

Equation (8) is an update formula to estimate the state at the 

next step  𝒖𝑛+1 from the current state 𝒖𝑛. If the initial state 𝒖0 

is given and Equation (8) is applied sequentially, a time history 

analysis can be performed to conduct the sequential estimation 

of 𝒖1 , 𝒖2 , ... one after the other. The general term can be 

expressed as 𝒖𝑛 = E𝑛𝒖0. 

2.2 Stability analysis method using spectral radius 

 The eigenvalue problem for the state update matrix E (real 

asymmetric and diagonalizable matrix) in Equation (8) is 

defined as follows: 

E𝒑𝑖 = 𝜆𝑖𝒑𝑖   (𝑖 = 1,2, ⋯ 𝑁), E = P−1ΛP, (9) 

where N is the total number of degree of freedom, 𝜆𝑖  and 𝒑𝑖 (i 

= 1, 2, ..., N) are the eigenvalue and eigenvectors of E, Λ =
diag(𝜆1, 𝜆2, ⋯ , 𝜆𝑁)  is the diagonal matrix, and P =
[𝒑1, 𝒑2, ⋯ , 𝒑𝑁] is the diagonalization matrix. The eigenvectors 

𝒑1, 𝒑2, ⋯ , 𝒑𝑁 are all normalized by 2-norm. In this case, the 

general term 𝒖𝑛 is multiplied by using the diagonal matrix Λ of 

E as follows: 

𝒖𝑛 = E𝑛𝒖0 , E𝑛 = P−1Λ𝑛P. (10) 

Furthermore, decomposing the initial state vector 𝒖0 into a sum 

of eigenvectors, 𝒖0 = 𝒃1 + 𝒃2 + ⋯ + 𝒃𝑁  (direct sum 

decomposition; 𝒃𝑗  is the 𝒑𝑗  direction component of 𝒖0, 𝑗 = 1, 

2, ..., N), the general term 𝒖𝑛 is expressed as 

𝒖𝑛 = 𝜆1
𝑛𝒃1 + 𝜆2

𝑛𝒃2 + ⋯ + 𝜆𝑁
𝑛 𝒃𝑁. (11) 

Therefore, the convergence of Equation (8) (i.e., the vector 𝒖𝑛 

converges at 𝑛 → ∞  for any 𝒖0 in Equation (11)) is ensured if 

the absolute values of all eigenvalues should not exceed 1. Thus, 

defining the spectral radius of E as  

𝜌(E) = max(|𝜆1|, |𝜆2|, ⋯ , |𝜆𝑁|)  (12) 

the convergence condition of  Equation (8) can be expressed as 

𝜌(E) ≤ 1  ⟹   Stable. (13) 

3 ANALYSIS RESULTS (u-p) 

3.1 Numerical stability of u-p 

In order to investigate the stability region of u-p, we 

investigated how the value of the spectral radius 𝜌(E) of the 

state update matrix E in Eq. (8) varies with permeability 𝑘 and 

time increment Δ𝑡. The number of element divisions was set to 

𝑚 = 10 (it was confirmed that further increase of  𝑚 did not 

affect numerical stability), and typical parameters were set as 𝜃 

= 1.4, one-dimensional layer thickness 𝐻  = 1 m, Young's 

modulus 𝐸  = 104 kPa, Poisson's ratio 𝜈  = 0.30, soil particle 

specific gravity 𝐺𝑠 = 2.65, and pore ratio e = 1.0. The lower end 

of the domain was set as a fixed-displacement, undrained 

boundary, and the upper end as a free-displacement, drained 

boundary. The eigenvalue analysis was performed using the 

Intel® Math Kernel Library. 

The spectral radius 𝜌(E)  values are plotted on the 

permeability 𝑘 – time increment Δ𝑡 plane in Figure 1. In Figure 

1(a), the mountainous distribution of 𝜌(E) has been confirmed. 

Binarization of 𝜌(E) by 1.0+δ (δ: sufficiently small value, here 

10-4) yields Figure 2, where the stable and unstable regions of 

u-p are indicated by green and light green, respectively. The 

figure shows that the unstable region of u-p (light green) is 

distributed in a band, but that it is clearly bent at the center of 

the figure. In the lower part of the figure (low permeability 

region, region (I)), the boundary between the stable and 

unstable zones is obliquely distributed, and therefore, the 

calculation is determined by the hydraulic conductivity-time 

increment ratio 𝑘/Δ𝑡. However, in the upper part of the figure 

(high permeability region, region (II)), the boundary is 

vertically distributed, and therefore, the calculation is not 

determined by the time increment Δ𝑡. The upper area (the high 

permeability area, area (II) in the figure) is vertically 

distributed. Besides, the region (III) on the left side of the 

unstable region exhibits “stable,” but this is due to the fact that 

the time step width is extremely small (Δ𝑡 < 10-8 sec), resulting 

in almost no deformation at each step, and since it takes a huge 

number of steps to solve the phenomenon, it can be regarded as 

a region where u-p is practically inapplicable. Besides, the 

appearance of the band-shaped instability region has also been 

confirmed when using the Newmark-β method instead of the 

Wilson-θ method as a time-integral formula, but the details are 

omitted due to the space limitation. 

 
(a) Distribution of spectral radius. 

 
(b) Colormap of spectral radius. 

Figure 1. Distribution of spectral radius on 𝑘 – Δ𝑡 plane. 
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Figure 2. Stable/unstable range of u-p on 𝑘 – Δ𝑡 plane. 

 

3.2 Validity of existing criteria for judging applicability of 

u-p 

For the numerical stability of u-p, Kato (1995) combined the 

Routh-Hurwitz stability criterion with the Newmark-β method 

and proposed the criterion: 

𝜖 >
𝑘

𝑔Δ𝑡
  ⟹   Stable. (14) 

Noda et al. (2008) focused on Eq. (5) discretized by the Wilson-

θ method, which assumes linearity of “jerk” term (material-time 

derivative of acceleration), and proposed the following criterion 

from the physical meaning of the soil-water coupling equation. 

𝛾𝜃1 =
1

6
−

1

2𝜃Δ𝑡

𝜌𝑓𝑘

𝛾𝑤
>

𝑘

𝑔Δ𝑡
  ⟹   Stable. (15) 

Both Equations (14) and (15) suggest that the numerical 

stability of u-p is determined by 𝑘/Δ𝑡 . Figure 2 shows the 

threshold line derived from Equation (15) (red line; the lower 

part is the stable region), which agrees to some extent with the 

threshold line obtained from the spectral radius in the low 

permeability region, but is completely different in the high 

permeability region. From the above, it can be said that the 

previous u-p criterion based on 𝑘/Δ𝑡 is generally valid only in 

the low permeability region. 

3.3 Reason why the unstable region bends 

Next, we discuss the reason why the unstable region in Figure 

2 bends. According to Toyoda and Noda (2024), the u-p 

theoretical solution of the time history of dynamic one-

dimensional deformation of a saturated elastic column is 

expressed as a superposition of the eigenfunctions, each of 

which varies with the coefficient of permeability. If the 

permeability is small, the eigenfunctions are overdamped 

(exponential function), but if the permeability is large, they are 

underdamped (trigonometric function). The 𝛽𝑗  =  ℎ# line (𝑗 = 

1, 2, ...) shown in Figure 2 is a threshold line such that the 𝑗-th 

eigenfunction exhibits overdamping below it and 

underdamping above it. The 𝛽1  =  ℎ# line (pink) is particularly 

important because the displacement time history below it is 

almost “static consolidation” because the lower eigenfunctions 

governing the phenomenon are overdamped, but above it, the 

displacement time history is “damped oscillations” because all 

eigenfunctions are underdamped, which significantly changes 

the nature of the solution. Interestingly, the location of the 

𝛽1  =  ℎ# line coincides with the location of the bending of the 

u-p instability region estimated from the spectral radius. We 

hypothesized that the reason for the bending was caused by the 

difference in diverging eigenmodes. 

Table 1 shows the eigenvalues 𝜆1  of the mode with the 

largest absolute value of eigenvalues in matrix E  (hereafter 

called the “most unstable mode”) for the conditions B1–B3 and 

B4–B6 located below and above the 𝛽1  =  ℎ#  line, 

respectively, in the unstable region in Figure 2. Figures 3 

compares the eigenvector 𝒑1  components at B1–B6. Table 1 

shows that the eigenvalues of B1–B3, which have the same 

value of 𝑘/Δ𝑡 below the 𝛽1  =  ℎ# line, are identical, and the 

components of the eigenvectors shown in Figure 3 are also 

identical (coaxial), indicating that B1–B3 have identical 

diverging eigenmodes. Similarly, the eigenvalues and 

eigenvector components of B4–B6, which have the same value 

of Δ𝑡 on the 𝛽1  =  ℎ#  line, are also identical, indicating that 

B4–B6 also have the same diverging eigenmodes. Although at 

first glance it appears that switching of the diverging eigenmode 

occurs near the 𝛽1  =  ℎ# line, the transition of spectral radius 

(absolute values of eigenvalues of most unstable modes) in the 

vicinity of the bend in Figure 1(b) is actually smooth without a 

sharp edge of the bend, indicating that the bend is not caused by 

discontinuous mode switching, but rather by a continuous 

transience (rotation) of the the eigenvector of the unstable 

eigenmode. 

3.4 Features of the diverging eigenmode 

As for the time history of the most unstable mode, Table 1 

shows that the eigenvalues of the most unstable modes are all 

real and negative. This means that (A) the eigenvector 𝒃1 of the 

most unstable mode in the initial state 𝒖0 diverges with a “sign 

inversion at each step” (c.f. divergence of a geometric series 

with a negative common ratio). As for the spatial distribution of 

the most unstable mode, (B) pore water pressure at an element 

is distributed with the opposite sign of the water pressure at 

adjacent elements as shown in Figure 4 (for the case B2), thus 

a color map of pore water pressure distribution exhibits a so-

called “checkerboard pattern.” Both (A) and (B) are typical 

phenomena that occur when the u-p calculation becomes 

unstable. 

 

Table 1. Eigenvalue of the most unstable mode. 

 

Permeability 

coefficient 

𝑘 (cm/s) 

Time 

increment 

Δ𝑡 (s) 

𝑘/Δ𝑡 

(cm/s) 

Eigenvalue 

𝜆1 

B1 10–6.0 10–8.5 102.5 –1.69 

B2 10–4.0 10–6.5 102.5 –1.69 

B3 10–2.0 10–4.5 102.5 –1.69 

B4 102.0 10–3.0 105.0 –2.09 

B5 104.0 10–3.0 107.0 –2.09 

B6 106.0 10–3.0 109.0 –2.09 

 
Figure 3. Eigenvector components of the most unstable mode. 
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Figure 4. Pore water pressure distribution of the most unstable mode  

 

On the other hand, the direction of eigenvectors 

(divergence aspect) of the most unstable mode shown in Figure 

3 is completely different between B1–B3 and B4–B6. 

Comparing B1–B3 and B4–B6, the eigenvectors of B1–B3 (low 

permeability region) contain almost no components related to 

displacement of the soil skeleton (jerk, acceleration and 

velocity components), and numerical divergence occurs 

significantly just in the pore water pressure field and is not 

accompanied by divergence in the solid deformation field, 

whereas those of B4–B6 (high permeability region) include 

significant components related to the displacement of the soil 

skeleton, and thus diverge is not only in the water pressure field 

but also with oscillations in the solid displacement field. 

4 ANALYSIS RESULTS (u-w-p) 

Applying the numerical stability analysis using spectral radius 

to the governing equations of u-w-p (Equations (1)–(3)) and 

plotting the stability region on the 𝑘 –Δ𝑡  plane, Figure 5 is 

obtained. The figure shows that u-w-p is stable regardless of 

coefficient of permeability 𝑘 and time increment Δ𝑡, indicating 

that u-w-p can be used to continue calculations even in regions 

where u-p is not applicable. Thus, the u-w-p is effective for 

solving highly-permeable soils with large 𝑘  as well as the 

instability problems requiring small Δ𝑡  for capturing 

phenomena. 

5 CONCLUSION 

In this paper, we evaluated the numerical stability of the 

dynamic soil-water coupling equations constructed by 

combining the time integration formula with the u-p and u-w-p 

discretizations, using the spectral radius, and obtained the 

following findings. 

• The unstable region of u-p exhibits band-shaped 

distribution on the coefficient of permeability 𝑘  – time 

increment Δ𝑡 plane and it bends at the threshold line where 

the eigenfunction of the main mode of the u-p theoretical 

solution changes from exponential (overdamped) to 

trigonometric (damped oscillation). Therefore, the 

numerical stability of the step update in the u-p analysis 

depends on 𝑘/Δ𝑡 in the low permeability region and Δ𝑡 in 

the high permeability region. It is also suggested that the 

bending in the unstable region is not caused by switching 

of diverging modes, but by rotation of eigenvectors. 

• The most unstable mode in the unstable region of u-p is 

accompanied by (A) sign reversal of water pressure at each 

step and (B) checkerboard-like pore water pressure 

distribution. The features (A) and (B) are typical 

phenomena that occur when u-p is applied in unstable 

regions. The numerical divergence of the u-p solution is 

characterized by the fact that in the low permeability 

region, only the water pressure diverges with almost no 

deformation of the soil skeleton, while in the high  

 
Figure 5. Stable/unstable range of u-p on 𝑘 – Δ𝑡 plane. 

 

permeability region, the water pressure diverges with 

deformation of the soil skeleton. 

• The existing 𝑘 –Δ𝑡 -dependent criteria for checking u-p 

applicability is generally valid only in the low permeability 

region. 

• The u-w-p is numerically stable regardless of the hydraulic 

conductivity 𝑘  and time interval Δ𝑡 even at the unstable 

region of u-p (effectiveness of u-w-p).  
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