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ABSTRACT: Xiao et al. (1997a, b, 1999) proved that the co-rotational rate of the Hencky logarithmic strain tensor h with logarithmic
spin tensor 2!°8 coincides with the stretching tensor D, and Xiao et al. (1999) showed that the hypoelastic linear isotropic Hooke’s law
with £2'°8 is consistent with the hyperelastic Hooke’s law using Kirchhoff stress tensor 7. Jiao and Fish (2017) also pointed out a
problem in the hypoelasto-plastic constitutive equation using £2'°8 due to the residual stress during unloading after loading, which was
corrected by proposing a kinetic logarithmic spin £2¥. In addition, Jiao and Fish (2018) derived a modified kinetic logarithmic spin 2¥
that further modifies 2X and showed that the multiplicative hyperelasto-plastic constitutive equation is consistent with the additive
hypoelasto-plastic constitutive equation using 2X. Benett et al. (2016) used stress measures such as Eshelby-zeta stress tensor &, noting
that soil exhibits large plastic volume changes, and extended the multiplicative hyperelasto-plastic constitutive equation of soil skeleton
strain energy of Borja and Tamaganini (1998) and modified Cam-clay yield function. In this study, we use the hyperelastic constitutive
equation of Einav and Puzrin (2004) extended to finite deformation fields and derived multiplicative and additive finite deformation
Cam-clay models from the perspective of Jiao and Fish (2017, 2018) and Benett et al. (2016) and according to the method of Asaoka
et al. (2002). This paper outlines the constitutive equations. Furthermore, through the example of calculations in uniform deformation
fields, it was shown that both constitutive equations agree, that using the hypoelastic constitutive equation does not violate the
conservation law of elastic energy, and that the loading condition exhibited by the remolded and normally consolidated soil can be
classified from consideration of the plastic multiplier and plastic volume change in the hypoelasto-plastic constitutive equation.

KEYWORDS: Multiplicative decomposition, additive decomposition, finite elastoplasticity, Cam-clay model.

1 INTRODUCTION Fe: elastic deformation gradient tensor, ¥: strain energy, I: unit

Xiao et al. (1997a, b, 1999) proved that the stretching tensor tensor_) and the s.train energy in Bprja and Tamagnini (1998) aI_ld
(deformation rate tensor) D can be derived only when the the .yleld function Of the mod1ﬁ§d Cam-clay_model, while
corotational rate with logarithmic spin 218 is used for the adding thennoFlynamlc considerations. In addltlonz Abe et al.
Hencky logarithmic strain tensor (Hencky, 1928) h = InV (V: .(2023)’ followmg Ben'ett ot al. (2016.)’ exteqdeq this & ar}d the
left stretch tensor) among the infinite coml;inations of Eulerian infinitesimal deformation hy.perelastl.c c0nst1tut1vﬁe equation of
strain tensors and their corotational rates. Also, Xiao et al. Houlsby et al. (2005) to derive a finite deformation Cam-clay

(1997a) showed that the hypoelastic isotropic linear Hooke's model as a multiplicative hyperelastic-plastic constitutive
. . . equation.
law using £2'°8 can be integrated using the Cauchy stress tensor 1

; . - In this study, we extend the infinitesimal deformation
T, and Xiao et al. (19?7b’ 1999) showed that th‘? 1sotr0p1.c hqear hyperelastic constitutive equation of Einav and Puzrin (2004)
Hooke's law can be integrated as a hyperelastic material (i.e.,

. . . . (equivalent to Houlsby et al. (2005) in this paper) to finite
Green-clastic material) using the Kirchhoff stress tensor deformation fields, and derive Cam-clay model (Roscoe et al.,

j[(z T U = d‘?tF , F: deformation gradifznt tensor), r?sulting 1958; Schofield and Wroth, 1968 and others.) as multiplicative
in the der1vat19n of the isotropic lmelirg Hookgs law. hyperelastic-plastic ~ and  additive  hypoelastic-plastic
Furthermore, Xiao et al. (2000) used £2°8 to clarify the constitutive equations following the derivation method of

relationship between multiplicative and additive elastoplastic Asaoka et al. (2002) from the viewpoints of Jiao and Fish (2017,
constitutive equations, but Jiao and Fish (2017) pointed out that 2018) and Benett et al. (2016). In this paper, we provide an
in the hypoelastic-plastic constitutive equation using £2'°% as overview of the models and show that the two constitutive
the corotational spin, the properties of the hyperelastic material equations are equivalent through calculation examples for
are lost due to the influence of residual stresses during uniform deformation fields.

unloading after loading, and proposed a kinetic logarithmic spin

0K to overcome this, and clarified that the properties of the 2 MULTIPLICATIVE HYPERELASTIC-PLASTIC AND
hyperelastic material are maintained even during unloading. In ADDITIVE HYPOELASTIC-PLASTIC

addition, Jiao and Fish (2018) further modified 2 to derive a CONSTITUTIVE EQUATIONS

modified kinetic logarithmic spin 2%, and showed that the
additive hypoelastic-plastic constitutive equation using 2% is

consi§teqt With. the multiplicative  hyperelastic-plastic Let X be the position vector of material point X inside the
constitutive equation. reference configuration B, of an object at the reference time
Benett et al. (2016) focused on the Eshelby stress tensor t = t,, and x be the position vector of the same material point

(Eshelby, 1975), which has been pr.oposed to treat materials X in the current configuration f; at the current time ¢t = t, and
with defects or me}terlals that exhibit large p}astlc Volume let the motion of the object be x = x(X,t) . From the
changes from the viewpoint of fracture mechanics. From this
viewpoint, they extended the multiplicative hyperelastic-plastic
constitutive equation by using stress measures such as the Green deformation tensor B, left stretch tensor V', rotation

Eshelby-zeta stress tensor & = { — El (¢ = J°T, J¢ = detF® tensor R, Hencky strain tensor h, volume ratio J, velocity
gradient tensor L, stretching tensor D, and spin tensor W as

2.1 Kinematics

deformation gradient tensor F = Z_;’ we define the left Cauchy-
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follows, and also define the soil logarithmic volumetric strain
(compression: positive) &, and logarithmic deviatoric strain
(shear strain) €5 using the specific volumes vy and vatt = t,
andt =t.

B=FF' V=+B R=V"'F,
h=1V = %lnB,] = detF, L = FF1,
D = sym(L) = %(L +17),

W = skew(L) = %(L - LD,

&, = —trh = —In(detV) = —In(v/vy),

& =+2hg: hg/3,

h, =dev(h) = h—tr(Inh)I/3=h+¢,1/3.

(M

Here, the superscript dot denotes the material-time derivative
operator. For the elastic and plastic deformation gradient
tensors F¢ and FP corresponding to the intermediate

configuration E expressed by the multiplicative decomposition
F = FéFP of the deformation gradient tensor, we define
geometric quantities (@ = e, p) in the same way as above.

B® = Fa!FC{T’ Ve = \/W,Ra — Va—lF(x,
h% = Ve = %lnB“,]“ = detF?, L* = FeFe!
D% = sym(L*), W* = skew(L%).

@

In addition, based on the intermediate configuration f* which
gives F = FéFP = VER®FP = V¢ FP and FP = R°F? | the
geometric quantities are expressed as follows.

&, = —In(det(F°FP))
—{In(detV®) + In(detV’?)}
—{tr(InV®) + tr(In¥?)}
ef+eb, e, =68+ €,
[P = FPF? " = R°R*" + R°LPR®",
D? = sym(L?) = R°DPR*"

= sym(Ve 'LVE —VeTVe),

D — DP = D° = h® + h°0X — 0¥ he,
0K =W + W(B¢, D) — W(B®,DP).

—{trh® + trh?}

3)

Here, 2% is the modified kinetic logarithmic spin (Jiao and Fish,
2018). In addition,

2 bé+b&
In(bg/b7) = bi-bg

W B, D)=3yrs., (

o*t=1 )PgDPf"
w(Be, ")

“)

epe —
—yme (]n(bg/bg) + %}i") pebPPe.
and B¢ = B¢({') = exp(ZhE((’)) is the left Cauchy-Green
clastic deformation tensor calculated from the instantaneous
{'shown in the next section. Also, P& is the projection tensor of
Ve = VBe, expressed by Silvester theorem as P& = §; el +
me Ve—vel
O*T vg_v‘? .

m¢ is the number of distinct eigenvalues of the

positive-definite symmetric tensor V¢ (or B®), §;; is the
Kronecker delta, and v¢ (or bg = v¢ z ) is the distinct
eigenvalue of V¢ (or B?). In other words, V¢ = Zt',":el vEPS (or
B¢ = Y™ beP?) and h® = Y™, InvEPE hold. Note that in
this paper, we do not consider back stress as an internal state
variable, so we use the kinetic logarithmic spin 2X without the
third term W (B¢, D?) on the right-hand side of 2¥ (i.c., 2% =
0%) (Jiao and Fish, 2018). The diagram showing the
relationship between [y, ,[_?, B* and B, is shown in Figure 1.
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F = FeFP
= VEREFP
= VeF?

(FP = ReFP)

Figure 1. Reference, current and intermediate configurations.

2.2 Definitions of various stress measures

Using the Cauchy total stress tensor T (tension: positive) and
pore water pressure u (compression: positive), the Cauchy,
Kirchhoff, zeta and Eshelby-zeta effective stress tensors are
given asT' =T +ul, T =JT',{ =J°T" and & = {' — I,
respectively. When 4 = T', 7', {’,&', the mean effective stresses
and deviatoric stresses are written as p4 = —trA/3 and g4 =
J254:54/3, §4 = dev(A4), respectively (superscript is not
shown when 4 = T').

2.3 Multiplicative hyperelastic-plastic constitutive model

based on Hencky logarithmic strain

In this paper, for simplicity, we use the associated flow rule to
derive the conventional Cam-clay model in which the inside of
the yield surface is treated as a hyperelastic body and back
stress is not assumed as an internal state variable. The
multiplicative hyperelastic-plastic constitutive equation is
given by the following equation using the strain energy
(Helmholtz free energy) ¥ = p(he), the yield function
F({', k), and the isotropic hardening variable K, following Jiao
and Fish (2017, 2018).
3P (h®)

ohe >
Plastic component: D?(= REDPR¢") = 1

Evolution rule: ¥ = AK ({', k).

Elastic component: {' =
IF(' K)
ag

&)

Here, A is the plastic multiplier, which satisfies the following
Karush-Kuhn-Tucker condition

120 F<0, AF=0. (6)

Note that F({', k) can be written using & since & = ' — ¥,
and DP is coaxial with §. Following Jiao and Fish (2017,
2018), we set WP = 0 to update state variables such as stress
and use the Newton-Raphson method for the given deformation
gradient tensor F, considering Equations (5) and (6).

2.4 An additive hypoelastic-plastic constitutive equation
with a modified kinetic logarithmic spin equivalent to
the multiplicative hyperelastic-plastic constitutive

equation

When an inverse relationship exists in the hyperelastic
constitutive equation (Equation (5)!) expressed by ¢’ and h€,
the complementary strain energy (Gibbs free energy) ¥, =
— P,
XCO) he = 28

transformation EC((’) ={':h® —(h®) . Therefore, the
additive hypoelastic-plastic constitutive equation equivalent to
the above-mentioned multiplicative hyperelastic-plastic
constitutive equation is derived from the following equations.

the

yields through Legendre



D = D¢ + D,

Elastic component: DP = i%‘;ﬂ'x),

Plastic component: D¢ = H({'): (’Vk or
7" = L(h®): D*.

(N

Here, H({") and L(h®) are compliance and stiffness tensors,

' %P 2%y (h®)
H(E) = S8 L(he) = S50,
rotational rate (’Vk of {' is (’Vk ={ + 0K - 0Ky

The additive hypoelastic-plastic constitutive equation is
formulated by considering the consistency condition (Prager,
1960) for the yield function, as described below, and state
variables such as stress for the deformation gradient tensor F
from time to time are updated based on the method of Pinsky et
al. (1990), which provides incremental objectivity.

respectively. Also, the co-

3 OVERVIEW OF FORMULATION OF SELF-
CONSISTENT FINITE DEFORMATION CAM-CLAY
MODEL

Following the method of Asaoka et al. (2002), a self-consistent
finite deformation Cam-clay model is derived and the loading
condition and loading criterion are derived.

3.1

The infinitesimal deformation hyperelastic constitutive
equation of Einav and Puzrin (2004) is extended to the finite
deformation field and used. The details of the derivation are

omitted, but the complementary strain energy EC = @C @)=

ﬁc(p(’,q(’) and strain energy ¥ = P(e?) = (e, £8) are
given as follows, respectively.

Hyperelastic constitutive equation of soil skeleton

—‘_~*FO p 1)+1qﬁ
b =Pt \In 66" p¢'’

®)
Y = B*p, exp {(s,‘j + %Eefz)/k*} (>0).

Here, when p"’ = p, and qcl =0,¢ =0 (e, J°=1) and
&€ = 0. Also, K is the swelling index in Inv — lnp{’ plane, and
ﬁ(> 0) is the shear modulus. Equation (8) is also consistent
with the equation derived by Houlsby et al. (2005) and has
stress-induced anisotropic or elastic dilatancy (Yamada and
Noda, 2023). Using Equation (8), the hyperelastic constitutive
equation for the soil skeleton is expressed as follows:

he = aic — ai«’: (_l ) aic 3S{,
= 6(' - ap{’ 3 aqi' 2q5”
— 7 12
W en iy P 1 4%
ot (= &) = RK'In- T
oy 1 ¢
a7 EG ©)
, 0P _ 3P o 2hS ;.
{=0= a_e,f;’(_l) + e e hg = dev(h®),

%(= P‘v’) = p,’ exp {(35 + 35852)/}2*} Z%’

W 08"y = 3G e

ags(_ q ) =36 p° &

Also, 5 (= —InJ¢) can be rewritten as follows, considering
p¢ = Jep' in Equation (9)%

1 q?

e — g -1 _ 4
& = Klnpr ST (10)
where & = £*/(1 + £*). This equation represents the swelling
line in the Inv — Inp’ plane (Hashiguchi, 1985). Also, from

Equation (9)°, when p¢’ — 0, % — +0.
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3.2 Normal consolidation line (NCL), critical state line
(CSL), state boundary surface (Roscoe surface) and
yield function of the finite deformation Cam-clay model

Roscoe et al. (1958), referring to a series of drained and
undrained triaxial tests using remolded saturated clay by
Gilbert (1954), showed that the virgin compression line, i.e. the
normal consolidation line (NCL) and the critical voids ratio line,
i.e., the critical state line (CSL) are parallel in the water content
w — Inp’ plane, i.e., v — Inp’ plane, and that no volume change
occurs at the CSL, providing the basis for critical state soil
mechanics. Henkel (1960) also experimentally demonstrated
that the water content does not depend on the effective stress
path as shown by the constant water content line from
compression/extension triaxial tests using remolded saturated
clay. This Henkel experimental fact indicates that if the
volumetric strain can be decomposed into the sum of an elastic
component and a plastic component from the viewpoint of
elastic-plastic theory, the plastic volumetric strain is also
uniquely determined by the effective stress, since the elastic
volume component is determined by the initial and final
effective stress states regardless of the effective stress path.
Based on these experimental facts, Asaoka et al. (2002) derived
the Roscoe surface assuming that the specific volume between
the NCL and CSL is obtained according to the value of the
stress ratio n(= q/p"), and derived the yield surface of the
Cam-clay model. In this paper, following Asaoka et al., we first
assume that the NCL and CSL are parallel in the Inv — lnpfl
plane, and give the Roscoe surface in the v — pfl - q{’ space
as follows. Note that this property is also maintained in the
Inv — Inp’ plane since n = 175’ (see also Equation (13)).

1

4
—7*In (”—) (11)
Pr

Here, N and I'* are the specific volumes v on the NCL and CSL

in the v—pgl plane when pC =p, , respectively After
calculating the volumetric strain &, = —In(v/N) from the

reference state pc’(= ») =p,, q{’(= q) = 0 to the current
state pgl = p<’
(Equation (11)), using &l = e,’,’(p(’,q{') obtained from &f
(Equation (10)) and €£ = &, — ¢, and taking into account the
crucial experimental result that no plastic volume change

ln(N/r*)l M2 4 ¢
- n

Inv=InN ™ M2

qgl =q5’ on the Roscoe surface

occurs (67 = 0) at the critical state (774" =7 = M), we obtain

MZ
3G*

In(N/T*)

=1 -/ -
In2

MD, (12)

where D can be called dilatancy coefficient. Therefore, the
Roscoe surface (Equation (11)) can be expressed inv —p' — ¢

space and v — p<’ - qglspace using p<’ = J°p' and q<’ =J¢q,

as follows:
72 ’
Miif——Fm(éJ
M? Pr

S in() i

Inv = InN —MDIn

=InN — MDIn

where 1 = 1*/(1 + #*) denotes the slope of the NCL on the
Inv —Inp’ plane. Note that, the specific volume v at the
reference state on the NCL is N, which is a common value on

both the v — pzrplane and v — p’ plane. Therefore, if a specific
volume v, on the NCL is given at p’ = py, pc = pg ,q=
q(’ = 0, the following relationship holds:

Invy, = InN — I* (pg /pr) = InN — XIn(p}/p,). (14)



In addition, considering Equation (13), for each CSL in the v —
p' and v— pzl planes, the relationship between the specific
volume values T and I'* at p' = p{’ = p, can be derived as

M2
In[*=InT+ 4 %. Also, considering the definition of D,

- &)}

holds, therefore G* can be determined from the experimental
results organized in the v — p’ — q space. Using this G* and
K*=1/k* , the pseudo-Poisson's ratio v*=
(3K* — 2G%) / (6K* +2G*) can also be determined for an
isotropic stress state. The yield function is expressed as follows,

with the isotropic hardening variable k = &2

F({',K) =f()—el,
£(Q) = (MD+ )1n—+ MDIn

G* = (1-2In2)M?/[6{In(N/T) — In2(1* (15)

(16)

12
_n
6G*"

M +r]{

3.3 Loading condition and loading criterion derived from

additive hypoelastic-plastic constitutive equation

For the loading condition, applying the associated flow rule
(Equation (7)?) to Prager’s consistency condition F({’,x) = 0
gives the following equation:

A_afaf(,f) E’Vk/h (> O)
=1 (M>__ 2 _p2 17
h= (MZH7 352)(1"’ 72), (17

LA I )13 2

Here, ¢ (&") represents a yield surface obtained by substituting
=0 - Pl =7 —k*p’I for f({') in Equation (16).
Therefore, by classifying the loading condition in relation to
the plastic volume change 7, three conditions are obtained:
"softening with plastic swelling above the critical state line ¢ =
Mp'", "perfectly plastic state without plastic volume change on
q = Mp'", and "hardening with plastic compression below q =
Mp'" (see Asaoka et al., 1994, 2000, 2002). Here, of the Ai=0
in Equation (6), 1 = 0 represents the neutral loading. In
addition, by considering the hypoelastic constitutive equation
(Equation (7)), the following is obtained as an additive
hypoelastic-plastic constitutive equation.

™ =ED- A]Eafiff),
Ar— 3y = 5@,
A=1)==2>> P :ED/Ap,
_p OB 208D 1 A(A-F) (18)
Ao St = % R

1 (4G* ( 3MD s 2MD 7
* F{T (M2+n2 + ?) + (1 N /1) (M2+7]Z + ﬁ)}nz '

Here, E and E are the fourth-order tensors that give the
following operations obtained by converting the stiffness
LL(h®) into a stress field:

D=2 (p‘{ D)%’, +2Gp°'D,,
D= pf’ (:;"D) (L{_ ~*1) 204D, (19)

D,= dev(D).

Also, Ap >0 for any stress state. Therefore, the loading
criterion indicating the judgment of loading/unloading is given
by the positive or negative value of the numerator of A.

In addition, Figures 2(a) and (b) show, as an example, the
difference in the shape of each yield surfaces in pZ’ - qZ’ plane
and pf' - qf' plane, compared with p’ — g plane. Note that
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fT(T") in Figure 2(a) represents the yield surface for f({’) or
f4(&) given by T’. These figures are drawn with reference to
the values in Tables 1 and 2 below. All of the yield surfaces are
slightly distorted from the elliptical shape of the modified Cam-
clay model (Muir Wood, 1995), and the critical state line is g =
Mp' or g% = Mp¢' in the Cauchy and zeta effective stress
spaces, respectively, whereas in the Eshelby-zeta effective
stress space it is qfl = prfl (Mf =(1- }Z)M).

(b) T’ space vs. {' space

(a) T' space vs. {’ space

Figure 2. Comparison of yield surface shapes in T', {’, and ¢’ spaces.

4  RESPONSES OF THE DERIVED MULTIPLICATIVE
AND ADDITIVE FINITE DEFORMATION CAM-
CLAY MODELS

The following two uniform deformation fields are given to the
derived multiplicative and additive finite deformation Cam-
clay models, and calculation examples of the elastoplastic
response of soil are examined. Tables 1 and 2 show the material
constants and initial values (determined in the v—p’' —gq
space), respectively.

Table 1. Material constants.
Elastoplastic parameter Symbol  Value  Unit
Compression index 1 0.10 -
Swelling index K 0.015 -
Critical state constant M 1.50 -
Specific vol. at p,, = 98kPa on NCL N 3.00 -
Specific vol. at p, = 98kPa on CSL r 2.88 -
(Elastic shear modulus)* G* 25.4 -
(Pseudo-Poisson’s ratio)* v 0.33 -

* Calculated values from A, %, M, N, and I'. (See Equation (15).)

Table 2.  Initial condition.
State variable Symbol  Value Unit
Consolidation pressure Po’ 50.0 kPa
Specific volume Vo 321 -
4.1  Simple shear deformation
Simple shear deformation field is assumed as follows:
X1 = Xq +ytXy, x, = X5, x3 = X5 (Y = const.) (20)

Figure 3 shows the (i) g — &5, (ii) ¢ —p’ and (iii) v—1p
relationships for the deformation field. Both the multiplicative
and additive equations matched the following undrained path

obtained from isochoric condition (&, = &£ + &7 = const.)
using £(¢') — &2 = 0 in Equations (9) and (16).
1, \A"/MD
n? = M? {(pg /) - 1} @1



_ TS _ IS
G Hypendls ) R L ()
|= [yperelasto-plasticity gl I - Hyperelasto-plasticity d
< = Hypoelasto-plasticity < = Hypoelasto-plasticity
s 50| s 50| .
] 3 9=Mp’
= B 1 £ B 7
525 4 525+ -
< <
= { = L i
o3 53
A ol A Ll .
0 5 10 15 0 25 50 75
Shear strain & (%) Mean effective stress p'(kPa)
34—
> L
0 3.3 CSL
£
E L
£3.21
2 L
=
Q
& 3 N 1 Hyperelasto-plasticity
n | === Hypoelasto-plasticity E
3 L | L |
0 25 50 75
Mean effective stress p' (kPa)
Figure 3. Comparison of responses in simple shear field.

4.2 Rotational deformation (Jiao and Fish, 2018)
Deformation field including rotation is assumed as follows:

X1 = X; +rsinfX,, x, = {1 + r(1 — cos0)}X,,

22
x3 =X3,0 = wt (r,w = const.) (22)
PN 7 F—
—_ Hyperelasto-plasticity (i) a‘j (ii)
NS === Hypoelasto-plasticity v F B
s o s > 501 —
»
g 5
g 0.5 N 1
s - A,C
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Figure 4. Comparison of responses in rotational deformation field.

Figure 4 shows (i) the rotation angle 8 — &g, (ii) the g — &, (iii)
the g —p’, and (iv) the v —p’ relationships (r = —5.0 X
1073, w = 0.01rad/step ). Although the loading (i.e.,
hardening with plastic compression below g = Mp') starts with
compression at the beginning, after unloading, the effective
stress and strain within the yield surface behave as
hyperelasticity with one-to-one correspondence in stress-strain
relationship, and no irrational response is obtained. In other
words, during the elastic repeated deformation after unloading
(A—B—C(=A)—B...), an open loop is drawn in (ii) so that it
appears that energy is lost in one loop, but although it is not
clearly read in (iv), an open loop is drawn in the v — p’ plane in

the form of recovery due to the change in the stress ratio that
occurs after unloading.
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5 CONCLUSIONS

In this paper, we derived self-consistent multiplicative and

additive Cam-clay models for finite deformation. We clarified

the following points, including the characteristics of the
constitutive equation obtained in the derivation process.

e The additive type exhibits the same response as the
multiplicative type, using a (modified) kinetic logarithmic
spin 2%, In other words, even if a hypoelastic constitutive
equation is used, there is no irrational accumulation of
strain during cyclic response within the yield surface, and
strain energy is conserved, although we omitted the
thermodynamic explanation for the models.

e The elastic-plastic parameters A*, #*, and I'* in the v —
p5’ - q<’ space, which include the Einav and Puzrin’s
shear elastic modulus G*, are determined from A, #, M, N,
and I obtained from experimental results organized in the
v —p' — q space.

e In the additive type, by considering the plastic multiplier
A > 0 and the plastic volume change P obtained from the
consistency condition, the loading condition of saturated
soil in a remolded and normally consolidated state can be
classified using the critical state line in p’ — ¢ plane (or
pfr - qéﬂ plane) as the threshold line.

e  When soil is in a remolded and normally consolidated
state, the denominator A, of the plastic multiplier A is
identically positive for any stress state, and therefore the
sign of the numerator of A can be used as the loading
criterion.

In the near future, we would like to introduce a model that
considers the hardening variables of the superloading (Asaoka
et al., 2000) and subloading (Hashiguchi, 1978; Asaoka et al.,
1997) surfaces and back stress (rotational hardening
(Hashiguchi and Chen, 1998), etc.) as internal state variables
based on the Cam-clay model derived in this study. In addition
to the objective stress rate used in the hypoelastic-plastic
constitutive equation, the selection of the original hyperelastic
constitutive equation (i.e., $ or a ) is also important, especially
for soils that are dependent on effective confining pressure. For
this reason, in the future, considering the experimental results,
we will compare the results with cases using different objective
stress rates and different hyperelastic constitutive equations.
Furthermore, we would like to clarify the differences and
advantages and disadvantages between the formulations of the
initial boundary value problem based on the total Lagrangian
method using the multiplicative hyperelastic-plastic
constitutive equation in the finite deformation field of the soil-
water(-air) coupled system and the updated Lagrangian method
using the additive hypoelastic-plastic constitutive equation.
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