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ABSTRACT: The spatial variation in the soil properties often results in highly heterogeneous ground profiles. In this study, random
finite element limit analysis (RFELA) is performed to study the effect of the isotropic and anisotropic spatial variability of the
surrounding cohesive frictional lateritic soil on the stability of the tunnel. The effect of random fields of effective cohesion (c'), effective
friction angle (¢'), and unit weight (y) considering isotropic and anisotropic correlation length (CL) are studied for a 6 m diameter
tunnel at a cover depth to diameter ratio of 1. Parametric studies have been conducted to analyze the effects of varying the coefficient
of variation (COV), horizontal and vertical correlation length i.e. CLu and CLv on the probability of failure (Pf). The probability density
functions and the cumulative distribution functions of the tunnel collapse pressures for various cases are presented. Finally, values of
Prare calculated for the various cases, and are also compared with those from the random finite element analysis.
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1 INTRODUCTION

Tunnel construction has always been associated with complex
geology, geotechnical profiles, and terrains. Inadequate design
and analysis of tunnels lead to catastrophic failure (Imteyaz and
Mishra 2023). In the past, researchers (Sloan and Assadi 1993;
Zhang et al. 2016) conducted tunnel stability analyses for a
range of geotechnical profiles as well as for different
geometrical parameters. These studies proposed stability charts,
and failure mechanisms associated with tunnel stability. It is
well known that the process of soil formation is associated with
various continuous physico-chemical processes (Campbell
1979). The combined action of these processes gives rise to
inherent uncertainties and heterogeneity in the soil profile. Due
to the heterogeneous nature of soil, geotechnical properties
exhibit variation both horizontally and vertically, resulting in a
spatially variable soil profile. Therefore, no geotechnical profile
is completely free from uncertainty (Curran and Hammah
2006). Conventional deterministic tunnel stability analyses do
not consider the uncertainties associated with soil parameters
and therefore overpredict the stability and performance of
tunnels (Hamrouni et al. 2022). Methods such as the first-order
reliability method (Low and Einstein 2013) and Monte Carlo
simulations (Vargas et al. 2014) are employed to account for
the uncertainties associated with soil parameters; however,
these methods do not incorporate the spatial variability of soils.
These methods are employed in the analysis because they
require less computational effort compared to random field
methods and are used to calculate the preliminary failure
probability of a geotechnical system. The spatial variation of
the geotechnical profile in tunnel stability analysis is
incorporated utilizing the concepts of random field theories.
The limit analysis approach in the field of tunnel
engineering has been broadly utilized to establish the limits of
true collapse load of the system. This approach is mainly based
on the lower and upper bound theorems of limit analysis (Chen
and Liu 1990). The lower bound theorem states that if the
equilibrium condition, stress boundary conditions, and yield
criteria are satisfied, then the load determined from the stress
distribution alone is less than the true collapse load. The upper
bound theorem states that if the velocity boundary condition,
strain and velocity compatibility are satisfied, then equating the
external rate of work to the internal rate of dissipation in an
assumed velocity field alone is not less than the true collapse
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load. The integration of limit analysis with random field
concepts i.e., random finite element limit approach (RFELA)
not only helps in determining the true collapse of the tunnel but
also gives idea of statistical functions, namely, probability of
failure, probability density function curves and cumulative
distribution function curves (Ali et al. 2017; Cheng et al. 2019).

Although several probabilistic tunnel stability studies have
been conducted to account for the inherent uncertainties
associated with the geotechnical parameters, they do not
consider the spatial variation of soil properties, e.g., Vargas et
al. (2014). Few stability studies considering spatial variability
are conducted considering the undrained behavior of soil (Ali
et al. 2017), but tunnel stability studies in spatially variable
cohesive frictional (c'-¢') soils are scarce.

In the current study, probabilistic stability analysis of
tunnels in spatially variable cohesive frictional (c'-¢') lateritic
soil is conducted, adopting the RFELA. In the study, effective
cohesion (c'), effective friction angle (¢'), and unit weight of the
soil (y) are considered as random parameters. Firstly, a
deterministic upper bound and lower bound tunnel collapse
pressure are obtained. Random fields are generated using the
KL expansion method. The output from the 1000 Monte Carlo
simulations is then used to determine the probability density
function (PDF) and the cumulative distribution function (CDF)
of the collapse pressure of the tunnel. Parametric studies are
conducted to study the effect of the coefficient of variation
(COV) and correlation length (CL) on the failure probability
(Pr). The RFELA results are then compared with those of
Mondal and Tyagi’s (2025a) random finite element analysis.

2  NUMERICAL MODEL

2.1 Model Geometry and Material model

A plane strain two-dimensional finite element model of a tunnel
of diameter D, situated at cover depth C, is developed in Optum
G2 (Figure 1). Left and right boundaries are fixed in the
horizontal direction, and the bottom boundary is fixed in both
vertical and horizontal directions. Model dimensions are kept
as 11D in horizontal direction and 9D in vertical directions
respectively. Model dimensions and mesh convergence studies
are conducted so that any further change in the model
dimensions and mesh size does not affect the results. The
numerical model is discretized using 15-noded triangular
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elements. Model is discretized using with uniform mesh of 1m.
The surrounding soil is modelled using the Mohr-Coulomb
model. The finite element model shown in Figure 1 is used to
perform both deterministic and random analyses.

9D

Roller |
Boundary
[
Fixed
LD Boundary
Figure 1. Plane strain finite element model with mesh and boundary
conditions.

2.2 Calculation of collapse pressure

The tunnel construction is simulated by deactivating the soil
cluster and uniform pressure of magnitude y(C+D/2) inside the
tunnel. Deterministic upper bound and lower bound tunnel
collapse pressures (p) are determined by applying a multiplier
load of unit magnitude.

2.3 Generation of random fields

Several methods are proposed in the literature for the generation
of random fields, such as Covariance matrix decomposition
method (Fenton and Griffiths 2008), Karhunen-Loeve
expansion (KL) expansion method (Phoon et al. 2002),
modified linear estimation method (Liu et al. 2014), etc. The
choice of method depends on the computational efficiency
available and the degree of accuracy required. The generation
of random fields makes use of the mean (), the coefficient of
variation, and the correlation length of the random parameters.
CL tells about the distance at which the geotechnical parameters
are correlated.

In this paper, the spatial variation of the geotechnical
parameter is modelled using KL expansion method by
generating the spatially correlated random fields of ¢', ¢' and .
The random parameters are assumed to be following the log
normal distribution. Assumption of log normal distribution
ensures non-negative values of the considered random
parameter (Zhang et al. 2023). For a log normally distributed
random parameter (say c'), if pe represents its mean, o¢
represents its standard deviation and COV. is its coefficient of
variation, then the equivalent parameters of the normally
distributed Inc' are punc and o (i.e., the mean and standard
deviation of In¢) are:

Ocr

cov,, = ” (D

o =In (14 COV2 )
1

Hiner = ln(.ucr) + Eo-lzncr 3)

2.4  Calculation of failure probability

Several random simulations were performed using Monte Carlo
in Optum G2. To determine the number of optimum Monte
Carlo runs, a convergence study has been conducted using the
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cumulative mean and mean of p/c'. Figure 2 shows that 1000
Monte Carlo runs are sufficient to carry out further study, as
convergence between the cumulative mean of normalized
collapse pressure (p/c') and the mean of p/c' is achieved. Past
studies have also shown that 1000 Monte Carlo simulations are
sufficient to evaluate the Pt for tunnels in spatially variable
media (Cheng et al. 2019; Zhang et al. 2022).
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Figure 2. Plot of cumulative mean of p/c' Vs number of Monte Carlo
runs.

Firstly, deterministic upper bound and lower bound tunnel
collapse pressures are calculated for ¢' and ¢' corresponding to
10 kPa and 22°, respectively. Thereafter, based on the
normalised tunnel collapse pressure obtained from Monte Carlo
simulations, Pris calculated using the relation:

Pf = P{(p/cl)rand 2 (p/cl)det} 4

Here, (p/c')der and (p/c')rana are the deterministic normalized
tunnel collapse pressure and the normalized tunnel collapse
pressure obtained from a Monte Carlo simulation using random
field theory.

Basically, Pris calculated by dividing the number of tunnel
collapse pressures obtained from a Monte Carlo simulation that
are more than the deterministic tunnel collapse pressure by the
total number of Monte Carlo runs (1000).

2.5  Parametric studies

Parametric studies are conducted to assess the effect of the
statistical parameters, namely, COV, horizontal and vertical
correlation length (CLu and CLyv), on the Pf, PDFs and CDFs.
The statistical and geotechnical parameters and their respective
magnitudes considered in this study are listed in Table 1.

Out of the six cases mentioned in Table 2, the first 3 cases
(1-3) correspond to a geotechnical profile having isotropic CL
(CLu = CLv), and the next 3 cases (4-6) correspond to a
geotechnical profile with anisotropic CL (CLu # CLyv). Case 7
is considered for the comparison of the current study with the
random finite element study of Mondal and Tyagi (2025a).

3 RESULTS AND DISCUSSION

Realization of random fields of ¢' corresponding to case 5 is
shown in Figure 3. For the 20% COV¢, the range of cohesion is
from 5.99 kPa to 16.28 kPa. As CLu is 20 times the CLyv, the
uniformity of ¢' in horizontal direction is higher as compared to
uniformity in vertical direction. Upper bound and lower bound
Pt are calculated for 1000 Monte Carlo runs using Equation 4,
and are reported in Table 3. Since the P for all cases is greater
than 0.16, therefore safety level can be categorized as hazardous
(USACE 1997).



Table 1.

Statistical and geometrical parameters considered for the

study.
Parameter Magnitude  Reference
D (m) 6 -
C/D 1 -
e (kPa) 10 )
X Chitra and Gupta (2016); Rahul
Ky ) 22 and Tyagi (2025); Mondal and
py (KN/m®) 16 Tyagi (2025a)
COV. (%) 10, 20, 40
(0
COVy (%) 10 Phoon and Kulhawy (1999)
COV, (%) 10
CLy (m) 1,2 o
CLy/ CLy 1,20 Viviescas et al. (2022)
Table 2. Combination of statistical parameters for the study
Case COVq¢ COVy Cov, CLy CLu
No (%) (%) (%) (m) (m)
1 10 10 10 1 1
2 20 10 10 1 1
3 40 10 10 1 1
4 10 10 10 1 20
5 20 10 10 1 20
6 40 10 10 1 20
7 10 10 10 2 2

Figure 3. Realization of a random field of ¢' corresponding to case 5.
Table 3. Probability of failure for the cases 1 to 6.

Case No. P¢ (Lower bound) P (Upper bound)

1 0.654 0.643

2 0.737 0.707

3 0.834 0.785

4 0.627 0.567

5 0.697 0.643

6 0.774 0.667

Figure 4 and Figure 5 show the PDFs and CDFs obtained for
the normalized tunnel collapse pressure, respectively. The
PDFs and CDFs will be helpful in accessing the probability
density and Pr in the output p/c'.
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Figure 4. Upper bound (UB) and Lower Bound (LB) PDFs obtained
from parametric studies.
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Figure 5. Upper bound (UB) and Lower Bound (LB) CDFs obtained
from parametric studies.

3.1 Effect of COVer

It is inferred from Table 3, keeping the CL unchanged, with an
increase in the COV¢, an increase in the Pris observed. If Pr for
all three cases are compared, lower bound Pr for cases 1, 2 and
3 are 0.654, 0.737 and 0.834 respectively. A similar increase in
Pr with COVe is reported for the upper bound Pr. Similar
observations are also reported for the cases of anisotropic CL.
This is obvious as the tunnels in geotechnical profiles with high
COV. are more prone to failure than tunnels in geotechnical
profiles with low COVe.

Comparison of PDFs of cases 1, 2, and 3 in Figure 4 shows
that the peak for case 1 is highest, the lowest for case 3, and
intermediate for case 2. On the one hand, the horizontal spread
of PDF for case 1 is lowest, highest for case 3, and intermediate
for case 2. PDFs are also seen to be shifting on the left-hand
side, showing the increase in mean p/c' or decrease in stability
of tunnels. Similar observations were also reported by
Hamrouni et al. (2022). For cases 1, 2, and 3, the CDF of case
3 lies on the leftmost and case 1 lies on the rightmost. This
indicates that the Pr of case 3 is higher than that of cases 1 and
2.

3.2 Effect of horizontal and vertical CL

Due to anisotropy and lower CLv, the variability of ¢' is higher
in the vertical direction as compared to the horizontal direction
(Figure 3). As mentioned in Table 3, for the same COV¢, Pris
found to be lower for cases of anisotropic CL as compared to
cases of isotropic CL. As an illustration, the lower bound Pr for
cases 1 and 4 are 0.654 and 0.627, respectively. This reduction
can be attributed to an increase in the homogeneity of the
geotechnical profile due to higher CLu. The peaks of PDFs for
cases of anisotropic CL are relatively lower as compared to
cases of isotropic CL.

Table 4 shows the comparison between the current study
and the RFEM-based study of Mondal and Tyagi (2025a). Both



studies indicate that Pr is higher for isotropic CL as compared
to anisotropic CL. The results of present RFELA study for CLu
=CLv =2mare found to be approx. 15% lower than Mondal and
Tyagi’s (2025a) RFEM study. This may be attributed to the
limitation of the RFELA study i.e. associated flow rule which
is the underlying assumption of RFELA. The associated flow
rule (dilation angle same as friction angle) leads to
underestimation of critical tunnel support pressure (Mondal and
Tyagi, 2025b). The second reason for the difference may be due
to the method of obtaining the critical tunnel support pressure.
Mondal and Tyagi (2025a) used the pressure-deformation
approach for computing critical tunnel support pressure. Third
reason may be the cross-correlation between the random
parameters. However, the major advantage of using RFELA
over RFEM is the less computational time and effort. RFEM
study required approx. 5 hours for a single run, whereas in the
present study, each run took only about 10 minutes, which is
only approx. 3% compared to RFEM.

Table 4. Comparison of RFELA with those of RFEM.
RFEM Mondal and
Parameters RFELA Current Study Tyagi (20252)
CLy=CLy=2m 0.618 (LB), 0.611(UB)  0.725
CLy=CLy=Im 0.654 (LB), 0.643(UB) -
CLy=20m, CLy=2m - 0.567

CLy=20m, CLy=Im  0.627 (LB), 0.567(UB) -

4 CONCLUSIONS

Based on the present study, following significant findings are
obtained:

e  Forthe given CL, Pris found to increase with the increase
in the COVe due to an enhancement in the uncertainty
associated with effective cohesion.

e  Pris observed to be higher for the cases of isotropic CL
as compared to those of anisotropic CL.

e An increase in the COVe of geotechnical parameters
leads to a lower peak in the PDF and a wider horizontal
spread, indicating greater variability in the output. The
PDFs are found to be shifted to the right side with an
increase in the COV of random parameters, indicating a
reduction in tunnel stability with an increase in the COV
of random parameters.

e The PDFs for the anisotropic CL are found to have a
lower peak and wider horizontal spread compared to the
cases of isotropic CL.

e  The results of present RFELA study for CLu =CLv =2m
are found to be approx. 15% lower than Mondal and
Tyagi’s (2025a) RFEM study. Despite the differences in
the underlying assumptions and computation of critical
tunnel support pressure in two methods, RFELA presents
a fast and efficient way of finding the Pr of tunnel in
spatially variable soils.
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