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ABSTRACT: In this study, Cone Penetration Tests (CPT) and vibratory pile driving are simulated using the Particle Finite Element
Method (PFEM) enhanced by a recombination approach. The classical PFEM framework employs Delaunay triangulation for efficient
meshing of the point cloud, which limits the finite element mesh to linearly interpolated triangular elements. These elements, however,
are susceptible to volumetric locking, leading to an artificially stiff system response or pressure oscillations. This issue becomes critical
in geotechnical boundary value problems (BVPs) when the material model renders nearly zero volume change (e.g. approaching the
undrained limit or the critical state). To mitigate volumetric locking, this work investigates a recombination approach that transforms
triangular elements into quadrilateral elements, which are less sensitive to volumetric locking. The results are benchmarked against
classical PFEM simulations and validated through a comparison to physical model tests.
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1 INTRODUCTION

Numerical simulation of large deformation penetration
problems, such as Cone Penetration Testing (CPT) and
vibratory driving, presents significant challenges in
geotechnical engineering. CPT is a widely applied in-situ
method for assessing soil stratigraphy and estimating
mechanical soil parameters, while vibratory driving is a
common method for the installation of structural elements such
as piles or sheet piles. From a numerical modelling perspective,
both processes represent highly challenging boundary value
problems (BVPs) due to the large deformations, evolving soil-
structure contact conditions, and nonlinear material behaviour
involved. The continuous penetration of the cone or pile
induces substantial deformation and topological changes within
the domain, which significantly complicate simulation efforts.
Classical numerical approaches, such as the Finite Element
Method (FEM) based on a Lagrangian formulation, are
particularly susceptible to severe mesh distortion when
subjected to large deformations involving topological changes.
As deformation progresses, the quality of the computational
mesh rapidly deteriorates, leading to inaccurate numerical
integration and ultimately to the abortion of the simulation.

To overcome these limitations, several alternative
numerical frameworks have been developed, including the
Arbitrary Lagrangian-Eulerian (ALE) method (van den Berg,
1994; Daryaei et al., 2020), the Material Point Method (MPM)
(Beuth, 2012; Martinelli and Galavi, 2022), Smoothed Particle
Hydrodynamics (SPH) (Soleimani and Weiflenfels, 2021), the
Coupled Eulerian-Lagrangian (CEL) method (Fallah et al.,
2016; Staubach et al., 2022), the Discrete Element Method
(DEM) (Khosravi et al., 2020; Cerfontaine et al., 2023), and the
Particle Finite Element Method (PFEM) (Monforte et al. 2017a;
2018; Hauser and Schweiger, 2021; Oliynyk et al., 2024).

The Particle Finite Element Method (PFEM) is a numerical
framework designed to mitigate mesh distortion commonly
encountered in large deformation problems. It achieves this by
coupling an updated Lagrangian finite element formulation
with a frequent remeshing of the computational domain. During
remeshing, the nodes of the FE mesh are treated as material
particles, which carry the degrees of freedom and — different to
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FEM - state variables relevant to the BVP. A new mesh is
generated covering this particle cloud using Delaunay
triangulation, resulting in a discretization composed of linearly
interpolated triangular elements in 2D (or tetrahedral elements
in 3D).

A significant challenge associated with the classical PFEM
framework is its reliance on linearly interpolated triangular
elements. These elements are known to be susceptible to
volumetric locking, a numerical artefact that arises under nearly
incompressible or isochoric deformation conditions. This
locking manifests as an artificially stiff system response and can
produce spurious pressure oscillations. The issue of volumetric
locking can be particularly problematic in geotechnical
analyses involving undrained loading or deformation paths near
the critical state, where the material behaviour is nearly
incompressible. To address this, one common strategy is the use
of mixed formulations, such as the u-p and u-6 formulations
(Monforte et al., 2017b; Rodriguez et al., 2017; Schewe et al.,
2025).

An alternative approach to alleviate volumetric locking in
(nearly) incompressible conditions is the use of reduced
integrated linearly interpolated quadrilateral elements. Since
the PFEM is relying on linearly interpolated triangular
elements, the present work introduces a mesh recombination
strategy that enables the systematic transformation of triangular
elements into quadrilateral elements within the PFEM
framework. To the best of the authors’ knowledge, this is the
first implementation of mixed meshes within the PFEM
framework. The proposed extension retains the original
advantages of PFEM while enabling more accurate predictions
in (nearly) incompressible regimes.

For the simulations presented in this contribution, the
PFEM was implemented into the finite element solver numgeo
(Machacek, 2020; Staubach, 2022). To mitigate volumetric
locking, the PFEM was extended to include quadratically
interpolated elements, which required implementation of
advanced boundary recovery methods to ensure robustness in
simulations involving contact. The developed PFEM
implementation already showed promising results in several
benchmark tests (Bettmann et al., 2025a) and CPT simulations
(Bettmann et al.,, 2025b). In the present work, PFEM
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simulations employing quadratically interpolated triangular
elements (tri6) are used as reference solutions for evaluating the
proposed recombination approaches.

The remainder of this contribution is structured as follows:
Section 2 introduces the PFEM framework and the proposed
recombination technique. Section 3 presents a benchmark study
of CPT in undrained clay to assess the method's accuracy and
robustness. Section 4 validates the approach with CPT
simulations in sand using an advanced elasto-plastic
constitutive model, showing good agreement with experimental
data. Finally, Section 5 applies the method to vibratory pile
driving, comparing results with physical model tests.

2 PARTICLE FINITE ELEMENT METHOD (PFEM)

PFEM combines the classical Finite Element Method (FEM)
with an updated Lagrangian description and dynamic
remeshing. The method starts from a standard FEM model,
which is solved incrementally until a predefined criterion for
mesh distortion is met. At this point, the domain is remeshed to
recover element quality, thereby reducing numerical integration
errors and enhancing stability.

The remeshing procedure is based on re-triangulation of
nodal points of the distorted mesh, which are interpreted as
material particles. These particles serve as carriers of all
relevant information (degrees of freedom and internal state
variables). For the particles to carry the full physical
representation of the domain, internal variables — typically
evaluated at integration points (IGPs) — are extrapolated to the
nodes before the remeshing step.

The remeshing is conducted via Delaunay triangulation,
resulting in a discretization composed of linearly interpolated
triangular elements in 2D (or tetrahedral elements in 3D). The
triangulation is followed by the reconstruction of the domain
boundaries through an a-shape boundary recovery algorithm
(Edelsbrunner and Miicke, 1994). Then, the state variables at
the newly created IGPs are initialized by interpolating the state
variables stored at the particles during remeshing. Finally, a
standard finite element model is recovered on the updated
mesh, and the simulation is continued incrementally until the
mesh quality deteriorates again beyond the prescribed
threshold.

The classical extra- and interpolation procedure in PFEM
can introduce severe smoothening of state variables, especially
when steep gradients are present. Bettmann et al. (2025a)
investigated several state variable transfer methods to reduce
the smoothening:

e  Hybrid mapping

The hybrid mapping strategy capitalises on situations

where remeshing is only required in small areas of the

model. In unchanged mesh regions, state variables are
transferred directly from pre- to post-remeshing IGPs
without interpolation, avoiding smoothing errors.

Interpolation is only performed in areas where the mesh

changed.

e Radial Basis Function (RBF)-based mapping

In the radial basis function (RBF)-based mapping a

continuous and smooth field for each state variable is

constructed. The values of post-remeshing IGPs are
obtained by evaluating these continuous fields at the IGPs
location,  significantly reducing mapping-induced
oscillations and maintaining local gradients accurately.

e Element-wise mapping

Element-wise mapping (Hu and Randolph, 1998)

determines the location of post-remeshing IGPs in the pre-

remeshing elements. Linear interpolation within the pre-
remeshing elements is used to determine post-remeshing
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IGP values (Kuhn et al., 2015), thus preserving local
discontinuities and preventing artificial smoothing of state
variables across element boundaries.

Sensitivity studies showed that the RBF-based approach
yielded the best results if linearly interpolated triangular
elements were used. If quadraticity interpolated triangular
elements are employed the influence of the different mapping
techniques is judged negligible even if advanced constitutive
models are used (Bettmann et al., 2025b).

2.1  Recombination

Recombination is used to form a quadrilateral element from two
neighbouring triangular elements. This enables the generation
and use of quad-dominated meshes inside the PFEM. The
recombination itself is controlled via a quality criterion related
to the recombined quadrilateral q. Considering the four internal
angles ay, k = 1,2,3,4 of q, the quality criterion reads (Remacle
etal., 2012):
2 T
n(q) = max (l—Emkin (|§_ak|)'0) ()

The index n ranges from 1 for a rectangle with 90° inner angles
to 0 for a < 0 or a = m. By choosing an appropriate value
for n a quad-dominated mesh with proper shaped quadrilaterals
can be constructed. For the PFEM simulations employing
recombination reduced integrated linear quadrilaterals with one
IGP and hourglass stabilization are used. In addition to standard
linearly interpolated elements, the PFEM implementation in
numgeo also accommodates the use of quad-dominated meshes
with quadratically interpolated elements.

3 CPT IN UNDAINED CLAY

A widely adopted benchmark for evaluating numerical methods
that address large deformation and topology changes is the
simulation of cone penetration testing in saturated clay
modelled with a Tresca constitutive model. Comparison is
usually carried out by means of the dimensionless cone factor
N., which relates the measured cone tip resistance q. to the
undrained shear strength s,, and the initial vertical stress g,,:

qc — Oyo

N. =
c Su

@

It is well established that N, is influenced by both the surface
roughness of the cone and the rigidity index I, = G/s,,, where
G denotes the soil’s shear modulus. Table 1 summarizes the
various numerical approaches employed to investigate this
benchmark problem. These published findings provide the basis
for comparison with the PFEM implementation presented in
this work.

3.1  Numerical model

This work adopts the model specifications provided in

Martinelli and Galavi (2022) and Staubach and Martinelli

(2023), which are recapitulated here for completeness:

e  Exploiting rotational symmetry, simulations are conducted
in axisymmetric conditions.

e The soil domain extends to a radius of 75,; = 0.84 m and
aheight of h = 1.0m.

e The cone has a radius of 1,,,, = 36.0 mm, a tip angle of
60°, and is advanced at a constant penetration rate of
2 cm/s.

e  The transition from the cone shaft to the tip is modelled
sharply, with no geometric rounding applied.

e Soil behaviour is characterised by an undrained shear
strength s,, = 18 kPa and a Poisson’s ratio of v = 0.495.



Table 1. Reported cone factors N, in different CPT studies, considering the rigidity indices /..
Author Method I, =G/s,
20 50 67 100 150 200 300 400 500 800
Martinelli and Galavi (2022) MPM 8.02 1031 11.02 12.52 13.72 14.02
Beuth (2012) MPM 10.20
Ceccato et al. (2016) MPM 9.70
van den Berg (1994) ALE 9.46 10.80 11.77 12.01
Staubach and Martinelli (2023) CEL 8.04 10.02  10.78 12.37 14.33 14.40
Lu et al. (2004) RITTS 9.60 12.70 13.80 14.50
Wang et al. (2022) PRM 9.51 11.00 11.82 12.44 13.00
Monforte Vila (2018) PFEM 10.26
Present study PFEM tri6 7.10 9.12 9.81 10.69 1148 1191 1279 13.03 13.12 13.29
PFEM tri3/quad4 7.39 9.51 1028 10.86 11.90 1223 1291 1325 1337 1352
PFEM — tri6/quad8 7.10 9.25 9.89 10.75  11.52  12.09 1276 13.02 13.14 13.24

e The initial stress is assumed to be isotropic at g, = 0p¢ =
66 kPa.

e The numgeo-PFEM simulations use quadratically
interpolated triangular elements (tri6) throughout unless
stated otherwise. For details regarding the implementation
of quadratically interpolated elements into PFEM, see
Bettmann et al. (2025a).

e  Mapping of state variables was conducted using a radial
basis function (RBF) interpolation.

e g, is calculated as the ratio of the vertical (reaction) force
required to enforce the constant penetration rate of 2 cm/s
to the projected cone tip area.

A range of rigidity indices I, is investigated, as shown in

Table 2, with corresponding shear moduli G and calculated

Young’s moduli E via E = 2G(1 +v).

Table 2. Investigated rigidity indices I,..
I, =G/s, G in kPa E in kPa
20 360 1,076.4
50 900 2,691.0
67 1,026 3,605.9
100 1,800 5,382.0
150 2,700 8,073.0
200 3,600 10,764.0
300 5,400 16,146.0
400 7,200 21,528.0
500 9,000 26,910.0
800 14,400 43,056.0
3.2 Results

Figure 1 compares the computed dimensionless cone factor
(N,) against the soil rigidity index (I,.) from this study with
results from various numerical approaches in the literature. The
results from the standard PFEM formulation, which employs
quadratically interpolated triangular elements (tri6), align well
with the trends reported in the literature, falling within the
scatter of published data across the investigated range of I,
values. While the computed N, values are situated near the
lower bound of reported data at the extremes of the considered
I, range, the overall agreement is strong, especially in the range
of 50 < I, < 300.

Employing recombination with linearly interpolated
elements (tri3/quad4) yields N, values that are in good
agreement with the standard numgeo-PFEM element type
(tri6), albeit consistently slightly higher. This slight over-
prediction is attributed to residual volumetric locking. Since the
mesh is quad dominated rather than purely quadrilateral, a small
fraction of linear triangular elements remains. This numerical
artefact is also evident in the q.(z) profile shown in Figure 2,
which exhibits more pronounced oscillations in g, for the linear
recombination case compared to the purely quadratic

approaches.
In contrast, simulations using recombination with
quadratically interpolated reduced integrated elements
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(tri6/quad8) produce N, values in excellent agreement with the
tri6 simulation. This confirms that the use of quadratically
interpolated elements — either in a standard triangular mesh or

a recombined quad-dominated mesh — is sufficient to
effectively mitigate volumetric locking in these CPT
simulations.
151
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Figure 1. Comparison of cone factors N, for different rigidity indices
I from different simulation methods.
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Figure 2. Comparison of the q.(z) profiles for I, = 20.

4 CPTIN DRY SAND

To further assess the performance of the recombination-
enhanced PFEM, particularly when using an advanced
constitutive model, back-calculations of well-documented CPT
calibration chamber tests in Toyoura sand are performed. The
calibration chamber had an internal diameter of 1.2 m and a
height of 1.5m. A cone penetrometer with a diameter of
35.7 mm and a cone angle of 60° was advanced into the sand at
a constant penetration rate of 2 cm/s. For a comprehensive
description of the experimental setup and procedures, the reader
is referred to Bellotti et al. (1982) and Fioravante et al. (1991).



4.1  Numerical model

An axisymmetric finite element model was created to leverage
the experiment's rotational symmetry. A schematic of the model
is shown in Figure 3. The soil domain was modelled with a
radius of 0.32 m and a height of 1.0 m. The vertical boundaries
were constrained radially, while the bottom boundary was fixed
in the vertical direction. An initial vertical stress of g,y(z =
0m) = —-107kPa to o,(z=—-1m)=—121.2kPa was
enforced by applying gravity loading to the soil body and a
distributed load of t = —107 kPa to the top soil surface. The
radial stress is initialized using K, = 0.5. The penetrometer was
modelled as a quasi-rigid, linear-elastic body (Young’s
modulus E = 50,000 GPa, Poisson’s ratio v = 0.0). Constant
penetration was simulated by prescribing a vertical velocity of
2 cm/s to the top node of the penetrometer in the axis of
symmetry. The radial displacements of the penetrometer were
constrained to zero. The simulation began with the cone's tip
inserted into the soil as illustrated in Figure 3. The soil-structure
interaction was governed by a Coulomb friction model with an

interface friction angle of § = §g0 = 10.4°. The soil behaviour

was simulated using the SANISAND constitutive model by
Dafalias and Manzari (2004). The SANISAND parameter set
for Toyoura sand was adopted from Moshfeghi et al. (2024).

1.0m

O O 0 O O 0O O O O O O O

OO0 O0OO0OO0OO0OO0OO0O0O0

0.32m
Figure 3. PFEM model of CPT in Toyoura sand.

4.2 Results

The PFEM simulations employing quadratically interpolated
triangular elements, as reported by Bettmann et al. (2025b),
exhibit excellent agreement with the experimental results of
Fioravante et al. (1991), regardless of the applied state-variable
mapping technique. These results are included as a PFEM
reference solution. In contrast, Bettmann et al. (2025a)
demonstrated in benchmark simulations that the use of linearly
interpolated elements can introduce mapping-induced
inaccuracies, particularly in regions with steep stress gradients.
This effect is most evident in the near-field of contact zones,
such as beneath the cone tip in CPT simulations, where it
significantly affects the reliability of the computed tip
resistance q,.

To quantify this effect, the present study investigates all
available state-variable mapping strategies (see Section 2) in
combination with the newly introduced recombination
approach. The results provide a systematic assessment of the
mapping influence on the tip resistance g, and the skin friction
fs in Toyoura sand. The profiles are plotted against the
normalized penetration depth, defined by normalizing the
vertical displacement by the cone radius 7.

The simulation results presented in Figure 4 clearly
demonstrate the strong influence of state-variable mapping on
the predictive quality of PFEM simulations with recombination
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and linearly interpolated elements. They underline the necessity
of employing advanced state-variable mapping techniques to
achieve reliable and accurate results. This is evident from the
significant underestimation of both g, and f; when classical
inter- and extrapolation of state variables is applied. The strong
influence of the inter- and extrapolation is attributed to the
constant distribution of state variables in linearly interpolated
triangles and reduced-integration quadrilateral elements, which
do not account for the variation of state variables within an
element and thus cause extensive smoothing.
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Figure 4. Comparison of the PFEM simulations employing

recombination and linearly interpolated elements.

When applying the hybrid mapping technique, the agreement
between the experimental data and the simulation results
increases; however, the residual q. value remains under-
estimated. In contrast, the more advanced mapping techniques
— element-wise or RBF-based — yield simulation results with
residual g, values and profiles that are very close to those of the
PFEM reference solution (tri6). Moreover, the magnitude of
fluctuations in q, is comparable across the approaches,
confirming that recombination combined with reduced
integration effectively mitigates volumetric locking effects.

The f;(2) profiles likewise reveal differences between the
mapping techniques. Although all advanced approaches
produce a similar overall shape, the residual values differ from
the reference solution. The element-wise and RBF-based
mappings are in close agreement with both the reference
solution and the experimental data. The hybrid mapping
approach, however, shows a noticeably slower mobilization of
fs, with earlier and larger deviations from the reference
solution. This discrepancy can be attributed to the hybrid
method’s reliance on inter- and extrapolation in elements
undergoing topological changes during remeshing, which
locally smooths gradients and hinders the accurate development
of tip resistance and skin friction.

Overall, these findings highlight that reliable PFEM
predictions with linearly interpolated elements for contact-
dominated problems, such as CPT simulations, are only
achieved when advanced mapping techniques are applied. In
particular, the element-wise and RBF-based mappings preserve
local stress and strain gradients more effectively, ensuring a
physically consistent representation of both q. and f; and
enabling a level of agreement with experimental data
comparable to that achieved with quadratically interpolated
triangular elements. In contrast, classical inter- and
extrapolation induces excessive smoothing, leading to a marked
underestimation of g, and f;, emphasising the need for a
significantly finer discretisation to mitigate these deficiencies.



However, achieving comparable accuracy through mesh
refinement alone would incur substantially higher
computational costs, making advanced mapping a more
efficient alternative. Additionally, volumetric locking is
effectively mitigated by the reduced integration of the linear
quadrilateral elements.
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Figure 5. Comparison of the PFEM simulations employing

recombination and quadratically interpolated elements.

In addition, PFEM simulations employing recombination with
quadratically interpolated elements were performed (Figure 5).
The quadrilateral elements utilize reduced integration,
effectively mitigating volumetric locking and reducing the
number of IGPs by approx. 1/3, since two triangular elements
with six IGPs are recombined to one quadrilateral with four
IGPs. This reduction in the overall number of IGPs results in a
lower computational cost.

The simulations with quadratically interpolated elements
show excellent agreement for g, and f; with the experimental
data. Moreover, the influence of the mapping technique is
negligibly small, which is consistent with the findings of
Bettmann et al. (2025b), who reported that when quadratically
interpolated triangular elements are used, the results are
independent of the applied mapping technique.

Overall, these findings clearly demonstrate that, for PFEM
simulations of CPTs, the choice of state-variable mapping
strategy is crucial when linearly interpolated elements are used,
whereas for quadratically interpolated elements the mapping
technique has no significant influence. When an advanced
mapping technique is applied in the case of linear elements, the
results become comparable to those obtained with quadratically
interpolated elements. However, for linear reduced integrated
elements, an appropriate selection of the hourglass stiffness
remains essential to achieve physically reasonable results.

5 VIBRATORY PILE DRIVING

The most advanced simulation presented in this work is the
back-calculation of vibratory pile driving in water-saturated
sand, based on the experiments conducted by Vogelsang
(2017). The numerical model setup and parameter selection
follows Machacek et al. (2021), with soil behaviour modelled
using hypoplasticity (von Wolffersdorff, 1996) with
intergranular strain extension (Niemunis and Herle, 1997). All
three PFEM approaches were applied to this highly dynamic
soil-structure interaction problem.

The pile head displacement, u,, shown in Figure 6,
exhibits very good agreement with the experimental data for all
approaches. The simulations employing quadratically
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interpolated meshes reproduced the experimental response
most accurately, while the recombination approach with
linearly interpolated elements showed only minor deviations.
These results confirm that even for highly dynamic problems,
the recombination approach with linearly interpolated reduced
integrated elements can provide accurate predictions, while
maintaining significantly lower computational cost compared
to the quadratically interpolated reference meshes.

vibration time tin s
—— PFEM - tri6 —— PFEM - tri3/quad4
PFEM - tri6/quad8  --- experimental data
Figure 6. Normalized pile head displacement @, over time of
vibratory pile driving.

6 CONCLUSION

This work introduces a novel recombination strategy within the
PFEM framework, enabling, for the first time, the use of quad-
dominated meshes in PFEM simulations. Its predictive
capability was demonstrated through two Cone Penetration
Test (CPT) scenarios and the simulation of vibratory pile
driving.

For the simulation of CPT in undrained clay, modelled
with a Tresca material, PFEM results showed good agreement
with published data from MPM, CEL, ALE, PFEM, RITSS, and
PRM across all approaches.

The back-calculation of a calibration chamber test in
Toyoura sand, modelled with the SANISAND constitutive
model, highlighted the critical role of state-variable mapping
for linearly interpolated elements. Advanced element-wise and
RBF-based mapping yielded good agreement in cone resistance
(q.) and skin friction (f) with the PFEM reference solution and
the experimental data, whereas classical inter- and
extrapolation led to significant underestimation. Simulations
with recombination and quadratically interpolated elements
showed excellent agreement with both the PFEM reference and
experimental data for g, and f;, confirming that quadratically
interpolated meshes do not introduce significant deviations in
state variables, consistent with previous findings for triangular
elements (Bettmann et al., 2025b).

The simulation results of the vibratory pile driving showed
very good agreement with the experimental data, demonstrating
the applicability and robustness of the implemented PFEM even
for problems governed by severe dynamic effects.

Beyond predictive accuracy, the recombination approach
substantially reduced computational cost by decreasing the
number of integration points, while maintaining accuracy.
Notably, volumetric locking was successfully mitigated even
for linearly interpolated elements when reduced integration was
employed. The successful mitigation of volumetric locking,
even for the linearly interpolated case, combined with the
reduced computational cost, highlights the potential of quad-
dominated PFEM meshes as an efficient and reliable alternative
to traditional triangular discretisations.
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