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ABSTRACT: The consolidation of soft soils is a critical consideration for infrastructure stability, particularly in coastal regions where
soft ground typically comprises multiple layers with varying properties. Creep plays a significant role in consolidation and is essential
for accurately predicting long-term settlement in viscous soils. Accurate settlement prediction is influenced by loading patterns, soil
stratification, and drainage boundary conditions. Despite advancements in theoretical approaches, comprehensive analytical solutions
that integrate the effects of multilayered soil profiles and general drainage boundaries remain limited. This study presents a general
spectral-based method for analysing the consolidation behaviour of multilayered soils under various loading patterns and drainage
boundary conditions, including scenarios with or without prefabricated vertical drains (PVDs), impeded drainage, and time-dependent
drainage conditions. The spectral-based solutions employ matrix operations to express the excess pore water pressure (EPWP) as
unified solutions across multiple soil layers, effectively capturing the effects of complex boundary conditions. Based on this framework,
a simplified Hypothesis B method is proposed to calculate long-term consolidation settlement. The proposed methods are validated
against previous analytical solutions for special cases and field data, demonstrating their accuracy and flexibility in predicting EPWP
dissipation and settlement. The study provides a more realistic representation of consolidation behaviour by incorporating general
drainage conditions expressed as Robin Boundary Conditions (RBCs). The findings offer practical insights for optimizing engineering
designs and improving settlement prediction in layered viscous soil foundations, offering a versatile and robust tool for geotechnical
engineers to address the complexities of multilayered soil systems under diverse loading and drainage conditions.
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1 INTRODUCTION 2009, Walker and Indraratna 2009, 2015, Xu et al. 2021b,
2021a, Nguyen et al. 2022, Xu et al. 2023, 2024, 2025b).

However, a practical gap remains: few analytical or semi-
analytical models can simultaneously handle multilayered soil
profiles, time-dependent loading, generalized drainage BCs,
and long-term settlement prediction. To address this gap, this
study develops a general spectral-based consolidation solution
in which EPWP dissipation is expressed through matrix-based
spectral formulations accommodating arbitrary drainage
Boundary Conditions (BCs). Based on this foundation, a
simplified Hypothesis B method is incorporated to predict long-
term consolidation settlement, capturing creep behaviour
through an empirical correction equation. This approach treats
creep and consolidation as coupled but separable processes,
providing both computational efficiency and physical realism.

The proposed model is validated through comparisons
with previous analytical solutions for special cases and field
monitoring data. It demonstrates improved accuracy in
predicting EPWP dissipation and long-term settlement,
especially in systems involving layered soft clays. The findings
provide new insights into the interplay between drainage
boundaries, soil structure, and time-dependent deformation,
offering a robust and practical framework for engineers dealing
with complex foundation conditions.

The long-term settlement of soft soils remains a central concern
in geotechnical engineering, particularly for infrastructure
constructed in coastal regions, where the foundation strata often
comprise multiple clay layers with varied compressible and
hydraulic properties (Xu et al. 2020, 2022, Indraratna et al.
2022, 2024). If not properly assessed and mitigated, excessive
post-construction settlements can impair serviceability, cause
differential movement, and ultimately compromise the safety of
overlying structures (Jiang et al. 2017, 2020, 2024, Xu et al.
2019, 2025a, He et al. 2020, Zhang et al. 2020). Therefore,
reliable prediction of consolidation and long-term settlement is
crucial to the design and maintenance of transport
infrastructure, port facilities, and reclamation projects.

The consolidation process in soft soils involves the
dissipation of excess pore water pressure (EPWP) and time-
dependent soil settlement. While classical consolidation
theories, such as Terzaghi (1925)’s one-dimensional model,
have been widely used, their assumptions (such as soil
homogeneity, instant loading, and perfectly drained or
undrained boundaries) often diverge from actual field
conditions. In reality, loads are frequently applied in stages,
boundary layers exhibit partial drainage capacity, and soft clay
strata are layered with varying compressibility and
permeability. Furthermore, conventional models often neglect
the contribution of creep, or strain-rate effect, leading to
underestimated long-term settlements. This is particularly

2 THEORETICAL DERIVATION FOR
CONSOLIDATION EQUATIONS

problematic in soft, viscous clays that exhibit significant time- 2.1  Governing equations
dependent deformation (Yin and Feng 2017, Baral et al. 2019). ] ) . )
Recent studies have tackled parts of this complexity Figures 1(a) and (b) illustrate the configurations of multilayered

soil systems without and with vertical drains (PVDs),

through analytical models that account for staged loading, / Bt
respectively. In the absence of PVD, the consolidation

spatially variable soil properties, and partially drained

boundaries (Lei et al. 2015, Chen et al. 2023). The spectral development is controlled only by one-dimensional vertical
method has also emerged as an efficient and accurate approach, drainage, and the governing equation accounting for depth-
using global basis functions to handle complex boundary dependent soil properties is expressed as (Xu et al. 2025b):

conditions and overcome the eigenvalue limitations of classical
methods, especially for multilayered systems (Walker et al.
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where x and ¢ are the spatial and temporal coordinates,
respectively; m_is the coefficient of volume compressibility;
kv denotes the :/ertical permeability of the soil; Y, is the unit

weight of the water; Q is the increase in total stress, which can
be expressed as Q(Z,r)=F S(Z)p(t) , p(1) represents the

variation of external load, F v(Z) is the vertical total stress
distribution; and u is the excess pore water pressure.
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Figure 1. Illustration of the multilayered soil system.

When PVDs are installed, both vertical and radial drainage
paths contribute to the EPWP dissipation. In this case, the
consolidation behaviour is governed by a coupled equation
incorporating vertical-radial flow components, considering the
variation of soil and drainage properties (Xu et al. 2021b):
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where u,, is the prescribed EPWP in the drain, 4 is the
undisturbed horizontal permeability, x is the drain parameter
associated with smear and radial geometry, g, is the drain
discharge capacity, 7, and r. are the drain radius and influence
radius, respectively. n is the ratio between 7. and 7.

2.2 Boundary conditions

2.2.1 Vertical drainage boundary conditions

In order to express the more realistic representation of the top
and bottom BSs corresponding to various situations in real
engineering, the general form of Robin Boundary Conditions
(RBCs) is adopted as follows (as shown in Fig. 1):

u
u—B — =G (t) For the top boundary 3)
t Ox t
x =0
-
u Bbg = Gb( t)  For the bottom boundary 4)

x=L

From the above general form of BCs, it can be seen that
the general form of RBCs can represent fully pervious and
impervious, semi-permeable and time-dependent drainage BCs.

2.2.2  Radial drainage boundary conditions

For the cases with PVDs, the radial drainage BCs are required
to solve the governing equations. Based on the equal strain
assumption, the average EPWP is used as the variable in the
governing equation and the radial BCs are:

ul,., =u, 5)
ou|
ol 7° (©)

Based on the above radial BCs, several cases are explained
in the following: (i) For the ideal PVDs, where the EPWP in the
interface between the drain and the soil is 0, the radial drainage
boundary condition can be described as u|,-, = u,, = 0. In
this case, Eqs (2a) and (2b) degenerate into the radial
consolidation governing equation of ideal drain without
considering well resistance. (ii) For the constant discharge
capacity (permeability) of the PVDs, the radial drainage BC can
be described as ul,=y,,= Uy |y=r, # 0, and the value of q,, is
constant. (iii) For the reduction of discharge capacity of PVD,
which is induced by some field factors (such as bending,
clogging, and biodegradation), the radial BCs can be described
as Uly=p, = Uyly=y, # 0, in which the value of gq,,

qw(Z,t).
23

Continuity conditions at the soil interface

For the multilayered soil system, the continuity conditions of
EPWP and flow rate at the soil interface should be satisfied:

l = ,l+1
u = u
x=LI x=LH_1 (7)
aul aul+l
kl = k[+l_ 8
v ax =1 v ax ( )

! =L

where the superscript / denotes parameters in the ™ layer.
2.4  General solutions based on the Spectral method

2.4.1 Geometric and coordinate transformation

To derive general solutions for the consolidation of
multilayered soil systems under general RBCs, this study
adopts a geometric and coordinate transformation approach to
facilitate the spectral-based formulation. In this method, a



virtual impeded drainage layer is introduced either at the top or
bottom (or both) of the multilayered soil system. Subsequently,
the vertical coordinate is transformed into a normalized relative
depth Z= (x +L t) / H to enable efficient solution procedures.
The thicknesses of the virtual drainage layers are
determined based on the RBCs described in Egs. (3)-(4). A
practical strategy is to assign the permeability of the virtual
layer (assumed rigid and incompressible, i.e., m = 0) to be the

same as the permeability at the boundary of the soft clay. Under
this assumption, the equivalent thicknesses of the top and
bottom virtual layers can be calculated as Lt = Btand Lb = Bb,
respectively. Through this transformation, the RBCs can be
equivalently converted into Dirichlet BCs, e.g., ”|z=0 = G[(t)

and “|z= = Gb(t) , as illustrated in Fig. 2. It should be noted

that the introduction of a virtual drainage layer allows the model
to simulate semi-permeable boundaries. The formulation and
eigenvalues of the basis functions corresponding to BCs will be

introduced in the following sections.
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Figure 2. Illustration of the geometric and coordinate transformation
of the multilayered soil system.

2.4.2  Homogenization of nonhomogeneous BCs

Following the geometric and coordinate transformations, this
study applies a homogenization technique to address the
nonhomogeneous BCs. In this context, the EPWP variables u
and u,, are decomposed as follows:
u(z, t)=u(z, 1)+ W(Z, 1)
u (z,0)=u (Z,1)+W(Z,1)

where W(Z, 1) =(1-2)G (1) +ZG (1).

By substituting Eq. (9) into Eq. (1), the governing equation
for the 1D condition is obtained as Eq. (11), whereas
substituting Egs. (9) and (10) into Egs. (2a)—(2b) results in the
governing equations for the PVD case, given in Eqgs. (12a)-
(12b).
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The BCs for the above system are:

ulz, t)|z=0= MW(Z’ t)|z=0=0

(13)

w(z, t)|Z=l= i (Z, t)|7=]=0 (14)

2.4.3  Solutions by using the Spectral method

Using the spectral method, the variables in the governing
equations for both the soft clay and the virtual layers are
approximated by truncated series of N terms:

N
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where (Dj is a set of independent basis functions, and Aj and Bj

are expansion coefficients which can vary with time, and
q;:[jtpl (DZ (DN] (17)

AT=[A1 A, AN] (18)

B (19)

T =
B _[Bl B, .. B,

Based on the zero BCs in Egs. (13)-(14), trigonometric
functions can be selected as the appropriate basis functions:

@ (2)=sin(M7) (20)
The eigenvalues are M = T(2/ = 1) /> for an impervious
J
BCs, and Mj =j T otherwise,ensuring all BCs are satisfied.

Substituting Eq. (15) into Eq. (11) and applying the
spectral method yields the matrix form of the 1D equation:

A
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Similarly, substituting Eqgs. (15)—(16) into Egs. (12a)—(12b)
gives the PVD case in matrix form:

0A _ dpl1)
r——+[y+;-t+n7cJa=00—
oG (1) oG (1)
ool oG, (22)
o ot o ot

+[o* +ec+n)T0"][6,(0 -G (0]
where the elements of matrices I', @ and 6° incorporate the
compressibility distribution of soft clay; the elements of



matrices 02 are related to the combined effect of
compressibility and total stress distribution; the elements of
matrices ¥ and 0% are related to the vertical permeability
distribution of soft soil and virtual layers; the elements of
matrices { are related to the vertical distribution of the
horizontal permeability; the elements of matrices 8* and y are
related to the discharge capacity of vertical drain. The detailed
expressions of these elements refer to Xu et al. (2021b, 2025).
Using the method of variation of parameters, A(f) can be
obtained as shown in Eq. (21) for the 1D condition, where ¢
represents a variable of integration (dummy variable):
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Following the same way and defining

Q=y+;-0(C+y) lé‘, A(f) can be obtained as shown in
Eq.(22) for the case with PVD can be obtained:
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Further, the EPWP can be obtained from Egs. (15) and (16).

Then, the DOC based on the settlement for a certainlayer and
the overall layers can be obtained by:
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For different loading patterns (ramp, exponential,

trigonometric), the solutions can refer to Xu et al. (2025). For
the general RBCs and loading patterns, which can be expanded
in harmonic components using the Fourier series or combined
with some basic patterns, and then a general solution can be
obtained, the detailed solutions can refer to Xu et al. (2025).

3 A SIMPLIFIED HYPOTHESIS B METHOD FOR
CALCULATING LONG-TERM SETTLEMENT

While the spectral-based consolidation solutions in the previous
section effectively capture the consolidation behaviour of
multilayered soils under varied drainage and loading
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conditions, long-term settlement prediction must account for
creep. Unlike Hypothesis A, which assumes creep occurs only
after EPWP dissipation; Hypothesis B considers that part of the
creep deformation develops concurrently with consolidation.
This assumption is more realistic for soft clays where structural
viscosity and effective stress redistribution evolve continuously
during EPWP dissipation. To address this, a simplified
Hypothesis B method proposed by Yin et al. (2022) is adopted,
in which the total long-term settlement S; is expressed as:

l=m

+ ZScl

=1

I=m
= + =
S, =S +S El us,
[=m I=m (27)
UE S, E [aUl S, (1 aUI)SC’dl
where Sp is the separated settlement apart from the creep
settlement; S the creep settlement; UI is the average DOC for
[

the /™ layer; U is the combined average DOC for all multiple
soil layers with or without a PVD; Sﬂ is the final “primary”

consolidation settlement at the End-Of—Primary consolidation
for the /™ layer; § ’ is creep settlement of soil skeleton in the
c

layer, representing the time-dependent deformation of the soil
structure during the consolidation process; Sc,/'z is creep
settlement of the /' layer under the “final” vertical effective
stress after load increased, representing the delayed creep
deformation that continues after primary consolidation has
completed; §_ u is the “delayed” creep settlement of the /™

layer under the “final” vertical effective stress ignoring the
EPWP; « is the parameter to reasonably consider the creep
compression coupled with consolidation; £ is a power index
with value from 0 to 1. It is noted that SC U will be zero for
ts ! cop Fiela EOP,Field " Cas
is a creep parameter to calculate the final creep settlement.

For each soil layer (/™ layer), the final “primary”
consolidation settlement S i is computed by using volume

and will become positive for ¢ >t

compressibility m, or Cc and C,; it is noted that the parameters
m, or Cc and C, and pre-consolidation stress are all determined
from the standard oedometer test with duration of 24 h for each
load and for each layer. The details about the calculation of S ol

and S o G20 be found in Yin et al. (2022).

4  VERIFICATION AND APPLICATIONS

4.1  Verification against existing analytical solutions for

special cases

To validate the accuracy and applicability of the proposed
comprehensive consolidation model, comparisons were made
with existing analytical solutions for specific boundary and
loading conditions.

(1) Impeded drainage boundaries

Liu and Ma (2013) developed an analytical solution for 1D
consolidation with impeded drainage boundaries under ramp
loading, capable of capturing the effect of partial drainage
layers and a linearly varying stress distribution with depth.
When G(¢) = Gi(t) = 0, B; =L;, B, = Ls, the proposed model
simplifies to Liu and Ma’s formulation. The soil properties and
geometrical parameters are L= 10 m, H= 16 m, kV(Z)

2.00x10° m/s, L= 4L, Ly= 2L, m (Z) =6.60x10* m?/kN. The

applied load is ramp loading, the loading stage is 100 d, and the
stress distribution is F (Z) =1 —0.9Z. The dimensionless time
s

| s
factor T =K1 /mlwa2 is used in this study.
v
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Figure 3. Comparison of the proposed solutions and analytical

solutions under impeded drainage conditions.

It can be seen from Fig. 3 that the normalized excess pore
water pressure (EPWP) distributions at different time predicted
by the proposed model match Liu and Ma (2013)’s solution
closely, confirming its capability to handle impeded drainage
conditions and depth-dependent stress profiles.

(2) Continuous drainage boundaries and various

loading types

Chen et al. (2022) presented a multilayered analytical
solution for consolidation under continuous drainage
boundaries and various loading types. When B(¢) = B(f) = 0,
G(?) = puwwe® and Gu(t) = pmae, the proposed model
simplifies to the solutions by Chen et al. (2022). The four-
layered soils are analysed, the BCs parameters are b = 15.67, ¢
= 156700, and the soil parameters can be seen in Table 1. The
results demonstrate excellent agreement between the two
models for the entire consolidation process, confirming the
proposed model’s robustness for multilayer soil profiles,
continuous drainage boundaries, and complex loading
scenarios, as shown in Fig. 4.

Table 1. Parameters of the four-layered soils (Chen et al. 2022).
H; ky E;
Layer No. (m (10° m/d) (MPa)
1 3.05 2.402 15.50
2 6.10 7.128 24.47
3 9.15 1.011 49.44
4 6.10 2.540 24.69
0 T S T T Y
~
0.1F L }
02| © Ramp (Chen etal. 2022) & o
*  Linear (Chen et al. 2022)
N 0.3 0 Exp (Chen et al. 2022) ¥ EY:
= Ramp (Proposed solution) § Ramp
5°0.4 [---- Linear (Proposed solution) | #; ---- Linear|
3 ! ;
P Exp (Proposed solution) |/ g/ e Exp
805F F ;
Zo6f
s r=5—"" T~2—3>
Z 0.7 v v B
08t : e
09 T =05 |
v

04 0.6
Normalized EPWP (u/p, )

Figure 4. Comparison of the proposed solutions and analytical
solutions under continuous drainage boundaries and various loading.

4.2 Case study-Lilla Mellésa Test Site

To demonstrate the practical applicability of the proposed
model, a case study was conducted using field data from the
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Lilla Mellosa test site in Sweden. The site consists of layered
clays, overlain by a partially permeable topsoil layer and
underlain by a highly permeable bottom layer. A 2.5 m high fill
of gravel with a density of 1.7 t/m3 was constructed for 25 days
and kept the same during the test. The model incorporated soil
parameters (Table 2) and realistic BCs: partially permeable
drainage at the top and fully permeable drainage at the bottom.
For the long-term settlement calculation, the creep parameter
Cu:=0.0376, a=0.2.

2 [ n 7
4+ J
o
6 - - |
E
Z
& 8r 4
A
10 1
O 21 years
127 * 32 years
0O 57 years
Proposed method
14 , ‘ ‘
0 5 10 15 20 25 30
EPWP(kPa)
(a) EPWP
0 T T T -
O Measured
Proposed solution
0.5 1
g
=]
5
3 1L5F 1
P ,
25 ' : ' :
0 0.5 1 1.5 2 2.5
Time(d) x10*
(b) Settlement
Figure 5. Comparison of the proposed solutions and measured data.
Table 2.  Soil properties used in Lilla Mellosa test site (Hansbo 2005).
Depth Description Ady £ k
(m) P (kPa)  (kPa)  (m/year)
0-1 Topsoil, dry crust 42 9000 0.02
1-15 Green organic clay, 0 200 0.02
shell
153 Dark grey organic 41 200 0.025
clay, shell
35 Blacl/dark grey 41 190 0018
organic clay, shell
5-7 Dark grey clay 40 160 0.015
7-9 Grey clay 39 240 0.022
9-11 Grey varved clay 38 280 0.03
11-14 Grey varved clay 33 200 0.03

The simulated EPWP dissipation along depth and
settlements at different times are shown in Fig. 5, which
compares closely with field measurements (Larsson and
Mattsson 2003), particularly in capturing the slower pore
pressure dissipation near the top layer. The results highlight the
importance of correctly accounting for partial drainage
boundaries and creep in predicting consolidation behaviour and
confirm the proposed model’s applicability for real-world
engineering problems.



5 CONCLUSIONS

A spectral-based solution is developed for consolidation
analysis of multilayered soils under general drainage
boundaries and time-dependent loading. Using geometric
coordinate transformation and virtual drainage layers, the
method converts RBCs to an equivalent Dirichlet form,
enabling efficient computation with global trigonometric
functions. While the spectral method offers high accuracy and
efficiency compared with conventional finite-difference
formulations, its reliance on smooth property variation may
reduce performance for highly discontinuous soil profiles.
Verification against existing analytical solutions and field data
demonstrates high accuracy in predicting EPWP dissipation
and settlement, including creep effects. The approach provides
a practical tool for complex soft soil foundation design and
performance assessment.
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