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ABSTRACT: The bearing capacity of shallow foundations on homogeneous soil, in the framework of the yield design theory, is an 
established topic in geotechnical engineering. In the case of compressible soil, reinforcement with rigid inclusions can be used to 
enhance bearing capacity. To date, no analytical method currently exists to account for the contribution of rigid inclusions in calculating 
the bearing capacity of reinforced soil under inclined loading. This study aims to develop simplified analytical methods to construct 
stability diagrams in the (V, H) plane for soil reinforced with rigid inclusions. The approach focuses on a purely cohesive soil model 
and begins with the numerical generation of these diagrams, using Finite Element Limit Analysis (FELA) through dedicated software. 
Based on the analysis of observed failure mechanisms, a multi criteria framework is proposed to reproduce these diagrams. This work 
is part of the French national research project ASIRI+, one of whose main objectives is to study the behaviour of structures under 
inclined loading. 
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1 INTRODUCTION 

The technique of reinforcing soft soils using rigid inclusions is 
now widely used in geotechnical engineering, particularly for 
shallow foundations. It significantly reduces settlements and 
increases the bearing capacity of structures.  

This study focuses specifically on the analysis of the 
stability domain, a fundamental tool for quantifying and 
interpreting the bearing capacity of foundations under complex 
loading conditions. Indeed, the interaction between the footing, 
the rigid inclusions, the soft soil, and, where applicable, a Load 
Transfer Platform (LTP), becomes especially challenging to 
model when the loading is inclined and/or eccentric, and 
therefore requires in-depth investigation. 

Stability diagrams, also referred to as failure envelopes or 
bearing capacity diagrams, are essential for evaluating the 
performance of foundations subjected to combined loading. 
Their integration into design practice allows engineers to: 
 Quantify the benefits of rigid inclusion reinforcement 

under static or seismic conditions. 
 Identify admissible load combinations and failure 

thresholds. 
 Incorporate soil–structure interaction effects into 

performance-based design approaches. 
 Optimize the geometry and mechanical properties of rigid 

inclusions and LTP. 

With this in mind, a dual numerical and analytical approach is 
developed to analyze the bearing capacity of a strip footing 
resting on soft soil reinforced with rigid inclusions, with or 
without the presence of a Load Transfer Platform (LTP), under 
centered, inclined loading. All calculations are carried out at 
failure, without applying any partial safety factors. 

2 BEARING CAPACITY AND CASE STUDY 

2.1 Ultimate bearing capacity of a non-reinforced 
foundation 

Salençon and Pecker (1995a) investigated the ultimate bearing 
capacity of a shallow strip foundation subjected to a centered, 
inclined load and resting on a purely cohesive soil with 
undrained cohesion C, as illustrated in Figure 1. The study was 
conducted within the framework of the plane strain yield design 
theory, using the yield strengths of the materials involved. 

 
Figure 1. Failure mechanisms of a strip foundation (a) under purely 
vertical load, (b) under centered, inclined load. 

In their work, Salençon and Pecker applied both static and 
kinematic approaches from yield design theory to establish 
lower and upper bounds for the ultimate bearing capacity. For 
the case of an inclined, centered load, they derived an almost 
exact solution, as presented in Figure 2. 

 
Figure 2. Bearing capacity under centered inclined load from 
Salençon and Pecker (1995a). 
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2.2 Case study 

This study investigates the bearing capacity of a strip footing 
subjected to a centered inclined load, placed either directly on 
the soil or on a Load Transfer Platform (LTP) over soil 
reinforced with rigid inclusions. The configuration including an 
LTP is illustrated in Figure 3. 

The strip footing has a width, B = 10 m and is supported 
by an LTP layer 0.5 m thick. In the case without an LTP, the 
rigid inclusions extend up to the base of the foundation, without 
any structural connection.  

The bearing soil is a purely cohesive soft soil, with a 
thickness of h = 10 m. 

This soft layer is reinforced with n = 7 rows of concrete 
rigid inclusions (with a characteristic compressive strength of 
fck = 25 MPa and a modulus of Ey = 30 GPa), with a diameter 
of D = 400 mm (radius R = 200 mm) and spaced at s = 1.5 m in 
both directions. The inclusions extend through the entire soft 
layer and are embedded 0.5 m into the compact soil layer. The 
inclusions stop at the bottom of the LTP layer. 

The different soil parameters are summarized in Table 1. 

 
Figure 3. Strip footing under centered, inclined load on reinforced 
soil. 

Table 1. Soil parameters 

Layers 
pl 

[kPa] 
Ey 

[MPa] 
c’ 

[kPa] 
’ 
[°] 

qs 
[kPa] 

qb 
[MPa]  

0. - 50 0 38 - - 0.33 

1. 200 4,5 (Eu) 25 (cu) 0 25 - 0.33 

2. 1 700 50 0 38 140 4.0 0.33 

pl : Limit pressure 
Ey : Young modulus, Eu : Undrained young modulus 
c’ : Drained cohesion, cu : Undrained cohesion 
’: Friction angle 
qs : Ultimate unit skin friction 
qb : Ultimate end-bearing resistance at the tip 
 : Poisson ratio 

3 NUMERICAL APPROACH 

In the first approach, numerical modelling is used as a 
validation tool to investigate the static ultimate load-bearing 
capacity and the associated failure mechanisms. The analyses 

have been carried out using the geotechnical finite element 
software OPTUM G2, which is specially designed for 
modelling such phenomena. 

3.1 The OPTUM software 

This software performs Finite Element Limit Analysis (FELA) 
based on the upper and lower bound theorems. In this study, the 
lower bound (LB) approach was adopted to ensure that the 
results remain consistently on the safe side.  

Under this approach, the loading is incrementally 
increased in a fixed direction until the bearing capacity is 
reached. 

A 2D plane strain model was developed to represent the 
soil–foundation system described in Section 2.2. The soft soil 
was simulated using the Tresca material model, which accounts 
for its undrained cohesion cu. The LTP and the compact soil 
were modelled using a Mohr–Coulomb material model, 
characterized by their effective friction angle φ′ and zero 
cohesion. In the case without LTP, a 2cm-thick artificial LTP 
layer was included in the model to introduce a discontinuity 
between the foundation and the rigid inclusions, ensuring no 
structural connection between them. 

The strip footing was assumed to be perfectly rigid. The 
rigid inclusions were represented by embedded beams rows 
interacting with the surrounding soils. These elements require 
geometric parameters (such as diameter and spacing), as well 
as interaction stiffness and resistance for axial, lateral, and base 
behaviors. The material assigned to the embedded beams was 
linear elastic, as no failure criterion is currently available for 
this element type in the software. 

3.2 Stability domain 

All stability domains are obtained using OPTUM and plotted in 
the (V, H) plane, where V represents the vertical load and H the 
horizontal load. 

These values are normalized by the footing width B and the 
soil undrained cohesion cu. 

3.2.1 Unreinforced foundation 

The stability domain, for purely cohesive soil without 
reinforcement, was plotted in dark green in Figure 5. The 
ultimate vertical load V at H = 0, is approximately V = 
(π+2).cu.B ≈ 5.1Bcu (as shown on the x-axis in Figure 5), while 
the ultimate horizontal load H at V = 0 is approximately               
H = 1Bcu, (as represented on the y-axis in Figure 5). 

3.2.2 Reinforced without LTP 

For the case of a reinforced soil without LTP, the stability 
domain was then plotted in light green in Figure 5. 

As shown in Figure 5, the reinforcement significantly 
increases the bearing capacity: the ultimate vertical load V (at 
H = 0) increases by a factor of 4, and the maximum ultimate 
horizontal load H by a factor of 3. 

In this case, the failure mechanism associated with this 
purely vertical load, (V = 4975 kN/m = 19,9.Bcu and H = 0), 
corresponds to a complete failure of the reinforced soil, as 
illustrated in Figure 4.  

The analysis of this bearing capacity shows that V is equal 
to the sum of the ultimate bearing capacity of the soil and the 
combined ultimate capacity of the rigid inclusions. 

The ultimate bearing capacity of the soil is given by: 

𝑉௦௢௜௟ ൌ ሺ𝜋 ൅ 2ሻ. 𝑐௨.ቆ𝐵 െ
𝑛𝜋𝑅ଶ

𝑠
ቇ ൌ 1210 𝑘𝑁/𝑚 (1) 
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And the capacity of a single rigid inclusion is: 

𝑉ோூ ൌ 𝐹௔ ൅ 𝐹௕ ൌ 𝜋𝐷𝑞௦ଵℎ ൅ 𝜋𝑅ଶ𝑞௕ ൌ  314 ൅ 502
ൌ  816 𝑘𝑁 

(2) 

Where, Fa is the axial strength along the rigid inclusion in the 
soft soil and Fb is the base resistance. Finally, the total vertical 
load becomes: 

𝑉 ൌ 𝑉௦௢௜௟ ൅ 𝑛𝑉ோூ/𝑠 ൌ 5018 𝑘𝑁/𝑚 (3) 

The forces transmitted through the columns, both at the top and 
the bottom, obtained with OPTUM match the analytical 
solution, as shown in Figure 4. 

 
Figure 4. (a) failure mechanism of the purely vertical load, (b) close-
up on the forces transmitted through the columns. 

3.2.3 Reinforced with LTP 

An LTP was added to the model, and the resulting stability 
domain, in light green dashed line, is presented in Figure 5. 

 
Figure 5. Diagrams of stability for unreinforced and reinforced soils, 
without and with LTP. 

The presence of an LTP generates negative skin friction and 
leads to the formation of the neutral axis deep within the soft 
soil, thereby reducing the contribution of the rigid inclusions 
compared to the case without LTP. 

3.3 Failure mechanisms 

Several failure mechanisms were identified, which vary with 
the H/V ratio and are influenced by whether an LTP is present. 

3.3.1 Reinforced without LTP 

The failure mechanisms observed in the absence of an LTP are 
illustrated in the Figure 6 and can be described as follows: 

 For H/V ≥ 0,78 = tan ('LTP): Due to the additional 2cm of 
LTP introduced below the footing, the initial slope of the 
stability diagram has a slope H/V = 0.78.  

 Surface sliding for 0.78 > H/V > 0,5: As depicted in 
Figure 6 (a), this failure mode occurs when the horizontal 
load is significantly greater than the vertical load, causing 
the footing to slide along the surface of the cohesive soil. 

 Block shear for 0,2 ≤ H/V ≤ 0,5: As shown in Figure 6 (b), 
this mechanism involves shear failure along a plane within 
the reinforced soil block. 

 Punching failure through reinforced soil for H/V < 0,2: As 
depicted in Figure 6 (c), when the vertical load is much 
greater than the horizontal load, failure occurs through 
vertical compression of the reinforced soil beneath the 
footing. 

 
Figure 6. Failure mechanisms depending on the H/V ratio: (a) surface 
sliding, (b) block shear, (c) punching failure through reinforced block. 

3.3.2 Reinforced with LTP 

In the presence of an LTP, the failure mechanisms illustrated in 
the Figure 7 can be described as follows: 
 Failure within the LTP for H/V ≥ 0,78 = tan ('LTP): As 

shown in Figure 7 (a), this failure mode occurs when the 
load inclination exceeds the friction angle of the LTP ('), 
causing the footing to slide along the surface of the LTP. 

 Sliding at the LTP-soft soil interface for 0,4 ≤ H/V < 0,78: 
As illustrated in Figure 7 (b), this mechanism occurs when 
the horizontal load dominates, leading to sliding at the 
interface between the LTP and the soft soil. 

 Punching failure through reinforced soil for H/V < 0,4: As 
depicted in Figure 7 (c), when the vertical load is much 
greater than the horizontal load, failure occurs through 
vertical compression of the reinforced soil beneath the 
footing. 
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Figure 7. Failure mechanisms depending on the H/V ratio: (a) failure 
within the LTP, (b) sliding at the LTP-soft soil interface, (c) punching 
failure through reinforced block. 

4 ANALYTICAL APPROACH 

Following the same principles as the OPTUM calculations and 
based on the results presented in Sections 3.2 and 3.3, this study 
aims to develop an analytical approach. 

As a reminder, similar to the numerical analysis, all 
calculations are carried out at failure, without applying any 
partial safety factors. 

4.1 Calculations steps 

To construct the stability diagram, the ultimate bearing capacity 
for each load inclination must be defined with a load pair (V, 
H).  

The inclination, expressed as H/V = tan(δ), is fixed. A 
series of vertical forces VRI at the head of the inclusion is 
considered, ranging from 0 to VRI = fckπR². 

Based on feedback from the ASIRI + project, it is further 
assumed that, at failure, the horizontal efficiency Eh = HRI/H 
and the vertical efficiency Ev = VRI / V are equal. From this, it 
follows that the first hypothesis is that the inclination angle is 
identical at the foundation, at the soil and at the inclusion head, 
as shown in Equation (4) and in Figure 8. 

tanሺ𝛿ሻ ൌ
𝐻௦௢௜௟
𝑉௦௢௜௟

ൌ
𝐻ோூ
𝑉ோூ

ൌ
𝐻
𝑉

 (4) 

 
Figure 8. At failure, inclination angle is the same at the foundation, at 
the soil and at the head of inclusion. 

The second hypothesis is that the ultimate vertical load is equal 
to the sum of the ultimate capacities of the rigid inclusions and 
the soft soil: 

𝑉 ൅ 𝑉௅்௉ ൌ
𝑛𝑉ோூ
𝑠

൅ 𝑉௦௢௜௟ (5) 

The soils contribution is calculated using: 

𝑉௦௢௜௟ ൌ 𝑖𝑞. ሺ𝜋 ൅ 2ሻ. 𝑐௨.ቆ𝐵 െ
𝑛𝜋𝑅ଶ

𝑠
ቇ (6) 

Where iq = (1-2𝛿/π)² is the reduction coefficient introduced to 
account for inclined loading.  

At this stage, a series of vertical load values V is defined. 
The corresponding horizontal load values H are then computed 
based on the fixed inclination: H = V.tan(δ). 

 
Figure 9. Example from the case without LTP at the inclination of 
H/V = 0.4. 

Finally, for each inclination angle, a series of load combinations 
(V, H) is defined, as shown in Figure 9 for the inclination of 
H/V = 0.4. The next step consists in identifying the load 
combination corresponding to the ultimate capacity bearing by 
applying a multi-criteria approach. 

4.2 Verifications – multi-criteria approach 

To determine the ultimate load combination (V, H) acting on 
the footing, a set of governing criteria is introduced. The 
maximum admissible combination is constrained by several 
limit conditions, including:  

4.2.1 Ultimate load transfer at the head of the inclusion due 
to the LTP – Criteria (1) 

If an LTP is present, the maximum force that can be transmitted 
to the head of the inclusion is governed by the punching 
capacity of the LTP material.  

According to the Prandtl model depicted in Figure 10, 
proposed in the ASIRI recommendations, the vertical load 𝑉ோூ 
may be limited by the maximum force 𝑉ோூ

ା  that can be 
transferred by the LTP to the head of the inclusion. 

𝑉ோூ ൑ 𝑉ோூ
ା ൌ

𝛼
𝑛

.
𝑖𝑞𝑁𝑞

1 ൅ 𝛼ሺ1 ൅ 𝑖𝑞𝑁𝑞ሻ
. ሺ𝑉 ൅ 𝑉௅்௉ሻ (7) 

Where 𝛼 denotes the substitution ratio and 𝑁𝑞 is the bearing 
capacity factor as a function of the friction angle of the LTP. 

 
Figure 10. Prandtl failure mechanism in the LTP. 

For peripheral inclusions, the edge effect is accounted for in 
accordance with ASIRI recommendations. It depends on the 
overhang length of the structure and whether the Prandtl-type 
failure mechanism can fully develop within the LTP. 

4.2.2 Local bearing capacity of a rigid inclusion – Criteria 
(2) 

The vertical force at the head of the inclusion, 𝑉ோூ , may be 
limited by the ultimate bearing capacity of the inclusion, 𝑉ோூ_௟௜௠ 
which depends on its axial strength, 𝐹௔, and its base resistance, 
𝐹௕, as illustrated in Figure 11. 

𝑉ோூ ൑ 𝑉ோூ_௟௜௠ ൌ 𝐹௔ ൅ 𝐹௕ (8) 

With, 

𝐹௔ ൌ 𝜋𝐷ሺ𝑞௦ଵሺℎ െ ℎ௡ሻ ൅ 𝑞௦ଶℎ௔௡௖௛௢௥) (9) 

𝐹௕ ൌ 𝜋𝑅ଶ𝑞௕ (10) 
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Where 𝑞௦ is the ultimate side friction resistance below the 
neutral point, ℎ௡ is the depth of the neutral point, and 𝑞௕ is the 
ultimate end-bearing resistance of the soil at the tip of the 
inclusion. 

 
Figure 11. Local bearing capacity of a rigid inclusion. 

4.2.3 Passive soil failure and ultimate force HRI at the 
inclusion head - Criteria (3) 

The horizontal force HRI at the head of the inclusion is limited 
by the soil's passive resistance, which is mobilized over a height 
proportional to the transfer length, as depicted in Figure 12. 

 
Figure 12. Passive soil failure. 

𝐻ோூ ൑ 𝐻ோூ_௟௜௠ ൌ 𝑥௣௟𝑙଴ 𝑝𝑙𝐷 (11) 

Where pl is the limit pressure of the soft soil, D is the diameter 

of the inclusion, and 𝑙଴ ൌ ටସாூ

௞஽

ర
 is the transfer length, with EI 

being the flexural rigidity of the inclusion and kD the horizontal 
subgrade reaction modulus. 

The inclination angle of the applied force affects this 
transfer length; therefore, the multiplier xpl depends on it. As a 
first approach, the average horizontal force at the head of the 
inclusions, HRI, obtained from OPTUM results, has been used 
to estimate this multiplier as a function of inclination. For each 
inclination angle, the factor is defined as, 𝑥௣௟ ൌ 𝐻ோூ/ሺ𝑙଴𝑝𝑙𝐷ሻ, 
as illustrated in Figure 13. 

 
Figure 13. Multiplier factor xpl depending on the inclination. 

4.2.4 Reinforced soil block shear – Passive earth pressure - 
Criteria (4) 

As shown in the Figure 14 and in failure mechanism 2 (Section 
3.3) observed in OPTUM, the entire reinforced soil block 
mobilizes its resistance by abutting against the adjacent soft soil 
and sliding along its base. Consequently, the total horizontal 
force applied to the footing, H, is limited by the passive earth 
pressure of the adjacent soil and the frictional resistance at the 
base of the block: 

𝐻 ൑ 𝐻௣௥௘௦௦௨௥௘_௟௜௠ ൌ 2𝑐௨ℎ ൅ 𝐵𝑐௨  (12) 

 
Figure 14. Reinforced soil block shear. 

4.2.5 Sliding between footing and LTP - Criteria (5) 

In the presence of an LTP, the total horizontal force, 𝐻, may be 
governed by the potential sliding of the footing over the LTP, 
as illustrated in Figure 15 or observed in the failure mechanism 
1 (Section 3.3.2) in OPTUM : 

𝐻 ൑ 𝑉 ∗ 𝑡𝑎𝑛 ሺ’LTPሻ (13) 

 
Figure 15. Sliding of the footing over the LTP. 

4.2.6 Sliding between footing or LTP and soft soil - Criteria 
(6) 

The total horizontal force may also be limited by the frictional 
resistance mobilized at the LTP-soft soil interface or at the 
footing-soft-soil interface (as shown in Figure 16), estimated as 
B.cu and by the contribution of the inclusions, through the 
ultimate horizontal force transmitted at their heads, HRI_lim. 

𝐻 ൑ 𝐵𝑐௨ ൅ 𝑛𝐻ோூ_௟௜௠/𝑠  (14) 

 
Figure 16. Sliding at the interface LTP-soft soil or footing-soft soil. 

4.3 Stability domain 

Once the multi criteria framework is defined, the stability 
diagram is plotted by determining, for each inclination angle, 
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the corresponding ultimate load pair (V, H). The calculation 
stops when at least one of the 6 criteria described in Section 4.2 
is reached, providing the ultimate bearing capacity for that 
specific load inclination. 

The resulting diagram is normalized following the same 
principles as those applied to the results obtained with OPTUM, 
to allow direct comparison. 

4.3.1 Reinforced without LTP 

For the case without LTP, Figure 17 presents in a table the 
ultimate load combinations (V, H) reached for each inclination 
angle. In this case, criteria (1) and (5), which account for the 
presence of an LTP, are therefore not required. Consequently, 
the corresponding stability diagram can be plotted as a red line, 
as depicted in Figure 19. 

 
Figure 17. Table of verifications based on multi-criteria – Case without 
LTP. 

4.3.2 Reinforced with LTP 

Following the same approach, the case involving an LTP is 
studied as shown in Figure 18 and represented by a red dashed 
line in Figure 19. This time, criteria (1) and (5) are required to 
analyze this case. 

 
Figure 18. Table of verifications based on multi-criteria – Case with 
LTP. 

 
Figure 19. Diagrams of stability for all the cases. 

5 CONCLUSIONS 

The analytical method based on the multi-criteria approach 
produces a stability domain that closely matches the one 
obtained through the numerical simulations, it is nearly a 
perfect fit.  

This study confirms that rigid inclusions contribute 
significantly to improving the bearing capacity of shallow 
foundation. 

Within the proposed analytical approach, it is possible to 
introduce a failure criterion specific to the rigid inclusion which 
would truncate the stability domain. However, this case is not 
addressed in the present work, as the OPTUM software does 
not allow the modelling of embedded beam with such a 
criterion. 

This simple yet promising method offers an effective tool 
for design. Nonetheless, to confirm its robustness, it should be 
validated with additional case studies. 

One way to enhance this method would be to define the 
ultimate horizontal force at the inclusion head, HRI_lim (criteria 
3 – Section 4.2.3), analytically, rather than relying on numerical 
results. The authors are currently working on this development. 
In conclusion, the aim of this analytical method is to provide 
engineers with a simple stability diagram for identifying the 
admissible load domains for shallow foundations under 
inclined loadings. As the present study is conducted at failure, 
appropriate partial safety factors should be considered and 
integrated into future developments where necessary. 
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