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ABSTRACT
Applicability of the two stage scaling relationship called generalized scaling law for centrifuge tests proposed by Iai et al. (2005) is
investigated for dynamic response of flat layered media. In this scaling law, recorded physical model parameters are, firstly, converted
to those in the virtual 1G field with scaling factor for centrifuge model tests, η. Then the parameters are further converted to prototype
with scaling factor for 1G tests, μ (Iai, 1989). By using this scaling law, model tests with scaling factor (prototype/physical model) of
100 or much higher may be possible without encountering problems, e.g., scaling of granular material. The generalized scaling law in
centrifuge modeling is investigated through dynamic response of compacted sand. In the experiments, a prototype is scaled down to
1/100 with 9 combinations of scaling factors of virtual 1 G and centrifugal field. Input motions are also scaled accordingly. Then the
generalized scaling relation is applied to examine responses in the prototype scale. Responses compared in the present study are shear
wave velocity, displacement, and acceleration. If the generalized scaling law is valid, these responses in the prototype scale are
identical regardless of scaling factors. Results confirm the validity of the scaling relation of these physical parameters in a range of 40
G to 70 G of centrifugal accelerations.
RÉSUMÉ
La présente étude porte sur l'applicabilité de la loi de similitude à deux niveaux, appelée similitude généralisée pour les essais à
échelle réduite en centrifugeuse proposée par Iai et al. (2005). Dans ce changement d'échelle, les paramètres physiques enregistrés du
modèle sont d'abord convertis en paramètres d'un modèle virtuel dans un champ de gravité de 1 g avec un facteur d'échelle Ș pour le
modèle centrifugé. Dans une deuxième étape, ces paramètres sont mis à l'échelle prototype avec un facteur d'échelle ȝ pour le modèle
virtuel à 1 g (Iai, 1989). En utilisant cette loi de similitude, les essais à échelle réduite avec des facteurs d'échelle de 100 et plus sont
envisageable sans problème par exemple de mise à l'échelle des matériaux granulaires. Tobita and Iai (2007) ont étudié l'applicabilité
de cette loi de similitude pour des fondations sur pieux. La loi de similitude généralisée est étudiée à travers la réponse dynamique
d'un sable compacté. Dans ces essais, un prototype est réduit à l'échelle 1/100 par 9 combinaisons différentes de facteurs de réduction
virtuelle à 1 g et de réduction pour des essais en macrogravité. Les sollicitations dynamiques appliquées ont été mises à l'échelle via
les même lois. Le facteur d'échelle généralisé est alors appliqué pour analyser les résultats à l'échelle prototype. Les grandeurs
examinées dans la présente étude sont la vitesse des ondes de cisaillement, le déplacement et l'accélération. Si la loi de similitude
généralisée est valide, ces réponses à l'échelle prototype doivent être identiques quelle que soit la combinaison de facteur utilisée. Les
résultats présentés confirment la validité des relations établies pour ces paramètres physiques dans la gamme 40 – 70 g d'accélération
centrifuge.
Keywords : centrifuge, scaling law, dynamic
1 INTRODUCTION
With recent demands from earthquake engineering community
to carry out physical model testing of larger prototypes, a size
of experimental facility is becoming larger and larger. For
example, the world largest shaking table of 20 × 15 m has been
built in the E-defense, Japan. It can shake a real scale 6-story
reinforced concrete building (1,000 t) (Chen et al. 2006), or 2
wooden Japanese houses simultaneously (Suzuki et al. 2006).
However, even with such a large shaking table, when dynamic
behavior of a whole structure including its foundation buried
into the ground is examined, a prototype has to be scaled down
due to limitations of shaking table’s capacity (Tokimatsu et al.
2007).
In centrifuge modeling, geometrical scale of a model can be
theoretically decreased by increasing the centrifugal
acceleration. However, with decreasing model scale, the
problem of scaling effects, i.e., dependence of model behavior
on a relative size of structure and granular material, becomes
more and more apparent (e.g., Honda and Towhata 2006). Other
problems for dynamic testing under larger centrifugal

acceleration are the requirements of more powerful actuator and
its precise control (Chazelas et al. 2006).
To overcome these deficiency in centrifuge tests and
increase the efficiency of small to medium size geotechnical
centrifuges, two stage scaling relationship called generalized
scaling relationship for centrifuge tests was proposed by Iai et
al. (2005) (Figure 1). In this scaling relation, recorded physical
model parameters are converted to those in the virtual 1G field
with scaling factor for centrifuge model tests, η [Fig. 1(a)], then
the parameters are further converted to prototype with scaling
factor for 1G tests, μ [Fig. 1(b)] (Iai 1989). By using this scaling
relationship, model tests with scaling factor (prototype/physical
model) of 100 or much higher may be possible.
Tobita and Iai (2007) studied the applicability of scaling law
with pile foundations. However, they encountered some
difficulties concerned with precise control of shake table. In the
present study, a newly equipped shake table is employed. In the
experiments, a prototype is scaled down to 1/100 with 9
combinations of scaling factors of virtual 1 G and centrifugal
field. Input motions are also scaled accordingly. Then the
generalized scaling relation is investigated by comparing
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(b)
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(a)
Physical model
Dry sand (Dr > 95 %)
Homogeneous layer

Virtual 1G Model
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( ' In this study: η × μ =100)
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(a) Scaling of Physical model to Virtual 1G model

(L)Virtual1G = η (L)Model
(a)Virtual1G = (a)Model / η

(b) Scaling of Virtual 1G model to Prototype

(L)Prototype = μ (L)Virtual1G (t )Prototype = μ 0.75 (t )Virtual1G
(a)Prototype = (a )Virtual1G (VS )Prototype = μ 0.25 (VS )Virtual1G

(t )Virtual1G = η (t )Model
(VS )Virtual1G = (VS )Model

η, μ : Scaling factor of physical model, virtual 1G model

t : Time
VS : Shear wave velocity

L : Length
a : Acceleration

Figure 1. Physical model setup and concept of the two stage scaling with associated scaling relationship: (a) scaling
relations for centrifugal field and (b) scaling relations for 1G field.

dynamic responses in the prototype scale. If the generalized
scaling law is valid, those responses are identical regardless of
scaling factors. In the present paper, only 4 out of 9 cases, and
cases of the smallest input motion are mainly discussed due to
page limitation.

Since variables for model also satisfy Eq. (1), then all the
coefficients of Eq. (5) must be equal as follows,

λσ / λ = λρ λg = λρ λu / λt2

(6)

Now, from the left hand side of Eq. (6), the scaling relation of
stress is written as,

2 GENERALIZED SCALING RELATIONSHIP
This section briefly reviews the derivation of generalized
scaling relationship (Iai et al. 2005) of physical model tests
based on the fundamental physical laws, for example, stress
equilibrium, definition of strains, and a constitutive relation.
Stress equilibrium:

(7)

λσ = λλρ λg

From Eq. (2), (3) and (6) in the same way, the scaling relation
of time, displacement and stiffness are given by,
0.5

∂σ ij , j + X i = ρ ui

(1)

(2)

Constitutive relation:

σ ij = Cijklε kl

(3)

where σ ij is stress tensor, xi is coordinate system, ρ is density,
ui is acceleration and dots mean temporal differentiation and
X i = (0, − ρ g , 0) , g is acceleration due to gravity, ε ij is strain
tensor and Cijkl is tangential stiffness modulus. Here, the
summation rule is supposed.
The scaling relations for centrifuge model tests are derived
by introducing scaling factors for variables appearing in
equations (1) - (3) as follows and by demanding that these
variables must satisfy both the equations for prototype and the
model.

λ = ημ , λρ = η ρ μ ρ , λg = η g μ g , λε = ηε με

Table 1. Generalized scaling factors for centrifuge model tests
( με = μ 0.5 ) (Iai et al. 2005).
Partitioned
Centrifugal field
Virtual 1G field

Length
Density
Time
Stress
Pore water pressure
Displacement
Particle velocity
Acceleration

( ρ ) p = λρ ( ρ ) m , ( g ) p = λg ( g )m , (ε ij ) p = λε (ε ij ) m , (t ) p = λt (t ) m ,
(Cijkl ) p = λC (ε ijkl ) m

(4)

Then introducing scaling relations into Eq. (4),

λσ / λ (σ ij , j ) m + λρ λg ( X i ) m = λρ λu / λt2 ( ρ ) m (uij ) m

Strain
Bending moment
Flexial rigidity

where subscripts “p” and “m” mean, respectively, “prototype”
and “model.” By substituting variables for prototype into Eq.
(1),

(5)

(9)

where η and μ denote respectively the scaling factor of length
for centrifuge and 1 g model tests. The value of the scaling
factor for acceleration due to gravity in 1 g field is unity

Shear wave velocity

( xi ) p = λ ( xi ) m , (σ ij ) p = λσ (σ ij ) m , (ui ) p = λu (ui ) m ,

(σ ij . j ) p + ( X i ) p = ( ρ ) p (uij ) p

(8)

Now let us partition the scaling factors for length, density,
acceleration, and strain as follows,

Definition of strain:

ε ij = ( ui , j + u j ,i ) / 2

λt = ( λλε / λg ) , λu = λλε , λC = λλρ λg / λε

Generalised

=Prototype
/physical model

=Prototype /virtual
model

Prototype
/physical model


1

1
1

1
1
1/ 
1

4.0


1
0.75


1.5
0.75
0.25
1
0.5
4.0



1




0.75
0.25
1/ 
0.5



Table 2. Scaling factors applied in the present study.
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λ = ημ , λρ = μ ρ , λg = 1/η , λε = με

(10)

In general, scaling relation of shear wave velocity can be
derived as follows by using the shear wave velocity of the
model ground, (Vs)m, and that of the prototype ground, (Vs)p.
Shear modulus at small strain, of the model ground (G0)m and
the prototype ground (G0)p are expressed,
2
S m

(G0 )m = ( ρ ) m (V )

(11)

(G0 ) p = ( ρ ) p (VS ) 2p

These modulus give the scaling factor for the tangent modulus
of soil as,

λC = [( ρ ) p (VS )2p ]/[( ρ )m (VS )2m ]
=λρ [(VS ) p /(VS )m ]2

(12)

120
100
80
60
40
20
0

(a)
Length
Time

μ × η 

1000

(b)

100
Displacement

10

2

(13)

Shear wave velocity

1
Acceleration

0.1

μ × η 

0.01

whereas the similitude of shear modulus is λC = λλρ λg / λε (Eq.
8). Consequently, the scaling factor for the strain is given by,

λε = λλg /[(Vs ) p /(Vs ) m ]

Scaling factor

factor for density and strain in centrifugal field are η ρ = ηε = 1 .
Substituting these into the above relations yields the generalized
scaling relationship,

together with the scaling factor of length whose value is constant,
i.e., ǯ×Ǵ=ҏ100. As shown in Fig. 2(b), the scaling factor of shear
wave velocity is rather insensitive to centrifugal acceleration (it
varies from 1 to 3 for a range of 1 G to 70 G), while that of
acceleration and displacement are sensitive to centrifugal
acceleration. Scaling factor of acceleration varies from 1 to 0.014
in a range of centrifugal acceleration of 1 G to 70 G, and that of
displacement from 1000 to 120 in the same range. The scaling
factor of time varies from 31 to 91 in a range of 1 G to 70 G.

Scaling factor

( μ g = 1 ) and that for centrifugal field is η g = 1/η . The scaling

0

10
20
30
40
50
60
Centrifugal acceleration,  (G)

70

Figure 2. Scaling factors of length and time (a), shear wave
velocity and acceleration (b) for model tests conducted in the
present study.
A5

Therefore, the scaling relation of shear wave velocity is given
by,

40G

Ground

A4
A3

λVs = (Vs ) p /(Vs ) m = λλg / λε =
(ημ )(η g μ g ) / μ 1− N = (ημ )(1/η ) / μ 1− N = μ N / 2

A

(14)

A1
A0: Input

where the scaling factor of strain is assumed to be με = μ 1− N .
The generalized scaling relationships are summarized in Table 1
with the scaling factor of density and strain μ ρ = 1 and
με = μ 0.5 (i.e., N=0.5) in 1 g field (Iai 1989). Note that the
scaling factor of particle velocity, μ 0.75 is different from that of
shear wave velocity, μ 0.25 in 1g field.
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3 VERIFICATION OF THE SCALING LAW
0.06

0.08
0.09
Time (s)

0.1

0.11

Shearwave velocity (m/s)

Figure 3. Time histories of response acceleration against
impulsive input motion and arrival time of 1st peak specified with
solid triangle for Cases 40 G and 60 G (in model scale).
500

Shearwave velocity (m/s)

The experiments were conducted in a rigid wall container
mounted on 2.5 m radius geotechnical centrifuge at the Disaster
Prevention Research Institute, Kyoto University (DPRI-KU).
Overall dimensions of the rigid container are 450 × 150 × 300
mm in length, width, and height, respectively. Dynamic
excitation was given in the direction parallel to the cross-section
shown in Figure 1 by a shake table mounted on a platform. The
shake table was controlled by displacement signals. An
accelerometer was attached to the base plate of the shake table
to measure input motion. Five accelerometers were installed in
the model ground of compacted dry silica sand (emax=1.19,
emin=0.71, and D50=0.15 mm) with relative density more than
95% (Figure 1). To obtain firm model ground, dry tamping
method was employed.
As shown in Table 2, total 9 cases with various scaling factors
of length, ǯ and Ǵwere considered. Since the model ground was
well compacted, the experiments were consecutively carried out
from small to large centrifugal acceleration. The scaling factors of
centrifugal field, η, correspond to the centrifugal acceleration,
while the scaling factors of the virtual 1 G field, μѽ are selected so
that the scaling factor of prototype, ǯ×Ǵ is equal to 100. Other
scaling factors, time, shear wave velocity, displacement and
acceleration for each centrifugal acceleration are given in Figure 2

0.07

500

Acc. meter
A5

400

A3-A1
A4-A1
A5-A1
Average

A4
A3
A2
A1

300
200

A0

100

(a) Model scale

0
A3-A1
A4-A1
A5-A1
Average

400
300
200
100

(b) Prototype

0
0

10

20

30

40

50

60

70

Centrifugal acceleration, G

Figure 4. Shear wave velocities in model scale(a), and prototype
scale (b).
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To evaluate scaling relationship of the shear wave velocity,
travel time of impulsive input motion (single sin wave with 250
Hz in model scale) was measured. The travel time in this study
was taken as the arrival of the 1st peak due to a difficulty
encountered to specify exact arrival time of signals. Based on
the time histories of acceleration, such as shown in Fig. 3 for
cases 40 G and 60 G, shear wave velocities in the model scale
were derived [Fig. 4(a)], then, by using scaling factors shown in
Fig. 2(b), they were converted to the prototype scale [Fig. 4(b)].
Shear wave velocities with different markers shown in Fig. 4
are derived by the difference of distance and travel time
between sensors from A1 to A3 through A5. Travel time of A2
was not used because time difference between A1 and A2 was
too small to be captured by the sampling frequency employed in
the tests (5 kHz). In model scale, shear wave velocities tend to
increase as centrifugal acceleration increase [Fig. 4(a)], while,
in prototype scale [Fig. 4(b)], shear wave velocity becomes
more or less constant, about 230 m/s on average.
Next, to investigate the scaling law of acceleration, the
model was excited by sinusoidal input motions (0.65 Hz,
duration 35 s in prototype scale). Figures 5(a) to (d) are the time
histories of input displacements in model scale and Fig. 5(e) is
the converted time history in prototype scale. A range of
displacement amplitude is from 0.9 mm to 1.2 mm in model
scale. After conversion, the amplitude becomes 150 mm in
prototype scale. As shown in Fig. 5(e), similar input motions
were employed in all cases. Time histories of acceleration
recorded at the base (A0), in the middle layer (A3), and at the
ground surface (A5) for Cases 40 G to 70 G are plotted in
prototype scale in Fig. 6. As shown in Fig. 6, all the input and
response acceleration amplitude except for Case 40 G are about
2 m/s2. This validates the generalized scaling law of
acceleration under the centrifugal acceleration of 40 G up to 70
G for linear material. Considering other tests cases with lower
centrifugal acceleration, the applicability of the generalized
scaling relation is largely confirmed.

4 CONCLUSIONS
Applicability of the generalized scaling law for centrifuge
modeling is investigated for dynamic response of flat layered
media. In the present study, a prototype is scaled down to 1/100
with 9 combinations of scaling factors of virtual 1 G and
centrifugal field. Input motions are also scaled accordingly.
㪈㪅㪌
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Four out of 9 cases with the smallest input motions are mainly
discussed. The generalized scaling relation is investigated by
comparing responses in the prototype scale. Prototype shear
wave velocities were close each other and the generalized
scaling law of shear wave velocity was confirmed. For the
scaling law of acceleration, the scaling law was confirmed with
centrifugal acceleration of 40 G up to 70G. Considering other
tests cases with lower centrifugal acceleration, the applicability
of the generalized scaling relation is largely confirmed.
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Figure 5. Time histories of input displacements of Case 40G (a), 50G (b), 60G (c), and 70G (d) in model scale, and all cases combined in prototype
scale (e).

Figure 6. Time histories of input (A0) and response (A3 and A5) acceleration of Cases 40 G to 70G.

