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Design of multiple deep non-circular tunnel linings
Calcul des blindages des tunnels parallel de grand profondeur des section certains
N.N. Fotieva, N.S. Bulychev, P.V. Deev & E.S. Firsanov
Tula State University, Tula, Russia, E-mail: fotieva@mm.tsu.ru

ABSTRACT
A method for the design of multiple deep tunnel linings of arbitrary cross-section shapes (with a single axis of symmetry) under the
actions of the rocks own weight and underground water pressure is described in the paper. The method is based on investigations of
interaction of tunnel linings and the surrounding rock mass as elements of a united deformable system and on new analytical solutions
of corresponding plane problems of elasticity theory. The method is realized in the corresponding software.
RÉSUMÉ
Lǯ article décrit une méthode du calcul des blindagws des sections certains ayant un axe de symétrie des tunnels parallels de grand
profondeur sur lǯaction de poids propre de la roche et de la pression d’ean souterrain. La méthode en question se répose sur lǯétude de
lǯaction reciproque des blindages des tunnels et du massif de la roche environnante comme les éléments dǯun système déformable
unique et sur les resolutions analytique nouvelles des problèmes à deux dimentions de la théorie de lǯélasticité. La méthode est réalise
sousla forme des programmes du calcul.
Keywords : multiple tunnel linings, design, analitycal method, elastisity theory
1 INTRODUCTION
At Tula State University within many years the theory and analytical methods for the design of underground structures under
the action of different loads are developed. These methods allow the stress state of linings of a single or multiple deep tunnels of arbitrary cross-section shapes undergoing the actions of
static loads and seismic effects to be determined (Fotieva 1980).
The methods are based on the consideration of interaction of the
linings and the surrounding soil or rock mass as elements of a
united deformable system and on analytical solutions of the corresponding plane problems of elasticity theory. Some of these
methods have been included in Russian standards and widely
applied at the design and construction of tunnel linings of hydropower stations, railway and municipal tunnels, shafts and
mine workings support. Similar methods for the design of a single shallow tunnel lining of an arbitrary cross-section shape
have also been developed, but these methods did not allow to
take the influence of nearly located underground structures on
the lining stress-state into account. This paper presents a new
part of these investigations including the analytical method for
designing the multiple deep tunnel linings of arbitrary shapes
undergoing the action of the rocks own weight and underground
water pressure.
2 THE DESIGN METHOD
The design method proposed is based on mathematical modeling the interaction of tunnels linings and the surrounding rock
mass as elements of a united deformable system and on a new
analytical solution of the plane problem of elasticity theory for
the linearly deformable medium simulating the rock mass,
weakened by an arbitrary number of arbitrarily located openings
of different shapes (with a single axis of symmetry), supported
by rings from the other materials. The main design scheme of
the problem is given in Figure 1.

Figure 1. The design scheme

Here the weighty, homogeneous, isotropic medium S0, restricted by the straight line L/0 and by the outlines of deep
openings L0,j (j = 1, ..., N) simulates the rock mass, the mechanical properties of which are characterized by the deformation modulus E0 and the Poisson’s ratio ν0. The rings Sj (j = 1,
..., N) from materials possessing the deformation characteristics Ej, νj (j = 1, ..., N) simulate the tunnel linings located on
the depths Hj (j = 1, ..., N), counted from the centers located in
points zj = xj + iyj (j = 1, ..., N). The medium S0 and the rings
Sj (j = 1, ..., N) undergo deformation together, i.e. conditions
of continuity o vectors of displacements and full stresses are
satisfied on the contact lines L0,j (j = 1, ..., N). The internal
outlines of the rings L1,j (j = 1, ..., N) are free from loads. The
action of the rocks own weight is simulated by a presence of
initial stresses in the medium S0 linearly changing with the
depth determined by formulae
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σ (x0)( 0) = − γ (H1 − x ),

σ (y0)( 0) = −λγ (H1 − x ),

(1)

τ (x0, )(y 0) = 0 ,
where γ is the rock unit weight, λ is the lateral pressure coefficient in an intact rock mass.
For an approximate registration of the influence of the distances lj (j = 1, ..., N) between the lining being constructed in
every tunnel and the tunnel face the correcting multipliers are
introduced into the results of the lining design under the action
of the rock own weight. These multipliers are determined by
empirical formulae obtained on the base of numerical modeling
of 3D problem by the method of finite elements (Bulychev
2002):
α *j = 0.6 exp(−1.38l j / R 0, j )

( j = 1,..., N) ,
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EXAMPLES OF THE DESIGN

The examples of three multiple non-circular tunnels is considered
the mutual locations and sizes of them are shown in Figure 2.
The design has been made taking the actions of the rock own
weight and external water pressure into account. The general
input data were the following: E0 = 200 MPa, ν0 = 0.35,
E1 = 23000 ɆPɚ, ν1 = 0.2, E2 = 30000 ɆPɚ, ν2 = 0.2,
E3 = 27000 ɆPɚ, ν3 = 0.2.
The input data for the design of tunnel linings under the action of the rock own weight: the depth of tunnels counted off
from the center of the first tunnel is H = 100 m, the rocks unit
weight is γ = 0.024 MN/m3, the lateral pressure coefficient in
an intact rock mass is λ = 0.54, distances between the linings
being constructed and the tunnel faces are l1 = 1.0 m for all
three tunnels.

(2)

where R0,j (j = 1, ..., N) are average radii of external outlines of
the linings cross-sections.
The external water pressure is simulated by a presence of initial stresses in the S0 medium
σ (x0)( 0) = σ (y0)( 0) = − γ w ( H w − x ),

(3)

where γw is the water unit weight, Hw is the level of water in
meters counted off from coordinate center (Fig. 1).
It is necessary to notice the following:
1 – the tunnels are considered as the deep structure i.e. the
minimal depth of them must be not less than three maximal
sizes of its cross-section;
2 – the application of the method developed is limited by requirement that circumferences described around the external
outlines of the rings simulating the tunnel linings could not intersect or touch to each other.
The problems of elasticity theory have been solved with the
application of the complex variables analytic functions theory
(Muskhelishvili 1966), some modification of the method by
D.I. Sherman (Fotieva & Kozlov 1992), apparatus of conform
mappings and complex series. Such an approach allows to reduce the problems considered to the iteration process of a good
convergence, in every approximation of which the solutions of
problems for each ring are consequently applied using the
boundary conditions including some additional items reflecting
the influence of the rest supported openings. These items are
represented in the form of the Laurent series, the unknown coefficients of which assumed to be equal to zero in the first approximation then are specified on each step of iterations.
The solutions of problems being a basis for the iteration
process have been obtained with the application of the
method similar to the one described in the work (Fotieva et
al. 1996). The computer software has been developed allowing the practical multi-variant calculations to be fulfilled
quickly and effectively.
The influence of time-dependent properties of rocks may
be taken into account on the basis of the linear hereditary
creep theory applying the method of variable modules accordingly to which the deformation characteristics of rocks
or soils are represented as time functions (Amusin & Linkov
1974). The influence of a sequence of the tunnels’ driving
may be taken into account in the same way as in the work
(Bulychev 2002).

Figure 2. Mutual location and sizes of the tunnels considered

The circumferential stresses along internal outlines of the lining
cross-sections caused by the rocks own weight are shown in
Figure 3. Dash lines correspond to the case of single tunnels.

Figure 3. Stresses σθ(in) along the internal lining outlines caused by the
action of the rocks own weight
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One can see from Figure 3 that in the case considered the influence of nearby tunnels results in an increase of maximal compressive stresses in the linings of first and third tunnels (6 % for
the first and 14 % for the third tunnel) and in an increase of
maximal tensile stresses in the first tunnel lining (about 14 %).
Bending moments and longitudinal forces appearing in the
linings are given in Figure 4 a, b.

Figure 5. Stresses σθ(in) along the internal outlines of the lining crosssections due to the underground water pressure

One can see from Figure 4 that the influence of nearby tunnels
results in a substantial increase of maximal compressive stresses
in the second and third tunnel linings (15 % for the tunnel 2 and
11 % for the tunnel 3) and an increase of maximal tensile
stresses in linings of the tunnels 1 and 3.
a

a

b
Figure 4. Bending moments (a) and longitudinal forces (b) in normal
sections of the linings caused by the action of the rocks own weight

From diagrams presented in Figure 4 one can see that influence
of nearby tunnels leads to significant changes in distribution of
bending moments in tunnel 2, 3 linings and some changes in
distributions of normal forces in linings of all three tunnels.
The design of tunnel linings subjected of the underground
water pressure has been fulfilled at the following input data: the
level of underground water counted off from the center of the
first tunnel is Hw = 50 m, the rocks unit weight is γw = 0.01
MN/m3. Circumferential stresses along the internal outlines of the
linings caused by the underground water pressure are shown in
Figure 5.
Bending moments and longitudinal forces caused by the action of underground water pressure are given in Figure 6 a, b.

b
Figure 6. Bending moments (a) and longitudinal forces (b) in normal
sections of the linings caused by underground water pressure

N.N. Fotieva et al. / Design of Multiple Deep Non-Circular Tunnel Linings

As one can see from Figure 6 the influence of nearby tunnels lead
to changes in bending moments and longitudinal forces distribution.
4

CONCLUSIONS

The new analytical method for the design of multiple deep tunnel linings of arbitrary cross-section shapes under the actions of
the rocks own weight and underground water pressure has been
developed.
The method is realized in the corresponding software allowing calculations of several tunnel linings (up to six tunnels) to
be carried out in a few time (about 3 minutes for the design of
three tunnels). It gives a possibility of providing the multivariant calculations both for scientific investigations of stresses
dependencies on main influencing factors and for the practical
design of multiple transport and power station deep tunnels.
Examples of the design presented in the paper indicate that a
mutual influence of tunnels may cause a significant changing of
the tunnel linings stress state.
The method described may be generalized for taking the influence of rock grouting around tunnels into account and for the
design of shallow tunnel linings including the once located in
built-up areas.
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The method may be also modified for the design of multiple
tunnel linings under seismic effects of Earthquakes.
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