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constitutifs avancés
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ABSTRACT
The global safety factor of a slope may be enhanced either by the introduction of structural elements, such as anchors and nails, or by
the construction of deep sub-horizontal drains. The finite element analysis of such inclusions, mainly for three-dimensional condi-
tions, is extremely difficult if new meshes are generated for each configuration of inclusions under investigation. However, it is possi-
ble to use a single background mesh to investigate different inclusion configurations. There are different ways to achieve this objec-
tive and a promising technique is the so-called “embedded” approach. This technique was introduced in a finite element program
called ALLFINE. In this paper, the program is applied to analyze the case of an excavation of 6 meters in clayey ground. The excava-
tion design considered the use of passive nail inclusions for stabilization. The problem is analyzed using conventional (Cam clay) and
advanced (subloading tij) constitutive models. The results demonstrate the applicability and efficiency of the proposed methodology.

RÉSUMÉ
Le coefficient de sécurité global d´une pente peut être augmenté par l´introduction d´éléments structurels comme des encrage de clou,
ou par la construction des drains sous-horizontaux profonds. L'analyse d'élément finie de telles inclusions, principalement pour des
conditions tridimensionnelles, est extrêmement difficile si de nouvelles mailles sont produites pour chaque configuration d´inclusion
étudié. Cependant, il est possible d'utiliser une maille simple de fond pour examiner des configurations d'inclusion différentes. Il y a
des façons différentes de réaliser cet objectif et une technique prometteuse est l'approche "incorporée" prétendue. Cette technique a
été présentée dans un programme d'élément fini appelé ALLFINE. Dans cet article, le programme est appliqué pour analyser le cas
d´une excavation de 6 mètres dans un terrain argileu. La conception d´excavation utilisé des ínclusions de clous passives pour la stabi-
lisation. Le problème est analysé utilisant des modèles constitutifs conventionnel (Cam clay) et avancé (subloading tij). Les résultats
démontrent l'applicabilité et l'efficacité de la méthodologie proposée. 

2 THE EMBEDDED STIFFNESS METHOD 1 INTRODUCTION

In the so-called embedded stiffness approach the stiffness of an
inclusion (Kb) is incorporated into that of the solid elements
(Ks) trespassed by the beam or bar elements, as illustrated in
Fig. 1.  For that purpose, the stiffness of the bar must be initially
transformed in that of an equivalent solid (Keq), which is then
added to the stiffness of the real solid element, thus obtaining a
total stiffness (Kt=Ks+Keq).

The use of soil reinforcing techniques, like soil nailing, is grow-
ing steadily, thus requiring reliable methods for the analysis of
these structures. The fundamental concept of soil nailing is the 
use of passive reinforcements to introduce tension and shearing
strength to the soil mass.

The Finite Element Method is an efficient alternative to ana-
lyze reinforced structures, in relation to Limit Equilibrium
Methods (Zhang et al., 1999). In conventional numeric analysis
using FEM, the inclusions are simulated using discrete linear
elements, such as bar or beams. Results of simulations using
FEM show that the consideration of flexural strength in nails
has low effect in the global deformation of the structure (Kenny
& Kawai, 1996).

sK

= + == +
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When using discrete bar or beam elements, the finite element
mesh is dependent on the arrangement of the reinforcements.
That makes the preliminary analyses of the best reinforcement
configuration too complex, mainly under general three-
dimensional conditions.

Figure 1. Illustration of the embedded stiffness approach.

Consider a three-noded 2D triangular element trespassed by
a two-noded bar as shown in Fig. 2.
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The method proposed in this paper uses the embedded stiff-
ness technique to consider the effect of inclusions on solid ele-
ments. Therefore, different reinforcement arrangements can be
tested using the same background mesh to obtain an optimal
configuration that meets safety factors and economic restraints 
of a practical problem.

Figure 2. Triangular element trespassed by an inclusion.
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Assuming perfect adhesion between the bar and the real 
solid element, the equivalent matrix is obtained by imposing the 
compatibility of displacements at the intersection points. Evalu-
ating the shape functions of the solid element at the bar intersec-
tion points, one can write: 

�=
bV bb

T
sbsb dV�BF ,, (9)

or

sbsb uNu ,=  (1) 
�=

bV bb
T
b

T
bssb dV�BNF ,, (10)

3 IMPLEMENTATION
in which ub and us are vectors of global displacements of the bar 
and the solid element; and Ns,b is the interpolation matrix.

The compatibility of displacements may be written as: 
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In order to implement the embedded stiffness approach into a 
finite element program a few problems must be initially solved.
The first step is to find the intersection points between the rein-
forcement bars and the solid elements. In some cases, this could
be achieved using geometric concepts like intersections between
lines and solids. However, under general conditions as for ele-
ments with curved shape it is necessary to use an iterative algo-
rithm that uses concepts such as Inverse Mapping (Farias &
Naylor, 1998) and Location Function (Durand, 2003).

In order to evaluate the terms of matrix Ns,b it is necessary to
determine the natural coordinates of the intersection points. This
is not a trivial task since the shape functions are non-linear un-
der general conditions. This is achieved using the concept of in-
verse mapping, which will be described in the implementation
section.

3.1 Inverse mapping

Inverse mapping means to obtain the natural coordinates of a 
point from its global coordinates, as shown in Fig. 3.

Considering the equilibrium equation of a two-noded bar 
element (Kbub = Fb), then substituting ub as a function of the
nodal displacements of the solid element and pre-multiplying
the equation by NT

s,b, the following expression is obtained:
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Eq. (3) represents a simple form of the equivalent stiffness
matrix (Keq) for a two-noded bar element. This first approxima-
tion was based in the work of Andrade (2003). However, it is
possible to obtain Keq of a multi-noded bar element using the 
following general expression:

�=
bV

bsbb
T

sbeq dV,, BDBK (4)(4)

in which Db is the constitutive matrix of a bar element; Bb,s is a 
matrix that correlates the strains in the bar with the nodal dis-
placements of solid element; and Vb is the volume of bar ele-
ment.

in which Db is the constitutive matrix of a bar element; Bb,s is a 
matrix that correlates the strains in the bar with the nodal dis-
placements of solid element; and Vb is the volume of bar ele-
ment.

The strain in the bar is given by:The strain in the bar is given by:
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Thus Bb,s is given by:Thus Bb,s is given by:

bsbsb ,, NBB = bsbsb ,, NBB =  (6)  (6) ��

Substituting dVb=Adl=A|J|dξ in Equation (4) and assuming 
an elastic bar, one obtains:

Substituting dVb=Adl=A|J|dξ in Equation (4) and assuming 
an elastic bar, one obtains:
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Finally, the total stiffness matrix of a solid element (Kt) can
be considered as the addition of solid element stiffness plus the
equivalent stiffness matrix of the bar: 
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After the solution of the global system for specific external
load and boundary conditions, the strain and stress increments
in the bar are calculated and the internal forces in the bar can be
computed as:

Figure 3. Inverse mapping representation.
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The technique to perform inverse mapping is iterative and
uses Newton’s method to find the roots of non-linear equations
systems. Thus, letting the global coordinates of a point be de-
noted by x=[xg yg zg]T and the unknown local coordinates by
r=[ξ η ζ ]T, for an arbitrary value rj (initially j=0 and the local
coordinates are at the origin), an approximation of x can be ob-
tained through the use of interpolation functions. Thus the fol-
lowing error function can be defined as: 
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If the absolute error given by || f (rj) || is greater than an admis-
sible tolerance, a new approximation of rj+1 may be obtained
according to:

rrr ∆−=+ jj 1 (12)

and

( )[ ][ ] ( )j
T

j f rrJr
1−

=∆ (13)

where J is the Jacobian matrix and j is the number of the itera-
tion.

3.2 Location function

The concept of a Location Function (l) was introduced to give
an idea of the relative position of a point with respect to an ele-
ment. This function is evaluated in natural coordinates and re-
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4 CONSTITUTIVE MODELSturns a real value, which is positive if the point is inside the
element, zero if it is in the element’s border and negative if the
point is outside the element. 

For different types of elements, this function is given as fol-
lows:

)1,,min( ηξηξ −−=triangularl  (14) 

)1,,,min( ζηξζηξ −−−=ltetrahedral  (15) 

The methodology described above is totally generic and can be
applied to the analysis of two-dimensional or three-dimensional
problems, using any type of finite element and assuming any
constitutive model for the relevant materials. Constitutive mod-
els should be assumed for the reinforcements, for the surround-
ing soil and for the interface between them.

))(1),(1min( ηξ absabsl ralquadrilate −−=  (16) 

))(1),(1),(1min( ζηξ absabsabslhexahedral −−−=  (17) 

The constitutive model for the reinforcement depends on the 
type of inclusion actually used. For metallic bars it is sufficient
to assume an elastic linear behavior or an elastic perfectly plas-
tic model if yielding of the bars might be expected. For geotex-
tile reinforcements one should assume a model that responds
only under tension. 

The interface between the reinforcement and the surrounding
soil is an important aspect and should be considered if relative
movements or pull out of the inclusions are expected. Although
not described in this paper, the case of imperfect adherence be-
tween the soil and the reinforcement can be introduced in the
embedded approach. Durand (2003) describes how this can be 
achieved using an auxiliary system in which the reinforcement
bars and springs, representing the interface, are considered. An
elasto-plastic model with softening is proposed for the interface
springs.

Fig. 4 shows the representation of the Location Function for
a 2D triangular element.

The most important aspect to simulate a geotechnical prob-
lem under general conditions is to adopt a constitutive model for
the soil mass, which can really incorporate the main aspects of
soil behavior. The well known Cam clay model is widely
adopted in numerical analyses, despite not considering some
important features of soil behavior. Therefore, a model recently
proposed by Nakai and Hinokio (2004), named subloading tij 
model, was also used in the analyses presented in this paper.

Figure 4. Representation of the Location Function for a 2D triangular
element.

3.3 Determination of the intersection points
The subloading tij model, despite of using a small numbers

of parameters, can describe the following important features of
soil behavior, not considered in Cam clay model: a) Influence of
intermediate principal stress on the deformation and strength of
soils; b) Dependence between stress paths and the direction of
plastic flow; and c) Influence of density and confining pressure 
on the deformation and strength of soils. This is achieved using
two yield surfaces, named normal and sub-loading, which are 
linked by means of an internal variable (ρ), which memorizes
the density state, as illustrated in Fig. 6.

Applying the previous concepts it was possible to develop an
algorithm to find the intersection points between inclusions and
solid elements and also to find the portions corresponding to
every trespassed element.

The algorithm is illustrated in Fig. 5. Initially the coordinates
of the start and end points of a bar are known (points a and b).
A loop is performed for each element of the mesh and the local
coordinates of the start point a are obtained using inverse map-
ping and the location function value is computed to check if the 
point is inside the element. The same procedure is used to de-
termine the element inside which lies the end point b. The parameters of sub-loading tij model are the same as 

those for Cam-clay (λ, κ, ν, φcs), plus a parameter β, which con-
trols the shape of the yield surfaces, and a parameter a, which
controls the rate of convergence between the subloading and the
normal surfaces in overconsolidated materials. Furthermore, the
initial stresses and void ratios should be given for both models.
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Figure 5. Intersection points determination algorithm.

The intermediate elements are determined by means of suc-
cessive advances and retrocessions of a “test point”. This is ini-
tially at the start point and advances by half the length of the
bar. The element inside which the test point lies may be found
by looping through every element and using inverse mapping 
and the location function. If it lies inside an element different
from the initial one, than the test point retrocedes by half of its
distance until this condition is observed. Once this happens, it
starts to advance until it lies outside the element again.

Figure 6.  Subloading tij model.This process continues with the test point bouncing forward
and backwards until it lies on the border of the element (with a
tolerance of 10-3 in the value of the location function). After an
intersection point is found, a section of bar is also determined
and associated to the respective solid element. The start point
and bar length are updated and the process is repeated until one
gets to the last element inside which lies the end point b.

5 APPLICATION

It was analyzed a 6 m vertical excavation reinforced with nails.
The final arrangement of reinforcements, with three horizontal
lines and four nails per line, is shown with part of the finite 
element mesh in Fig. 7. The length of nails is 8 m and their in-
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clination is 15º. The spacing is 1.25 m in the horizontal and 1.50
m in the vertical direction. It was used a combined area (nail
plus grouting) equal to 0.0367 m² and a corresponding modulus 
equal to 2.3x107 kPa. Perfect adherence between soil and nails
was supposed in this analysis.

The soil was initially simulated using Cam clay model and
adopting typical parameters of Fujinomori clay  (λ = 0.0891;
κ = 0.0196; φ = 33.7o; νs = 0.2). Later the same problem was 
analyzed using the parameters of Fujinomori clay for subload-
ing tij model (same as Cam clay plus β=1.5, a=500, eNC=0.83).

Figure 7. Arrangement of nails in the finite element mesh.

Before excavation, a geostatic stress field was generated
considering a unit weight γs = 18 kN/m3 and Ko = 0.5. A self-
balanced initial stress of 100 kPa was also applied to simulate
an apparent cohesion due to suction in an unsaturated state. This
generates a profile of initial void ratio, which varies from 0,74
at the ground surface to 0,68 at the bottom of the mesh for 
subloading tij model. For Camclay model, a constant initial void
ratio eo=0,71 was assumed corresponding to the average of the
initial values used in subloading tij model. 

The slope was excavated in four layers of 1.5 m each. Before
a new layer excavation, the corresponding nail line of the layer
above was activated, aiming to simulate a real situation. The ex-
ternal loads due to the excavation were automatically computed
and applied incrementally. In every increment, iterations were
performed until the equilibrium error was less than 1% of the
norm of the external loads.

Figure 8 shows zones of deviatoric strains for both models. It 
can be observed that in a zone with about the same extension,
the deviatoric strains computed with subloading tij model
(εd>0.025) are about five times higher than those compute with
Cam clay model (εd>0.005).

  (a)  (b) 

Figure 8. Zone of deviatoric strains (a) Cam clay (εd>0.005); (b)
subloading tij (εd>0.025).

Figure 9 shows the profile of horizontal displacements along 
the vertical excavation. Maximum displacements at the top of
the excavation computed with subloading tij model were about
five times larger than those computed with Cam clay model.
This happens because Cam clay model overestimates strength
for stress paths in extension as one would expect for many
points during the excavation process. Thus some points have al-
ready reached failure (and hence reduced stiffness) when the
simulation uses subloading tij model, but the same point can
still mobilize strength (and shows relatively higher stiffness)
when Cam clay model is adopted.

This is illustrated in Fig. 10, which shows the stress path in 
p-q space for the center of element 96 shown in Fig. 8(b). The
final stress point reached the failure line of Matusoka-Nakai
(MN) criterion under extension for subloading tij model, while 

for Cam clay model the final point did not reach the failure line
given by Drucker-Prager (DP) criterion.

Higher horizontal displacements in the vertical face of the
excavation slope tend to impose higher extension levels to the
reinforcement bars. This reflects in higher axial loads in the bars
when the soil behavior is simulated using subloading tij model 
as illustrated for the lower bars in Figure 11.

12

13
14

15

16

17
18

19

-300 -200 -100 0

Horizontal displacem ent (m m )

he
ig

ht
 (m

)

Camclay

subloading tij

Figure 9. Horizontal displacements along vertical cut.

0

50

100

150

200

250

300

350

0 100 200 300 400
p (kPa)

q 
(k

Pa
)

Camclay

Sub-tij

Mext(MN)

Mext(DP)

Cam clay

Figure 10. Stress paths at element 96. 

-140
-120
-100

-80
-60
-40
-20

0
0 2 4 6 8 10

length (m )

A
xi

al
 fo

rc
e

(k
N

)

Camclay

tij subloading

Figure 11. Axial forces in the lower bars.

6 CONCLUSIONS

El. 96 This paper presented a technique to simulate reinforced soils us-
ing passive reinforcements, in which the bar stiffness is added
to that of the trespassed solid element. This technique was de-
veloped to support three-dimensional analyses, being independ-
ent of solid element type, domain discretization or constitutive
model of the solid element.

The technique was applied to analyze the three-dimensional
excavation of a vertical slope using Cam clay and subloading tij
models to simulate the soil behavior. The results emphasize the
importance of the constitutive model under these conditions,
mainly when extension stress paths are predominant. Cam clay
model overestimates strength, besides underestimating soil dis-
placements and the axial forces in the bars. Therefore, the use of
Cam clay model in these circumstances is highly against safety.
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