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ABSTRACT
Hydraulic fracturing, is defined as the process of initiation and propagation of cracks due to fluid pressure at relatively high flow rates in 
cohesive soil. Fractures in cohesive earth layers are desired for a variety of reasons, including enhanced oil and gas recovery, re-injection 
of drilling or other environmentally sensitive wastes, measurement of in situ stresses, geothermal energy recovery, and enhanced well 
water production. These fractures can range in size from a few meters to hundreds of metes and their cost is often a significant portion of 
the total development cost. In locations where the in situ stress field, including the directions, is known and the oil well-bore is aligned 
with one of the far-field principal stresses, the hydraulic fracture geometry can be predicted and controlled with reasonable accuracy. 
Numerical simulations and an accurate elastic-plastic model may be used to evaluate and predict the location in three dimension medium, 
orientation and extent of hydraulic fractures. 
Efficient numerical simulation of 3-D hydraulic fracturing requires two key components. The first is a capability for representing and 
visualizing fracture geometries and the second is a method to solve the highly non-linear coupling between the equations of fluid flow in 
the fracture and the deformation and propagation of the fracture. The first component may be partitioned into several sub-components,
including geometrical and topological solid modeling tools, routines to model geometry and topology changes for fracture propagation, 
visualization of historical response information, and analysis control information. The second component consists of a stress analysis 
procedure, fluid flow simulation capabilities, and a method for coupling the solid skeleton structure response with the fluid flow, including 
rules for determining hydraulic fracture propagation and probable internal mechanism of widening/closing and sliding bands. 
In this paper a multi-plane elastic-plastic model developed as a simulator that includes all of these components for modeling fully 3-D, 
hydraulic fracture propagation. This simulated framework treats hydraulic fracturing as quasi-static process, and the solution consists of a 
series of snapshots in time of the fracture geometry, fluid pressures, and crack opening displacements. 

RÉSUMÉ
La rupture hydraulique, est définie comme processus de déclenchement et de propagation des fissures dues à la pression du liquide aux 
débits relativement élevés dans le sol cohérent. Des ruptures dans des couches cohésives de la terre sont désirées pour une variété de 
raisons, y compris le rétablissement augmenté de pétrole et de gaz, l're-injection du forage ou autre pertes dans l'environnement sensibles, 
mesure des efforts in situ, géothermique rétablissement d'énergie, et production augmentée d'eau de puits. Ces ruptures peuvent s'étendre 
dans la taille de quelques mètres aux centaines de distribue et leur coût est souvent a partie significative de tout le coût de développement. 
Dans les endroits dans où le champ de contrainte de situ, y compris les directions, est connu et le puits d'huile est aligné avec un des 
principaux efforts de loin-champ, la rupture hydraulique la géométrie peut être prévue et commandée avec l'exactitude raisonnable. 
Numérique des simulations et un modèle précis de élastique-plastique peuvent être employés pour évaluer et prévoyez l'endroit dans le 
milieu, l'orientation et l'ampleur de trois dimensions de ruptures hydrauliques.
La simulation numérique efficace de la rupture 3-D hydraulique exige la clef deux composants. Le premier est des possibilités pour 
représenter et visualiser la rupture les geometries et la seconde est une méthode pour résoudre l'accouplement fortement non linéaire entre 
les équations du flux de fluide dans la rupture et la déformation et propagation de la rupture. Le premier composant peut être divisé dans 
plusieurs sous-composants, y compris modeler plein géométrique et topologique outils, routines pour modeler la géométrie et des
changements de topologie pour la rupture propagation, visualisation d'information historique de réponse, et analyse paramètres. Le 
deuxième composant se compose d'une analyse d'effort procédé, possibilités de simulation de flux de fluide, et une méthode pour coupler 
réponse squelettique pleine de structure avec le flux de fluide, y compris des règles pour détermination de la propagation hydraulique de 
rupture et du mécanisme interne probable de bandes de widening/fermeture et de glissement.
En cet article un modèle de élastique-plastique d'multi-avion développé comme simulateur cela inclut tous ces composants pour modeler 
entièrement 3-D, rupture hydraulique propagation. Ce cadre simulé traite la rupture hydraulique As le processus quasistatique, et la 
solution se compose d'une série d'instantanés dedans période de la géométrie de rupture, des pressions du liquide, et des déplacements 
d'ouverture de fente.

1 INTRODUCTION 

Hydro-fracturing is often less effective for deviated well-bores 
as compared to deviated to traditional vertical wells. This 
feature may be attributed to a poor understanding of the 
mechanisms of fracture initiation and propagation from a 

deviated well-bore. The stress state that is generated around an 
inclined well-bore may be considered that the fracture 
propagates with a complex geometry (Weijers and de Pater, 
1992, Abass et al., 1996). This complex stress state associated 
with fracture geometry can limit  the fracture width at the well-
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bore and hinder the injection of proppant into the fracture 
leading to fracture premature screen-out (Soliman et al., 1996).  

According to the proposed models and frameworks, in 
addition to inadequate modeling of fracture geometry many of 
the current hydraulic fracturing simulations do not predict the 
correct well-bore fluid pressure or fracture geometry even for 
planar fractures (Van den Hoek et al., 1993).  

A multi-plane based model capable of predicting the 
behavior of porous material on the basis of sliding mechanisms 
and elastic behavior of particles has been already presented 
(Sadrnejad, 1993).  

2 MULTI-LAMINATE MODEL  

The task of representing the overall stress tensor in terms of 
micro level stresses and the condition, number and magnitude of 
contact forces has long been the aim of numerous researchers 
(Christofferson, et. al., 1981, Konishi, 1978, Nemat-Nasser, et. 
al., 1983). The first multilaminate model presented by 
Zienkiewicz et. al. 1977. A multilaminate model for granular 
material was developed by Sadrnejad , et al. 1987, and 
Sadrnejad, 1990. Also, a micro-plane model was developed by 
Bazant, et. al, 1983.  
   Multi-plane framework defined by small continuum structural 
units formed as an assemblage of particles and voids filling 
infinite spaces between the sampling planes, has appropriately 
justified the contribution of interconnection forces in overall 
macro-mechanics. Plastic deformations are assumed to occur 
due to sliding as shearing, separation/closing of the boundaries 
as volume change. Figure 1 shows the arrangement of artificial 
polyhedron simulated by real soil grains. The polyhedrons are 
roughly created by 13 sliding planes passing through each point 
in medium. The location of tip heads of normal to the planes 
defining corresponding direction cosines are shown on the 
surface of unit radius sphere.  

Figure 1 polyhedrons, and sampling points 

3 CONSTITUTIVE EQUATIONS 

The increment of elastic strain (d�e ) is related to the increments 
of effective stress (d� ) by: 

d�e = [De]-1 d�                                (1)

   For the soil mass, the overall stress-strain increments relation, 
to obtain plastic strain increments (d�p), is expressed as: 
d�p = Cp . d�                                (2)

Figure 2 Direction cosines, weight coefficients, 
Demonstration of 13 planes 

where, Cp is plastic compliance matrix. Clearly, it is expected 
that all effects of plastic behavior be included in Cp. To find out 
Cp, the constitutive equations for a typical slip plane must be 
considered in calculations. Consequently, the appropriate 
summation of all provided compliance matrices corresponding 
to considered slip planes yields overall Cp, therefore, strain 
increment at each stress increment is calculated as follows: 
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where, L� and L� are transformation matrices for strain and 
stresses, respectively and n is number of planes. 
     A sampling plane is defined as a boundary surface that is a 
contacting surface between two structural units of polyhedral 
blocks. These structural units are parts of an heterogeneous 
continuum and for simplicity they are defined as a full 
homogeneous and isotropic material. Therefore, all 
heterogeneities behaviour are supposed to appear in inelastic 
behaviour of corresponding slip planes.  
     In this constitutive formulation, the yield criterion is defined 
by the absolute ratio of shear stress (�I) to the normal effective 
stress (��ni) on ith sampling plane. The simplest form of yield 
function i.e. a straight line on � versus �n space is adopted. As 
the ratio �/�n increases, the yield surface represented by the 
straight line, rotates anti-clock-wise due to hardening and 
approaches Mohr-Coulomb's failure line and finally failure on 
corresponding plane takes place. 
   The equation of yield function is formulated as follows: 

Fi (�i , �ni , �i) = �i - C�i -  �i �ni               (4) 

where, �i = tan (�i) is a hardening parameter and assumed as a 
hyperbolic function of plastic shear strain on the ith plane. �i is 
the slope of yield line and Ci is cohesion of soil. 
   The plastic potential function is stated in terms of �i and �i for 
the � versus �n space as follows: 

�(�i , �ni) = �i - C� + �c . �ni . loge(�ni / �nic)                 (5) 

where, �c is the slope of critical state line and �nic is the value 
of effective normal stress the ith plane when �i=C�i
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Cpi is a 2x2 matrix and as a whole, represent the plastic 
resistance corresponds to the ith active plane in plasticity and 
must be summed up as the contribution of this plane with the 
others after transforming into 6x6 size in global coordinate. 
Accordingly, the conceptual numerical integration of 
multilaminate framework presents the following summation for 
computing Cp.

where Wi are the weight coefficients and Cp is the global plastic 
compliance matrix corresponding to a single point in the 
medium and L is transformation matrix for the corresponding 
plane. n is the employed number of planes. 

4 PORE PRESSURE AND HYDRAULIC FRACTURE 

Pore water pressure can be divided into static and excessive 
water pressures, and pore spaces are assumed to be saturated 
with water. There are many different cases in structures made of 
saturated soil that built up excess ore water pressure overcame 
the local tensile strength and hydraulic fracture took place on a 
certain orientation. Many investigations presented different pore 
pressure causing hydraulic fracture. Komakpanah (1994) 
experimentally carried out a relation between pore pressure and 
soil strength parameters as follows: 

P f = (1+Sin � u )� h +C u Cos � u                                   (8) 

P f  is pore pressure,  � u , � h  and C u  are internal friction 

angle, lateral stress and cohesion in saturated soil respectively. 
Medeiros et al. (1996) also showed that in cohesive soil, 
hydraulic fracture takes place when the normal effective stress 
on certain orientation is less than tensile strength at that 
orientation. However, in a general case, it could be claimed that 
where ever through the medium the total pore water pressure 
exceeds the existing tensile strength, hydraulic fracture may 
take place along the orientation that satisfy the minimum energy 
level conditions. 
    Proper volumetric coupling based on using average 
water/solid grain bulk modulus yields an analytical model for 
excess pore pressure near crack front. However, the general 
solution for water flow in vicinity of the tip of hydraulic fracture 
propagating in an impermeable solid is a certain steady state 
while the solid skeleton behavior is elastic-plastic. Furthermore, 
according to the investigation carried out by Pak, et al. 1999, 
hydraulic fracture may occur in three modes denoted by nodes 
1, 2 and 3 for tensile separation as in plane shearing and out of 
plane tearing, respectively. However, in undrained condition 
induced by fast occurrence of hydraulic fracture, no leak-off 
may take place during hydraulic fracturing and the mode of 
fracture is most likely tensile. 

5 SAN-FERNANDO DAM FAILURE 

This dam that is located near Los-Angeles city, was failed by 
6.6 richter earthquake on 9th-Feb.-Seed et al.1971, Lee et al. 
1975. According to calibration of model results with two test 

results on non-cohesive and cohesive samples the following 
parameters are obtained. For cohesive soil used in core: 
E=9000 KPa., �=0.3, �=20� , �c=0.98 Tan�, C'=1 KPa., 
A=0.001,�=15 KN/m3 . 
For non-cohesive soil used in dam body except core: 
E=9667 KPa., �=0.377, �=32.62�, �c=0.75 Tan�, C'=0, 
A=0.002,�=16.69 KN/m3 . 
The dam height is 50m, the length is 275m, the height of water 
at the time of earthquake was 36m, and the aim of this 
computation is elastic-plastic behavior during 12 seconds of 
earthquake base acceleration time history. 

6 NUMERICAL MODEL 

The employed time increment is 0.02 second which is much 
shorter than quarter of the smallest time period if earthquake. 
The deformed shape of mid-layer at starting time of failure is 
shown in Figure 3-a. Pore water pressure and effective mean 
stress contours at the starting time of instability are shown in 
Figures 3-b and 3-c, respectively. Zone including, the highest  

pore water pressure and negligible effective mean stress is the 
center where liquefaction was taken place Ishihara, et al. 1985.  
As this stage, first the liquefied zone started to move out of dam 
body and consequently, the upper part slided down. Some time 
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later post-seismic motion may have forced the slided particles to 
settle down and deform more. The ability of the multi-plane 
model and finite element developed program is to identify two 
forms of failure based on shear and tension of defined sampling 
planes. The identified plastic shear strain value for a failed plane 
is %15, and for tension is %5. Figure 3-d shows the failed gauss 
points to introduce the global form of collapsed band. Through 
the elements represented cohesive soil in core, plane number 2 
of gauss point 8 of element number 87 tended to fail upon 
hydraulic fracture. The stress path, strain-stress, shear stress 
history, and the normal stress history of this plane are shown in 
Figure 4-a to 4-d, respectively. Figures 4-e to 4-g are the time 
histories for shear stress, normal stress, and pore water pressure 
on this plane. Figure 5 shows the failed gauss points by tension 
with the most probability of hydraulic fracturing.  

7 CONCLUSIONS 

A unique model capable of predicting the behavior of both non-
cohesive and cohesive, either in saturated or dry condition on 
the basis of sliding mechanisms, elastic behavior of particles 
and a higher effective hydrostatic pressure due to liquefaction in 
non-cohesive and hydraulic fracture in cohesive soil has been 
presented. The concept of multi-plane framework was applied 
successfully in dynamic analysis of three dimensional soil 

structures. This is achieved by the use of a generally simplified, 
applicable, effective, and easily understandable relations 
between micro and macro scales. These relations demonstrate 
an easy way to handle any heterogeneous material property as 
well as mechanical behavior of materials. This, is actually, 
achieved in such a way that the application of some difficult 
tasks such as induced anisotropy and rotation of principal stress 
and strain axes where there is not coaxiality taking place during 
plastic flow, are out of constitutive relations. Accordingly, the 
sampling plane constitutive formulations provide convenient 
means to classify loading events, generate history rules and 
formulate independent evolution rules for local variables. 
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