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ABSTRACT
In this study a series of loading tests on dense sand under a centrifugal force field was carried out, and a newly developed image
analysis method with an accuracy of 0.2 pixels was used to observe detailed deformation of sand models.  Loading tests were also
analyzed using a two-dimensional FE-analysis with a developed double yield surface model, referred as the MMX-model.  The calcu-
lated bearing capacity factor, Nγ , compares well with other reported data and that obtained from classical theory. Load-settlement re-
lationships, displacement and strain distributions at pre-peak, peak, and post-peak stages obtained from the FE-analysis agree well
with those obtained from the loading tests.  The FE-analysis using MMX-model is concluded to be applicable to practical design work
with sufficient accuracy to permit prediction of bearing capacity and deformation behavior of ground.

RÉSUMÉ
Dans cet article, une série de tests de charge sur des sols de sable dense par un champ de force centrifuge a été menée. Une nouvelle
méthode d’analyse avec précision de 0.2 pixel a été développée et utilisée pour observer les détails des déformations des modèles de 
lits de sable. Ces tests ont également été soumis à une analyse par éléments finis à deux dimensions sur un nouveau modèle à double
surfaces d’ écoulement développé et référencé comme modèle MMX. Le coefficient de capacité portante calculé, Nγ , est conforme
avec ceux obtenus par d’autres recherches et par la théorie classique. La relation entre charge et tassement, les distributions de dépla-
cement et de déformation avant le pic, au pic, et après le pic, obtenus par l’analyse par éléments finis, est conforme avec les résultats
des tests de charge. L’analyse par éléments finis utilisant le modèle MMX peut donc être utilisée dans des calculs pratiques avec une
justesse suffisante pour prédire la capacité portante et le comportement de déformation du sol.

1 INTRODUCTION

This paper aims to present a combination of two subjects. The
first is to show deformation mechanisms of sand ground under a
footing in a centrifuge by using an image measuring method de-
veloped by the authors. The second is to demonstrate the accu-
racy of a numerical model with double yield surfaces, devel-
oped by the authors (Xiong et al. (2002)) and referred as the
MMX-model, by comparing a series of analyzed results to those
obtained by the centrifugal model tests. 

With respect to visualization of the deformation of a model,
this has been one of the fundamental challenges since the inven-
tion of the modern geotechnical centrifuge.  Mikasa and Takada
(1973) succeeded in visualizing deformation in sand by using a
multi-exposure technique.  Mikasa et al. (1977) established a
photogrametoric target method and applied it to various defor-
mation problems.  The recent development of digital imaging
technology has promoted application of image measuring in the
geotechnical centrifuge, such as the 3-D target method by Tay-
lor et al. (1998), CCIP method by Ueno et al. (2000), PIV by
White et al. (2003) and the weight residual method by
Michalowski and Shi (2003).  In image measuring, coordination
of measuring points and obtained displacement are discrete be-
cause of spatial restriction due to pixel size.  This restriction re-
sults in serious error during the cumulative analyzing sequence.
The authors developed a pixel-free method to overcome this
disadvantage, and achieved an accuracy of 0.05 pixels for sta-
tionary error and 0.2 pixels for deformed image. 
  Bearing capacity problems are recognized as a bench mark to

verify performance of FE-analysis. De Borst and Vermeer
(1984) succeeded in calculating collapse loads and showed the
possibility of FEM for limit analysis.  Siddiquee et al. (1999)
evaluated the performance of various types of constitutive mod-
els and concluded that models based on the double yielding
concept gave the best fit for results of model loading tests. 

Xiong et al. (2002) succeeded in reproducing load-settlement
curves by using the MMX model.  In this paper, using the
MMX model with an improved FEM program featuring stress
correction and an iterative convergence procedure, the authors 
aim to demonstrate the load-settlement relationship and defor-
mation and failure processes. The performance of the model and
method developed is discussed.

2 EXPERIMENTAL STUDY 

2.1 Image analysis method

An outline of the image analysis is as follows: displacement is
computed between an original image and a deformed image. A 
small referential image with a size of (2n+1)×(2n+1) pixels is
extracted from the original image at a region around an original
coordinate ( ). Another small test image with the same
size as the referential image is extracted from the deformed im-
age around a tentative destination coordinate ( ). Coeffi-
cient of cross correlation R

oo YX ,

dd YX ′′ ,
12 was computed from brightness of

referential and test images v1i and v2i by using Eq. (1).
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The tentative destination coordinate ( ) of the de-
formed image is changed to search for the point giving the
maximum value of R

dd YX ′′ ,

dd Y,

12.  This point can be recognized as the 
destination coordinate ( ) corresponding to the original
coordinate ( ) in the original image.  Repeating the above
procedure with a number of different original coordinates,
whole combinations of ( ) and ( ) in an analyzed
area can be obtained. A steepest gradient method was employed

dd YX ,

oo YX ,

oo YX ,

X
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to obtain precise results of 0.05 pixels for stationary error and
0.2 pixels for deformed images with strain smaller than 30%.

  The behavior of plastic shear deformation was expressed by a 
nonlinear hyperbolic relationship between octahedral shear
stress octτ and plastic octahedral shear strain p ( e ).
Shear modulus is determined from p  relations,
and is expressed as follow:

octγ
oct γ−

octoct γγ −
octoctG τ2.2 Test material and Loading tests 

Material used in the tests was Toyoura sand. The characteristics
are summarized as follows: Maximum grain size, 0.42 mm;
mean grain size, 0.15 mm; maximum dry density, 1.655 g/cm3;
and minimum dry density, 1.363 g/cm3.  Sand models were con-
structed in a rectangular container with dimensions of
400×400×200 mm by an air pluviation method, and 1.6g/cm3 of 
dry density (Dr=94%) was obtained.

2
octffocta

*
mgoct )/1()/( ττσσ RAG SN ⋅−⋅⋅=  (6)

where Ag is an initial tangent of relations; SN, ex-
perimental constant; R

p
octoct γτ −

f, failure ratio; and octfτ is octahedral
shear stress at failure specified by Mohr-Coulomb criterion.
Considering results of plane strain compression tests by Mochi-
zuki et al. (1988), the value of σ2f is determined by assuming a 
coefficient of b=0.25, defined as b =(σ2f −σ3f)/(σ1f −σ3f).

Loading tests were conducted under a centrifugal force field
of 20g using a model footing width B0 measuring 20 mm.  The
centrifuge system used in this study was constructed at Toku-
shima University.  It is of a balanced beam type with 1.55m of 
effective radius, developed by the authors.  The model platform 
was designed to position the container perpendicular to the
plane of rotation in order to reduce the influence of curvature of 
ground surface on acceleration direction.  A digital camera with
a resolution of 5.2 Mega pixels was set up in front of the ground
model to photograph ground deformation during a loading test.

3.2 Finite element analysis and its verification

A two-dimensional plane strain FE-analysis program was de-
veloped to calculate the bearing capacity of a strip footing. An
eight-node quadrilateral isoparametric element with reduced 
two-point Gaussian integration was employed.  Stress correction
was conducted when shear stress exceeded the failure criterion,
and the exceeded stress was applied again. The modified New-
ton-Raphson (MNR) algorithm was employed to obtain the con-
verged solutions.  A preliminary investigation revealed that,
when the displacement increment is less than 10-7, the solution
is accurately converged.  Average number of iterations of every
calculation step in which the solution converged were found to
be approximately 5,000 cycles.

Vertical load with a constant settlement rate of 1mm/min was 
applied on a footing by using a hydraulic jack. Photographs of
the deformation process of the ground used for image analysis
were taken at every 0.5 mm of footing settlement.

The stress condition in the model ground was stabilized by
applying four cycles of lowering-raising the centrifugal accel-
eration prior to loading.  After these cycles, the centrifuge ac-
celeration was raised again from 1g to 20g and maintained for
one minute before the loading operation was initiated. In order to verify the validity of the developed numerical 

analysis program, the bearing capacity factor, Nγ , was analyzed.
Internal friction angles φ of 20, 25, 30, 35, 40, 45 degrees were
adopted.  FE-mesh consisted of 144 elements and 481 nodes, 
and its dimensions were 7.5B0×7.5B0.

  Images used for image analysis measured 2560×1920 pix-
els=4.9 Mega pixels, with a resolution of 0.167 mm/pixel. 

3 NUMERICAL METHOD Figure 1(a) shows the relationships between normalized bear-
ing capacity and footing settlement obtained from FE-analysis.
It is noticed that the collapse loads can be calculated success-
fully by FE-analysis.

3.1 Outline of constitutive model

The constitutive model used in this study is a newly developed
double yield surface model, referred as MMX model (Xiong et 
al. (2002)).  In this model, total strain increment d ijε  consists 
of three different parts: elastic strain increment d , plastic
compression strain increment pcd and plastic shear strain in-
crement ps .

e
ijε

ijε
ijdε

Figure 1(b) shows the comparison between calculated bearing
capacity factor and the results of other researchers. This figure
shows that the results of FE-analysis agree well with the results
of other researchers.  It is concluded that the FEM is sufficiently
ccurate in calculation of the bearing capacity.a

  To represent the behavior of elastic deformation, isotropic
and homogenous elasticity was assumed and material parame-
ters in Hooke’s law, Ee and ν, were determined from results of
cyclic isotropic compression tests.  Stress dependency of
Young’s modulus is expressed by a power function as follow: 
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where σm is mean principal stress; E0 and EN, experimental
constants; and σa, referential stress, equal to 98 kPa.

  To represent the behavior of plastic compression, the associ-
ated flow rule is adopted. The hardening rule is presented by
Eq.(3), where is the yield function; κ*

mc 3σ=f

vε

c0, initial yield
value; and κch, hardening function defined by Eq.(4).  In Eq. (4),
a and b are experimental constants, pH is the hardening pa-
rameter assumed to be the plastic work pW (Eq. (5)), which is 
determined from p -σ

c
c

m relationships obtained from cyclic iso-
tropic compression tests.

(a)  Load-settlement relationships  (b)  Bearing capacity factor, Nγ
Figure 1. Verification of FE-analysis.

3.3 FE-analysis of loading tests 
0)( 0 =+−= chccc fF κκ (3)

Figure 2 shows the FE-mesh (624 elements, 1973 nodes) and
boundary conditions used in the analysis of loading tests.The
mesh size was the same as that used in the image analysis.

bp
cch aHk /1)/(= (4)

� ⋅== pc
ijij

p
c

p
c dWH εσ (5) Load was mobilized by applying prescribed vertical dis-

placements to a footing with B0=20 mm.  The boundary condi-
tion under the footing was ‘fixed’ in a horizontal direction.
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Material parameters used in the analysis of loading tests are
listed in Table 1. Those for plastic shear were obtained from the
σm-constant conventional triaxial compression test. Internal fric-
tion angle φ was increased two degrees and octahedral shear
strain γoct was reduced to 50% in order to obtain those for plane-
strain compression condition according to Mochizuki et al.
(1988).  All specimens used for these element tests were con-
structed by using an air-pluviation method. 

Elastic E0=238.0 MPa,
EN=0.38,ν=0.35

Plastic  a=1.2� 10-4,
compres-  b=1.81,
sion κc0=0.00

    Ag=91.8 MPa,
Plastic SN=0.56, Rf=0.91,
shear  c=0.49kPa,φ=46.8�

Table 1: Parameters

Figure 2. FE-mesh and boundary conditions. 

4 RESULTS AND DISCUSSIONS

Figure 3 compares relationships between normalized bearing
capacity and footing settlement from FEM and those from load-
ing tests under 20g of centrifugal acceleration.  Settlement val-
ues at the peak of bearing capacity obtained by the FE-analysis
coincide well with that of model tests, while the peak of bearing
capacity by FE-analysis underestimates that indicated by model
tests with a 20% scatter. The softening process shown in the
test results is not simulated by the FE-analysis.  However, some
amount of decrease in load is observed in the load-settlement
curve. This is attributed to redistribution of exceeded stress.
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Figure 3.  Relationships between normalized bearing capacity and foot-
ing settlement from FEM, compared with those from loading tests (20g).

Figure 4 shows a comparison between displacement distribu-
tion from loading tests and that from FE-analysis at point (a),
(b), (c) and (d) in Fig. 3.  In Fig. 4, the left-hand diagrams show 
an expansion process of contour lines of resultant displacement 
obtained from image analysis from model test. High deforma-
tion areas are shown by the bulbous shape of contour lines, be-
fore and at the peak concentration in the ground underneath the
footing.  Slip lines and zones in the ground are not observed be-
fore and at the peak.  The movement in these stages is consid-
ered to be due to compaction behavior of ground under the foot-
ing due to settlement. The depth of the deformation area under
the footing is equivalent to that of four times the depth of the
footing width, B0, and the width is four times that of B0, which
is the same conclusion presented by Xiong et al. (2001).  After
the peak, at the softening stage, the deformation expands hori-

zontally, showing a prominent slip zone towards the right-hand
side in the model tests.

In the FE-analysis, before and at the peak stage bulbous-
shaped deformation areas under the footing arise, similar to
those obtained from the model test.  For stages after the peak,
symmetrical movement horizontally was obtained from FE-
analysis, while the prominent direction of movement is toward
to the right-hand side in the model test.

Figure 5 shows a comparison between maximum shear strain
distribution from loading tests and that from FE-analysis.  Fig-
ures on the left-hand side show results observed in the model 
test. In stages before and at the peak, high shear zones, showing
shear strains over 15%, are produced under both edges of the
footing.  It is clear that horizontal movements of solid blocks
besides a wedge underneath the footing is developed predomi-
nantly after the peak. Areas with large shear strains expand in
these stages, and are considered as a type of progressive failure.
  In the FE-analysis shown in the right-hand diagrams, the ex-

pansion process of large shear strains is simulated correctly.
It is shown from the comparisons mentioned above, that the

FE-analysis using the MMX-model can reproduce accurately
the bearing capacity, the settlement at the peak, and the defor-
mation process of a shallow foundation on a sand ground.

5 CONCLUDING REMARKS 

From the good agreement achieved between experimental ob-
servation and both calculated deformation and load-settlement
relationships, it is concluded that the proposed FE-analysis us-
ing MMX-model has sufficient accuracy and is valid for the
prediction of bearing capacity and deformation behavior of
ground in practical design. 
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Figure 4. Measured and calculated displacement distribution for a 20g loading test on a dense Toyoura sand.

Figure 5. Measured and calculated maximum shear strain distribution for a 20g loading test on a dense Toyoura sand.
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