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A pile loaded by horizontal force and moment – theoretical and field load test results
Pieu sollicité par une force horizontale et moment – résultats théoriques et expérimentaux

D. Milovic & M. Djogo 
Faculty of Technical Sciences, Institute of Civil Engineering, Novi Sad, Serbia and Montenegro

ABSTRACT
The results of pile behaviour loaded by a horizontal force and moment are presented. In the theoretical study it was assumed that the
soil behaves like a linear elastic material and that the modulus of subgrade reaction Kh can have any value. The determining of this 
modulus is based on the results obtained by the field cone or standard penetration test. For any shape of pile cross section (circular,
rectangular, ring, H section), for any relative stiffness of a pile, and for any soil model it is possible to calculate the value of horizontal
displacement, rotation, bending moment and shear force at any point of a pile. In the theoretical analysis the finite difference method
was used. In several cases the theoretical results were compared with the values obtained by field load tests

RÉSUMÉ
L’on présente les résultants d’une solution théorique pour des pieux chargés latéralment aussi bien que les résultats des essais de
chargement sur place. Pour le modèle du sol on a supposé que chaque couche dans le système multicouche est caracterisée par une va-
leur quelconque de module de réaction du sol. Les valeurs de ce module ont été déduites par des essais de pénétration statique ou
standard. Pour chaque section du pieu (circulaire, rectangulaire, annulaire, section H), pour n’importe quelle rigidité relative du pieu
et pour chaque modèle du sol, il est possible de déterminer les valeurs des déplacements horizontaux, des rotations, des moments et
des efforts tranchants au n’importe quel point du pieu. Dans l’étude théorique on a utilizé la méthode des différences finies.

1 INTRODUCTION The obtained solutions for horizontal load H0 can be ex-
pressed in the following simple form:

A considerable number of studies has been made over the years
to explain the behaviour of laterally loaded piles. Several au-
thors have published the solutions for horizontal displacements,
rotation, bending moments and shear forces obtained for various
soil models (e.g. Hetenyi, 1946; Matlock and Reese, 1960; 
Banerjee and Davies, 1978; Poulos and Davies, 1980;
Randolph, 1981).
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In recent years laterally loaded piles have also been studied
by methods in which the foundation soil is approximated by a
series of independent elastic springs. Their behaviour is repre-
sented by a series of non-linear p-y curves relating soil reaction
and pile deflection (e.g. Reese et al., 1975; Sullivan et al., 1979;
Murchison and O’Neil, 1984).
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where IUH, IθΗ, IMH and IQH are dimensionless coefficients.
The results of parametric study of single laterally loaded

pile, taking soil yielding into consideration, were presented by
Budhu and Davies (1987). 

Solutions for loading M0 are given in the similar form:
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= (5)Predictions of the behaviour of laterally loaded piles, using

pressuremeter tests and flat dilatometer tests, have been made 
by Campanella et al. (1989). 
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=θ (6)This paper represents an extension of the use of in situ test 
methods in solving the problems related to the behaviour of lat-
erally loaded piles. By means of the finite difference method the
dimensionless coefficients for calculating horizontal displace-
ments, bending moments, rotation and shear forces have been
determined. In this procedure only the modulus of subgrade re-
action of soil is needed. These values can be deduced from in
situ cone penetration tests.
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where IUM, IθΜ, IMM and IQM are dimensionless coefficients.
A computer program Pilecone was developed during this 

study in order to calculate the values of the dimensionless coef-
ficients “I“ in terms of the relative stiffness of a pile, soil model
and cross section of a pile.

2 THEORETICAL SOLUTION

The problem of determining displacement, bending moment,
shear force and rotation for a single pile, loaded by a lateral load
H0 and bending moment M0, was studied by finite difference
method.

The relative stiffness Kr is defined by the expression:
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where D is the diameter of a pile.

where Ep is the modulus of elasticity of a pile, L is the length of
a pile, Ip is its moment of inertia, and Es is the modulus of elas-
ticity of soil. 

Coefficient ξ shows the variation of the modulus of subgrade
reaction Kh with depth:
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modulus at pile base level. It is to note that this program can
also be used for multi layer soil model, each layer having any
value of the modulus Kh.

For illustration, in Fig. 1 are presented the coefficients IUH,
obtained for several values of Kr and for four values of ξ. As
can be seen, for the values of Kr > 0.01 the pile can be consid-
ered as perfectly rigid.
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Figure 2. Geotechnical model at the site of pile test; De Melo and 
Ferreira,1989

In order to show the sensitivity of the analysis to variation of
soil moduli, α = 4 and α = 5, were alternatively used.
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It is also important to note that some disagreement of the re-
sults obtained by various theoretical solutions may also be at-
tributed to the number of elements which has been involved in 
the study. After checking the effect of the numbers of segments,
the pile was subdivided into 100 segments. In this way the satis-
factory precision was achieved.

Figure 3. Measured and calculated H-u relationships

In Fig. 4 are shown the displacements at various depth z, 
calculated by the presented solution and compared with the val-
ues measured by inclinometer.

3 CASE STUDIES

The comparison of the results obtained by the proposed method
with the published results obtained by field load tests of piles
are made for several cases, where cone or standard penetration
tests have been carried out.

De Melo and Ferreira (1989) carried out lateral load test on a
concrete pile with D = 0.8 m and L = 42 m. The results of pene-
tration tests at the site of Guadiana bridge in Portugal are shown 
in Fig. 2. 

The displacements were measured by topographic methods
and by electric inclinometer.

Shown are in Fig. 3 the calculated H-u relationships and 
compared with the field test results. Using penetration test re-
sults the modulus of deformation Es and modulus of subgrade 
reaction Kh were determined by means of the following empiri-
cal expressions: 
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Figure 4. Calculated and measured values of horizontal displacements u 
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As shown in Figs. 3 and 4 the calculated values of displace-
ments u agree remarkably well with the measured values in the
range of loading up to H = 80 kN. However, for the higher load
level the difference become greater.

As shown in Figs. 6 and 7, a satisfactory agreement between
the calculated and measured displacements and moments was
obtained.

Campanella et al. (1989) reported the results of the field load
tests carried out on the site located on the Lulu Island near Van-
couver. The soil profile at the test side, based on sampling and
cone penetration test, is shown in Fig. 8.

Kanai and Yuabuuchi (1988) carried out the field load test 
with steel pipe pile. In this test, for the load H = 100 kN the val-
ues of bending moments were measured. The soil profile with
the standard penetration test results is presented in Fig. 5.

0

10

20

30

40

50

60

70

80

0 5 10 15 20 25 30

Rp (MPa)

z 
(m

)

SAND FILL
SOFT ORGANIC

SILTY CLAY
MEDIUM

DENSE SAND

SOFT NORMALLY
CONSOLIDATED

CLAYEY SILT

NORMALLY
CONSOLIDATED

CLAYEY SILT

0

2

4

6

8

10

12

0 10 20 30 40 50 60 70

SPT (blows N)

z 
(m

)

FILLING
SILTY SAND

SANDY SILT

SAND

D = 0.4m
L = 10m
δ = 6.5mm
maxH = 150kN

SILT

Figure 5. Standard penetration test results; Kanai and Yuabuuchi, 1988

In Fig. 6 are presented the field load test results and the cal-
culated H-u relationships for α = 4 and α = 5.

Figure 8. Soil profile for pile research site; Campanella et al. 1989 

Three piles were laterally loaded and predictions of piles be-
haviour were made by means of flat dilatometer and also by
pressuremeter tests. In Figs. 9-11 are shown the results of the
load-displacement relationships, obtained by field load tests,
pressuremeter tests and flat dilatometer tests (Campanella et al .,
1989).
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Figure 6. Measured and calculated H-u relationships

The comparison between the measured and calculated values
of moments is shown in Fig. 7. 
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Figure 9. Field load test results for pile No 3; D = 0.324m; L = 16.8m;
δ = 9.5mm; maxH = 150kN.
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Figure 10. Field load test results for pile No 5; D = 0.324m; L = 31.1m;
δ = 11.5mm; maxH = 150kN.Figure 7. Measured and calculated values of moments
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5 CONCLUSIONS
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Using the finite difference method, solutions in terms of non
dimensional coefficients for horizontal displacements, bending
moments, rotation and shear forces have been obtained. For any
value of the relative stiffness of a pile, for any shape of pile
cross section and for any soil model these coefficients can be
calculated.

The proposed method requires only one soil parameter,
namely the modulus of subgrade reaction.

The reliability of determining the soil stiffness from labora-
tory tests is often questionable because of the mechanical dis-
turbance of soil samples. Therefore, it is more convenient to use 
in situ tests such as cone penetration tests. This test is highly
economical method for providing information about deform-
ability of soils. Figure 11. Field load test results for pile C; D = 0.915m; L = 94.0m;

The applicability of the proposed method to design practice
is evidenced by remarkable agreement between the predictions
and published results obtained by field load tests. Even for the
two-fold value of the working load the effect of non linearity is
not great and satisfactory predictions of a pile behavior are
achieved with the proposed solution. 

δ = 19mm; maxH = 1100kN.

In the same figures are also shown the predicted H-u rela-
tionships based on the cone penetration test results.

4 DISCUSSION

A number of studies assuming that the soil exhibits a non linear
behaviour has been carried out and several procedures have
been proposed for selecting p-y curves. However, it is known
that the obtained results were not always satisfactory because
the non linear behaviour can be taken into account only in a
very crude manner and the most existing methods for obtaining
p-y curves are hughly empirical (e.g. Randolph, 1981; Murchi-
son and O’Neil, 1984; Campanella et al., 1989; Georgiades et 
al., 1992).
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