
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


Loading history model for small strain behavior of soils 
Un modèle avec histoire de chargement pour le comportement des sols en petites déformations

T.Lânsivaara -  SCC Viatek Ltd., Espoo / Tampere University of Technology, Tampere, Finland 
S.Nordal — Norwegian University of Science and Technology, Trondheim, Norway

ABSTRACT: A newly developed elasto-plastic model that aims to describe the small strain behavior o f soils is presented. In this 
model fundamental features o f small strain behavior, like stress history and direction dependency of stiffness, are accounted for by 
introducing memory points. For convenience the plastic strains are decomposed into three parts providing a volumetric, deviatoric and 
a Coulombian contribution. The latter also includes coupling effects. The parameters of the model can be determined from standard 
laboratory tests. The behavior o f the model is illustrated by examples, were various loading conditions are simulated. The model was 
initially intended for overconsolidated clays, to describe the behavior inside a structural yield surface. However, the basic principles 
are rather general and may be applied for other types of soils as well.

RÉSUMÉ: On présente ici un modèle qu’on a récemment développé pour décrire le comportement mécanique des sols quand les 
déformations sont petites. Les caractéristiques fondamentales de ce comportement, telles que la dépendance de la rigidité du sol de 
l’histoire de contraintes ainsi que de la direction de chargement, sont reproduites grâce à l’introduction de "points de mémoire". La 
déformation plastique est décomposée dans la somme de trois termes, dont les deux premiers sont respectivement la composante 
volumique et déviatoire de la déformation ; quant au troisième, il s’agit d’un terme qui inclut des effets de couplage isotrope- 
déviatoire. Pour le calage du modèle, des résultats d ’essais de laboratoire tout à fait standard sont suffisants. Dans l ’article, les 
caractéristiques du modèle sont évaluées en illustrant sa réponse à divers chemins de chargement plus ou moins complexes. Le 
modèle a été initialement développé pour décrire le comportement des argiles surconsolidées. Et pourtant, les principes de la 
modélisation sont très généraux et peuvent être donc appliqués à une large classe de géomatériaux.

1 INTRODUCTION

It is well evidenced that the behavior of soils in the small strain 
region is nonlinear and influenced by stress history and direc
tion, irrespective of soil type. Initially soil reacts to loading with 
a high stiffness which then decreases rapidly upon further load
ing. If the loading direction is changed a recovery o f stiffness is 
observed. A new elasto-plastic model has been developed to ac
count for these aspects. The model is based on the following two 
leading ideas. Firstly, soil remembers loading history and its 
stiffness depends thus upon how the direction of the load incre
ment relates to previous loading history. Secondly, recent load
ing history has the greatest influence on stiffness, while the ef
fect of earlier stress states is slowly erased by the more recent 
stress states and diminish to zero.

2 MEMORY MODEL

One possibility to account for the loading history dependence of 
stiffness is to apply a finite number n of memory points of, j  = 
l...n , in a loading history model. According to the model the 
stress, (Tj , (or strain) is pulling the memory points behind as 
bricks in a rope. The directions from these memory points to the 
present stress state is given by the memory vector mf  = o; - of. 
All of the memory points corresponds to a different distance 
back in loading history. If the distance from a memory point to a 
new stress state is less than the length of the memory vector (a 
slack rope), the memory point will remain in its position and 
cause no stiffness reduction. If, however, the distance is greater 
than the length of the memory vector, the memory point is up
dated and the stiffness reduces. The amount o f stiffness reduc
tion depends on the angle, 0, between the stress increment and 
the memory vector as illustrated in Figure 1. Softest response is 
obtained in the direction of the memory vector, that is in the di
rection which according to that particular memory point repre-

softest response

Figure 1. The effect of the direction of the stress increment to the stiff
ness contribution o f one single memory point.

sents continued loading. Increasing stiffness is obtained upon in
creasing deviation from the memory vector towards full stiffness 
for stress reversal. The total stiffness reduction is obtained by 
summing up the contributions from all the memory points.

The main principles of the memory model are similar to those 
of the brick model by Simpson (1992). However the plasticity 
formulations are quite different. The memory model does not 
contain any kind of yield or flow criterion, but is only used to 
keep track of loading history for the evaluation of plastic stiff
ness. The memory model determines a stiffness number r e ( 0 , l ) .  
The stiffness number is a similar parameter to the membership 
function used in the Fuzzy set model by Klisinski and others 
(Klisinski 1988, Klisinski et al. 1988 and 1991, Kavli 1993). The 
stiffness number is calculated from Equation 1.
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r  = i - £ A r '  = i - £ cos0 ' w '
i =i > 1

( i)

where n = number of memory points, 9 ' = the angle between 
stress increment and memory vector, w1 = relative weight of the 
individual memory point.

3 ELASTO PLASTIC FORMULATIONS

As in classical theory, the strains are divided into an elastic and a 
plastic contribution. Elasticity is described by a maximum shear 
modulus Gmax and a maximum bulk modulus Kmax. The purpose 
o f the model is primarily to describe the behavior in small to 
medium strain range. For clays this equals to the area inside the 
preconsolidation surface. In several small strain models one or 
more inner yield surfaces are defined in which classical harden
ing plasticity formulations are applied. Herein a different ap
proach was chosen. The plastic modulus is defined with the aid 
o f the stiffness number, not by hardening parameters. The for
mulations used are similar to those used in the Fuzzy set models 
by Klisinski. The plastic strains are decomposed into three parts:

—p —p  ~  p  -~p 
d e  = d e p + d e q + d £ / (2 )

The subscripts p, q and f  refer to volumetric, deviatoric and mo
bilization plasticity. The different plasticity modes can be char
acterized by three fully kinematic yield surfaces, which only de
fine the directions of the plastifying stress increments 
independently for each mode. The volumetric plasticity provides 
plasticity in the hydrostatic axis direction, the deviatoric mode in 
the IT-plane and the mobilization plasticity according to a 
strength mobilization criteria. The volume and shear modes are 
dominant for low and moderate degrees of strength mobilization, 
while the mobilization plasticity provides dilatancy and contrac- 
tancy effets for higher degrees of mobilization. The plastic mul
tipliers for the different plasticity modes are defined by:

dX, = —  { -^ -1  d a  
H f \ d a  J

(3)

where the subscript, i, stands for the different plasticity modes p, 
q and f  The plastic modulus Hi is defined by equations (4)-(6).
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Stiffness number F 

Figure 2. Principle sketches for the plastic modulus Hq and Hp.

4 APPLICATIONS IN TRIAXIAL TEST STRESS SPACE

4.1 Introduction

The performance of the model will be discussed with the aid of 
examples of different loading conditions. The objectivity is to 
put focus on the general ability of the model rather than to com
pare quantitative measures of single examples. Therefore the 
same set o f parameters are used in all examples presented. The 
parameters of the model can be determined from standard labo
ratory tests. The tangential shear modulus reduction curve is an 
essential input data to the model, as it provides the memory 
lengths. However, if no experimental modulus reduction curve is 
available the Kondner hyperbola can well be used (Lansivaara
1999).

4.2 The effect o f  stress history

The effect o f stress history is illustrated by studying the stiffness 
behavior on stress path OD for various stress histories, Figure 3. 
In all cases the stress is first taken to point A, were after various 
stress paths, AOX, AOBOX, AOCOX and AODOX are fol
lowed. The tangential stiffness of the final path OX is given in 
Figure 4. As expected the highest stiffness is found for path 
AODOX with full stress reversal at the beginning and lowest 
stiffness for path AOBOX which continues in previous direction 
after passing point O. Similar results from triaxial tests on Lon
don clay was presented by Richardson (1988, taken from Simp
son 1992).

where ¿'is a positive number a n d / i s  the degree of mobilization 
(Nordal 1983). As can be noted from equations (4) to (6), T = 1 
corresponds to an infinite plastic modulus, resulting thus in 
purely elastic behavior. For T = 0 zero plastic stiffness would be 
obtained. The reduction of T is therefore reduced to a minimum 
value which corresponds to “oedometer” elasticity. Principle 
sketches of the different plastic moduli are shown in Figure 2.

For volume and deviatoric plasticity modes associated flow is 
applied. For the mobilization plasticity a non-associated flow 
rule is used which utilizes a dilatancy angle ^ to  give the relation 
between volumetric and deviatoric strain for the mobilization 
plasticity mode. The value of y/is given as a specific function of 
the degree of mobilization f  and effective mean stress p '.

Figure 3. Simulated different stress histories before final stress path OX.
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Figure 4. Effect o f stress history on path OX predicted by the model.

4.3 The effect o f  stress path direction

A very illustrative example of the influence of stress path di
rection was given by Smith, Jardine and Hight (1992) on Both- 
kennar clay. They conducted stress path controlled triaxial tests 
where samples having the same past stress history were sub
jected to continuous drained probing tests in various directions. 
From these tests they carefully monitored the small strain be
havior for both volume and shear. A similar test procedure is 
simulated numerically by the model as shown in Figure 5. The 
stresses are taken from point A via B to C and then unloaded to 
D. From point D seven different stress-paths are followed to 
points E, F, G, H, I, J and K.

shear reduces more than the distance traveled in deviatoric stress 
space would imply, resulting in a softer response comparing to 
paths DE and DF. Similarly, for path DE the major contribution 
to the reduction of stiffness number comes from the change of 
deviatoric stress and the bulk modulus reduces more rapidly than 
for path DK. A very similar difference between volume and 
shear stiffness reduction can also be found in the results pre
sented by Smith, Jardine and Hight (1992).
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Figure 5. Stress paths used to simulate the influence of stress path direc
tion.

The results given by the model for the final path from point D 
are presented in Figure 6 . As expected the directions H and I 
give the softest response, while stress paths with stress reversal 
like ABCDE, ABCDF and ABCDK give initially the stiffest re
sponse. However, there are some interesting remarks to be made. 
For shear initially the stiffest response is obtained along paths 
ABCDE and ABCDF, while path ABCDK after an initially stiff 
response shows a clearly softer response. For all three stress 
paths a large reduction in stiffness occurs for both shear and vol
ume responses when the stress state exceeds a previous maxi
mum originated from consolidation to point C. For volume path 
ABCDK shows stiffer response than path ABCDE. The differ
ence in between shear and volume responses is caused by the 
stress direction dependency of the stiffness number. For uncou
pled behavior of the model only the change of effective mean 
stress causes volume change and only the change of deviatoric 
stress causes shear strains. Still both the change of effective 
mean stress and deviatoric stress contributes to the reduction of 
the stiffness number. Therefore, for path DK the stiffness for

Figure 6 . Tangential shear and bulk modulus as predicted by the model 
for the different stress paths shown if Figure 5.

4.4 Drained cyclic loading

The combination of a increasing mobilization plasticity for 
higher degrees of mobilization and a infinite plastic modulus af
ter stress reversal provides means to describe strain accumula
tion realistically. The higher the degree of mobilization is before 
a load cycle the more strain while accumulate. An example of 
such behavior predicted by the model is given in Figure 7, where 
accumulated shear strain is given as a function of cyclic shear 
stress and cyclic mobilization level. The abbreviation fcyc is used 
for the degree of mobilization at the top of the loops. The be
havior predicted by the model with increasing strain accumula
tion with both increasing cyclic shear stress and degree of mobi
lization is in accordance with experimental observation 
presented for example by Andersen et al. (1988).

10 T

5 10 15 20 25 30 35 40 
Cyclic shear stress Aq [kPa]

Figure 7. Strain accumulation predicted by the model in one-way drained 
cyclic loading at a cell pressure o f 50 kPa.
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Figure 8. Example of 54 undrained load cycles with Aq = 20 kPa at four different stress levels

4.5 Undrained cyclic loading

An example of undrained cyclic loading behavior predicted by 
the model is presented in Figure 8 . A cyclic loading amplitude 
equal to Aq = 20 kPa was applied at four different initial stress 
states. In case A and B the initial undrained loading was started 
from an isotropic stress equal to 70 kPa, while the initial con
fining pressure was 10 and 35 kPa in cases C and D. In case A 
the cyclic loading was started from a deviatoric stress of 50 kPa 
and in the other three cases from a deviatoric stress o f 23 kPa. In 
all cases 54 load cycles were simulated, which in case A caused 
failure. In case B the accumulation of strain and pore pressure 
were much smaller due to the low mobilization level. In case C 
negative pore pressures were induced due to a positive dilatancy 
angle for small mean effective stresses. By input the dilatancy 
shifts from dilatancy to contractancy at 35 kPa which causes for 
case D only some strain accumulation and no pore pressure ac
cumulation. Below 35 kPa dilatancy is modeled while an in
creasing contractancy is modeled for increasing mean effective 
stress. The change of dilatancy behavior with effective mean 
stress is often found in laboratory tests. By choosing the stress 
dependency of the dilatancy angle differently one could, how
ever, also model merely contractive behavior. The increase of 
pore pressure accumulation with increasing mobilization is also 
often found in laboratory tests (for example Andersen et al. 
1988).

5 CONCLUSIONS

A newly developed elasto-plastic model that accounts for the 
small strain behavior of soils is presented. The model is not yet 
implemented in a FEM code but has been tested at the stress 
point level. The model utilizes memory points to describe stress 
history and direction dependency of stiffness. The model was 
initially developed for the overconsolidated region of clays, to 
describe the behavior inside a structural yield surface. However, 
there is nothing fundamentally clay related in the model, thus it 
can be applied for other types of soils as well. The parameters of 
the model are generally well defined and can be determined from 
standard laboratory tests (Lansivaara 1999).

The behavior of the model was exemplified for different 
loading conditions using the same set of parameters. The exam

ples showed that the model comprises several essential charac
teristics o f low strain level soil behavior within a relatively sim
ple framework and with consistent parameters. A more 
comprehensive description of the model can be found in Lansi
vaara (1999).
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