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Reference threshold shear strain of soil. Its application to obtain an unique 
strain-dependent shear modulus curve for soil

Deformation de cisaillement limite de référence des sols. Utilisation pour obtenir une relation unique 
entre le module de cisaillement et la deformation de cisaillement

Jaime Alberto Dos Santos & Antonio Gomes Correia - Technical University of Lisbon, 1ST, Portugal

ABSTRACT: The purpose of this paper is to investigate the shear modulus degradation of soil. The study is based on a key parameter 
defined previously by the authors and called reference threshold shear strain. This parameter is defined as the shear strain for a 
stiffness degradation factor of G/Go=0.7, in which G0 is the very small strain shear modulus and G the secant shear modulus. The 
influence of some important factors on the reference threshold shear strain is discussed in this paper. Based on a previous proposed 
normalisation methodology it is possible to define some unified relationships that allow the assessment of shear modulus degradation

RÉSUMÉ: L'object de cet article est d'étudier la dégradation du module de cisaillement des sols. L'étude est basé dans un paramètre 
clé défini par les auteurs, la deformation de cisaillement limite de référence. Ce paramètre est la deformation de cisaillement pour un 
facteur de dégradation G/G0=0.7, où G0 est le module de cisaillement dans les très petites déformations et G est le module de 
cisaillement sécant. L'influence de quelques facteurs importants dans la deformation de cisaillement limite de référence est discutée 
dans cet article. Basé dans une normalisation déjà présentée, il est possible de définir un rapport unifié qui permet d'évaluer la 
dégradation du module de cisaillement des sols.

1 INTRODUCTION

The evaluation of soil stiffness is one of the major issue in 
geotechnical engineering. It is well known that the stress-strain 
behaviour o f soil is highly non-linear and soil stiffness may 
decay with strain.

In many practical cases the ground response can be estimated 
using simple one-dimensional models. For these cases the 
non-linear stress-strain behaviour of soil can be described simply 
by means of an operational secant stiffness.

The purpose of this paper is to investigate the shear modulus 
degradation of soil with strain. The study is based on a key 
parameter defined previously by the authors and called reference 
threshold shear strain Yr or y01 (Santos & Gomes Correia 2000, 
Gomes Correia et al. 2001). This parameter is defined as the 
shear strain for a stiffness degradation factor of G/G0=0.7 in 
which G0 is the initial shear modulus for very small strain 
(7 =10 '6) and G is the secant modulus of soil.

Based on this key parameter almost a unique strain-dependent 
shear modulus degradation curve can be defined using a 
normalised shear strain given by: Y* =7/70.7 (Santos 1999).

In this paper laboratory data is used to show the validity of 
the proposed methodology and general trend of possible values 
of Y0.7 is presented.

2 UNIQUE STRAIN-DEPENDENT SHEAR MODULUS
CURVE FOR SOIL

It is well known that the strain-dependent curves G/G0 depend 
mainly on soil plasticity in cohesive soils (Vucetic 1991) and is 
affected by the mean effective stress in cohesionless soils 
(Ishibashi & Zhang 1993). But is was found that all the 
influences of these factors can be considered in a simple form 
when using the normalised shear strain 7* defined previously.

The meaning of the key parameter y0 i which is a reference 
threshold shear strain is closely related to the concept of 
volumetric threshold shear strain Yv (Vucetic 1994) which 
represent the limit beyond which the soil structure starts to 
change irreversibly: in drained conditions permanent volume

change will take place, whereas in undrained conditions pore 
water pressure will build up.

In a more practical point of view, the reference threshold 
shear strain defines the beginning of significant stiffness 
degradation.

These evidences suggest the idea to perform the 
normalisation using the reference threshold shear strain and it 
was shown that it is possible to define almost a unique 
strain-dependent stiffness degradation curve for sands and clays. 
Figure 1 shows how the results o f Vucetic & Dobry (1991), and 
Ishibashi & Zhang (1993), can be fitted inside two simple 
boundary curves, for soils with different plasticity index (PI=NP 
to 50%) and subjected to confining pressure varying between 1 
to 400kPa.

ry*

■ I s h i b a s h i  & Z h a n g ( 1 9 9 3 ) :  P I = N P  ; p ' = l , 1 0 , 5 0 , 2 0 0 , 4 0 0 k P a

•  I s h i b a s h i  & Z h a n g ( 1 9 9 3 ) :  P I = 5 0 %  ; p ’= l , 1 0 , 1 0 0 . 2 0 0 , 4 0 0 k P a

* V u c e t i c  & D o b r y ( 1 9 9 1 ) :  P I = N P - 5 0 %

—  P r o p o s e d  c u r v e s  [ S a n t o s ,  1 9 9 9 ]

Figure 1 -  Stiffness degradation curves in 7* scale
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Santos (1999) proposed two simple equations to define the lower 
and upper bound values of G/G0 as a function of y* (for
10 '6<Y<10 '2):

l o w e r  b o u n d
1 -  t a n h [ 0 . 4 8  ■ l n ( y  * / l . 9 ) ]

,Y *  <  I O-4 

,Y*  >  1 0 ”2

( 1)

quite similar in shape. The stiffness at very small strains is 
approximately constant up to a threshold strain which the secant 
stiffness decays rapidly.

Based on the proposed normalisation only two parameters are 
needed to characterize the non-linear secant stiffness of soil:
1) the initial modulus G0 which define the rigidity of soil at very 

small strains;
2) the reference threshold strain Yo.7 which characterize the 

degree of non-linearity for medium strain level.
The basic idea of this approach is in agreement to that 

proposed recently by Atkinson (2000).

u p p e r  b o u n d
Y *  -0 .1  

l - t a n h [ 0 . 4 6 - l n (  f 3 4  )]
,Y*  >  1 0 “1

(2 )

O

u

A hyperbolic function can also be used to fit test results in a 
more easy way (Teachavorasinskun et al. 1991, Gomes Correia 
et al. 2001). Simple regression analysis shows that the previous 
boundary curves can be fitted by a mean curve defined by the 
following relationship:

G/G0 = 1 /  [ 1 + a x  (Y/Y0.7)] (3) ' y *

Based on the least squares method the best fitting was obtained 
with a=0.385 and is shown in Figure 2.

O

o

E q u a t i o n s  ( 1 )  & ( 2 ) -------- E q u a t i o n  (3 )

Figure 2 -  Proposed stiffness degradation curves in y* scale

The validity of the proposed curves was confirmed based on 
previous results of Vucetic & Dobry (1991) for clays and 
Ishibashi & Zhang (1993) for sands (Figure 1). In addition recent 
laboratory data obtained by resonant column can be used to 
validate the proposed methodology.

Figure 3 presented by Gomes Correia et al. (2001) shows an 
attempt to generalize the proposed methodology to Brazilian 
tropical soils: lateritic and saprolitic soils. Despite the different 
isotropic consolidated stresses, degree of saturation and 
overconsolidated ratios of more than 60 resonant column tests, 
all results are in good agreement after normalisation.

Perhaps it is hard to believe that test results can be fitted so 
well with the proposed curves defined by equations (1) and (2 ) 
or equation (3) for mean values. Indeed, the non-linear soil 
stiffness can be described by degradation curves which are all

E q u a t i o n s  ( 1 )  & (2)  

B r a z i l i a n  t r o p i c a l  so i l s

E q u a t i o n  (3 )

Figure 3 -  Stiffness degradation curves in y * scale fo r  
Brazilian tropical soils

3 G0 AND Yo.7 EVALUATION

A considerable number of empirical relationships have been 
proposed for estimating initial shear modulus for different kind 
of soils: Hardin & Richart (1963), Hardin & Black (1969), 
Iwasaki & Taksuoka (1977), (Marcusson & Wahls 1972, 
Kokusho 1982, Kokusho & Esashi 1981 and Nishio et al. 1985) 
in Ishihara (1996). These relationships take the general form:

G0= A (B-e)2/(l+e) p'r (4)

A, B and n are material parameters.
More recently, another empirical void ratio function of the 

form F(e)=e'x was proposed by other researchers: Lo-Presti 
(1998) and Biarez et al. (1999).

Based on available laboratory data mentioned before and 
including some experimental results obtained by the authors 
(resonant column tests), Santos (1999) proposed two unified 
curves that represent the lower and upper bound values of G0:

G0 = 4000 e' 13 p ' °5 , for the lower bound 

G0= 8000 e 11 p '0 5 , for the upper bound

(5)

(6 )

These curves and the experimental data are represented in 
Figure 4 for a given value of p'=100kPa. It is remarkable to 
observe that, in general, the experimental data lie between the 
two bound curves. It is also important to emphasize that the data 
plotted in Figure 4 represent many experimental results obtained 
by different authors using several type of testing technique 
(seismic test, resonant column test, cyclic torsional shear test, 
cyclic triaxial test with local measurements).
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■ H a rd in  & R ic h a r t (  1 96 3) :  O t t a w a  sand □  I w a s a k i  & T a k s u o k a ( 1 9 7 7 ) :  s an ds o S a n to s (  1 99 9) :  u n i fo rm  c lea n  s an d

• S a n to s (  1 99 9) :  c l a y e d  san d t  H a rd in  & B la c k (  1 969) :  s a n d s  and  c lay s V M a r c u s o n  & W a h l s (  1 97 2) :  kao l in i te

X M a r c u s o n  & W a h l s (  1 97 2) :  b e n to n i t e a  K o k u s h o (  1 982) :  a l lu v ia l  c lay X S a n t o s ( 1 9 9 9 ) :  a l luv ia l  c lay

A S a n t o s ( 1 9 9 9 ) :  pea t +  K o k u s h o  & E s a sh i (  1 98 1) :  c ru s h e d  rock m K o k u s h o  & E s a s h i (  1 981) :  r o u n d  g ra v e l

Oil N is h i o  e t  al.( 1 98 5) :  g r a v e l

Figure 4 - Empirical relationships fo r  G0

So, the proposed curves seem to be a consistent tool that can 
be applied for sands and clays as a guide for practical purposes. 
Some discrepancies were observed only in one particular case 
for a crushed rock material. Indeed, for gravels the proposed 
bound curves may not be recommended because the exponent n 
shows also some dependency on the coefficient of uniformity, 
Lo-Presti (1998). Similar conclusions can be taken for any other 
value of p'.

As mentioned before the meaning of the reference threshold 
shear strain is closely related to the concept of volumetric 
threshold shear strain Yv.

According to Dobry et al. (1982) for many different sands Yv 
is approximately lO'4 while for clays the value can be one order 
of magnitude larger.

In practice, the value o f Yv is not easy to determine and so for 
normalisation purposes a reference shear strain y07 was 
suggested.

Its value increase with the plasticity index and the strain rate 
in cohesive soils and with the mean effective stress in 
cohesionless soils.

In order to get just a general trend of possible values of y 0.7 

some calculations were done using the relationships suggested 
by Ishibashi & Zhang (1993). Those authors proposed some 
empirical relationships for the assessment of the strain- 
dependent shear modulus curve as a function of the plasticity 
index PI and the mean effective stress p'. Values of y07 were 
computed for 0 < PI < 200% and lkPa < p' < 400kPa. These 
values define the general trend represented in Figure 5.

This figure confirms the values indicated by Dobry et al. 
(1982) but emphasize the great importance of the mean effective 
stress in sands and low plasticity clays. For a sand the 
strain-dependent shear modulus curve rises with the increasing 
of the mean effective stress and its stiffness decays less at a 
given shear strain. This aspect is particularly important for the 
evaluation of the seismic response of a deep sand deposit.

In practice, for a particular sand or a low plasticity clay the 
effect of the mean effective stress is dominant on the 
determination of y 07. For these cases empirical correlations 
between and the consolidation pressure p '0 can be established 
by laboratory determinations. Figure 6 is an example of this 
approach applied to Brazilian lateritic and saprolitic soils 
(Gomes Correia et al. 2001).

Y o .7

Figure 5 -  General trend o f  possible values o f  y0-.

V/.Uv I

10 100

Po ( k P a )

Figure 6 -  Relationships between Yo.7 andp '„ fo r lateritic and 
saprolitic soils
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It is opinion of the authors that it is not easy to define unified 

relationships for y0 7 because it can be affected by many factors. 

For large or critical projects direct experimental determinations 

of Yo 7 may be more appropriate.

4 CONCLUSIONS

This paper showed the possibility to define some unified 

relationships that allow the assessment o f shear modulus 

degradation of soil at small to medium strain level (10'6< y<10'2).

The study is based on a key parameter called reference 

threshold shear strain Y0.7- This parameter is defined as the shear 

strain for a stiffness degradation factor of G/G0=0.7. Based on 
this key parameter almost a unique strain-dependent shear 
modulus degradation curve can be defined using a normalised 
shear strain given by: Y*=Y Ŷo.7' The validity of the proposed 
curves was demonstrated by fitting tests results.

The influence of some important factors on the reference 
threshold shear strain was discussed and a general trend of 
possible values of Y0.7 was presented.
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