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Small strain stiffness on anisotropic consolidated state of sands by bender 
elements and cyclic loading tests

La rigidité en petites déformations des sables avec consolidation anisotropique, au moyen des essais 
sismiques (Bender Elements) et des essais cycliques

S.Yamashita & T.Suzuki -  Kitami Institute ol Technology, Kitami, Japan

ABSTRACT: To examine the effects o f  the anisotropic stress and the direction o f  principal stress axis at consolidation on the initial 
stiffness, a series o f bender elements (BE), cyclic triaxial and torsional tests were performed under various stress conditions on Toy- 
oura sand and a volcanic ash sand. In the BE test, the shear wave velocity was measured on three different directions. In the cyclic 
loading test, sand specimens were anisotropically consolidated under the several stress ratios and direction o f principal stress, and 
were subjected to small strain loading cycles (0 .0 0 1%) under anisotropic consolidated states.

RÉSUMÉ: On a réalisé des essais sismiques (capteurs piézo-électriques - BE), triaxiaux et torsional cycliques sur des échantillones de 
sable de Toyoura et sur un sable volcanique en different conditions pour étudier les effects de la consolidation anisotrope et de la di
rection de la contrainte principale. La célérité des ondes de cisaillement a été déterminée en trois different directions pendant les es
sais sismiques. Pendant les essais cyclique, les échantillones de sable ont été soumis a consolidation anisotrope avec différents rap
ports de les contraintes de consolidation et directions de le contrainte principale. Après la consolidation, les échantillones ont été 
soumis à des petites déformations cycliques (0 .0 0 1 %).

1 INTRODUCTION

It has been generally recognized that the shear modulus o f sand 
can be expressed by means o f an empirical equation as a func
tion o f void ratio, confining pressure and strain level. It is also 
well known that the small strain shear modulus Gmaz is inde
pendent o f the magnitude o f normal stress on the plane through 
which the shear body wave propagates (e.g. Roesler 1979). This 
means that, in the case o f shear waves propagating in the vertical 
direction, with the particle motion in the horizontal direction, 
Gmal may be expressed by the following relationship (e.g. Jami- 
olkowski et al. 1995):

Gmaxf p r = S vhF(e)(,o'v / p r )n’ (a'h / p ry> (1)

where Svh = a material constant; &h = effective vertical and 
horizontal stresses; p r = reference stress; and n„ nh = exponents.

On the other hand, Hardin & Bladford (1989) suggested that 
the Young's modulus for elastic compressive strain increments in 
a certain direction is a unique function o f the normal stress in 
that direction. Thus, the small strain Young’s modulus Emax sub
jected to isotropic or anisotropic consolidation may be expressed

Emax/pr=SvF(e)(G'v/prr  (2)
These relations between the initial stiffness and the stress 

state under anisotropic consolidation were evaluated only in

Figure 1. Bender element arrangement.

compression or extension conditions. However, the in-situ sub
soil is subjected to various stress states, where the major princi
pal stress direction is not coincident with the vertical or horizon
tal plane. In this study, the range o f the stress which satisfies the 
above equations and the influence o f the stress anisotropy and 
the direction o f principal stress at consolidation on the initial 
stiffness were examined by the BE and cyclic loading tests.

2 TEST PROGRAM

2.1 Test materials

The sands used were Toyoura sand and graded Kussharo vol
canic ash sand taken in the suburbs o f Tanno Town, Hokkaido, 
Japan. The physical properties o f Toyoura sand are p5 = 2.635 
g/cm3, emax = 0.964, emh, = 0.613, D50 = 0.19 mm, Uc = 1.22, and 
those o f Kussharo volcanic ash sand are p* = 2.562 g/cm3, emal = 
1.973, emh, = 1.253, Dmaj = 2 mm, Dmm =  0.075 mm, Di0 = 0.48 
mm, Uc = 4.46. The specimens were prepared with a dry- 
vibration method (Yamashita & Toki 1993). Dry specimens o f 
100 mm in height, 70 mm in diameter were used for the BE test, 
and saturated specimens o f 20 0  mm in height, 10 0  mm in outer 
diameter and 60 mm in inner diameter were used for the triaxial 
and torsional shear tests. The relative density o f specimens after 
consolidation was 80 %.

2.2 Bender elements test

One pair o f benter elements (BEv h ) was installed on the top cap 
and the pedestal, and two pairs o f  bender elements (BEh h  and 
BEHv) were penetrated into lateral surface o f  specimen in the 
condition where gave negative pressure o f  30 kPa. In the BEv h , 
the direction of propagation o f  the shear wave and the direction 
o f particle vibration are vertical and horizontal, respectively. The 
propagation and vibration directions o f  BEh h  are horizontal, and 
the propagation and vibration directions o f  BEh v  are horizontal 
and vertical, respectively, as shown in Figure 1.

Dry specimens were isotropically consolidated under the con
fining pressure o f 30 to 392 kPa. Some specimens were anisot
ropically consolidated up to sin^ = (cr, - cr3) / (cr, + a }) = 0.5 
(Asin^ = 0.1) under constant vertical stress ou mean principal
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Figure 2. Stress path at consolidation.

Figure 3. Reading points on input and received waves.

stress p  {= (crv + 2ah) /  3} or horizontal stress crh, as shown in 
Figure 2. The shear wave velocities o f three directions were 
measured on each consolidation state (solid mark in Fig. 2) and 
on the condition where it returned to the initial isotropic state. 
The transmitting element was driven by ±10V amplitude waves 
from a generator with a single sinusoidal wave o f different fre
quency and pulse wave. Effective propagating distance and arri
v a l  ( i m p  n f  «¡hear wave were defined by the distance o f tip-to-tip 
o f bender elements and start or peak points o f input and received 
waves, as shown in Figure 3.

2.3 Cyclic loading test

In the cyclic loading apparatus, two kinds o f PC-controlled digi
tal servomotors were used as axial and torsional loading equip-

Toyoura sand, D ,=80%, oc=98 1 kPa, HV-wave
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ments (Yamashita & Suzuki, 1999). After each specimen was set 
up in the cell, the cell pressure was raised to 30 kPa, and carbon 
dioxide and deaired water were percolated through the specimen. 
Subsequently, specimens were isotropically consolidated under 
effective confining pressures o f 58.8, 98.1 or 147.1 kPa and ani- 
sotropically consolidated under the stress path as same as the BE 
test (Asin^ = 0.05). Some specimens were anisotropically con
solidated under an effective mean principal stress o f 98.1 kPa. 
The direction angles o f major principal stress (3 relative to the 
vertical at anisotropic consolidation are 0, 22.5, 45, 67.5 and 90 
degrees, as shown in Figure 2. The coefficient o f intermediate 
principal stress b {= (a \  - o \ ) ! (cr\ - cr’3)} is not constant, be
cause the inner and outer pressures at consolidation are same.

Thereafter, small strain cyclic loading tests (0.001 %) were 
conducted on the specimens at each consolidation state (circle 
mark in Fig. 2). In each state, the specimen was subjected to 
eleven loading cycles performed by applying uniform triangle 
cyclic axial displacement or rotation with a frequency o f  0.1 Hz. 
The cyclic displacement or rotation was applied under drained or 
undrained condition. The equivalent Young’s and shear moduli 
Eeq, Geq are defined by the average value at 2nd to 10th cycles.

3 TEST RESULTS

3.1 Effects o f  shape and frequency o f  input wave

To examine the effects o f the waveform and the frequency o f in
put wave and the reading point o f  received wave on the shear 
wave velocity, sinusoidal waves o f  different frequency (2 to 20  

kHz) and a pulse wave applied to Toyoura specimen consoli
dated under the confining pressure o f 98 .1 kPa. Figure 4 shows 
an example o f input and received waveforms (HV-wave). It is 
found that arrival times defined by start points o f waves A-a (see 
Fig.3) don’t depend on the frequency and waveform o f input 
wave. It is also found that the reading o f  received wave becomes 
difficult, because response o f the received wave becomes low in 
the sinusoidal wave in low frequency and near-field effect 
(Brignoli et al. 1996) in the sinusoidal wave in high frequency 
and pulse wave. Figure 5 shows the relation between the fre
quency o f input wave and the shear modulus defined by the dif
ferent reading points o f the input and received waves (VH-wave). 
The influence o f frequency on the shear modulus defined by 
point A-a for sinusoidal wave is relatively small, and these 
moduli are almost same to that for pulse wave. It is also found 
that these values are almost coincide with Gmax at y  = 10"6 ob
tained from resonant column test (Iwasaki et al. 1978). Therefore, 
in this research arrival times are defined by point A-a. The shear 
modulus is calculated by the average value o f  the shear wave ve
locities in sinusoidal waves o f 5, 10, 15 kHz.

3.2 Effect ofpropagating direction o f  shear wave

Figure 6 plots the relation between the maximum shear modulus
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Figure 4. An example o f input and received waves (HV-wave). Figure 5. Effect o f frequency and waveform (VH-wave).
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Figure 6. Effect of propagating direction.

normalized by a void ratio function F(e) and the normalized con
fining pressure ( c f jp r : p r = 98.1 kPa) in the BE test on isotropic 
consolidated Toyoura and Kussharo specimens. The adapted 
void ratio functions are F{e) = (2.17 - e f  / (1 + e) for Toyoura 
sand (Iwasaki et al. 1978) and F{e) = e for Kussharo volcanic 
ash sand, respectively. The equivalent shear moduli obtained by 
cyclic torsional tests at y =  10'6 on Toyoura sand (Yamashita & 
Suzuki 1999) were also plotted in this figure. It is found that the 
shear moduli o f Kussharo sand are lower than those o f Toyoura 
sand, and the inclinations n o f the straight line o f Kussharo sand, 
that indicates the dependency o f confining pressure, are larger 
than those o f Toyoura sand. This is because the void o f the vol
canic sand is larger than Toyoura sand, and the particle o f vol
canic sand is porous. It is also found that Gh h  *s higher than G vh  
on both sands, and GHy is slightly higher or same to GVH. This 
trend agrees with the result that measured the shear wave veloc
ity o f three directions on the calibration chamber (Stokoe et al. 
1995). It is considered that this reason is the effect o f the fabric 
anisotropy o f specimen. Furthermore, the small strain shear 
moduli obtained from the cyclic torsional test agree almost with 
GVH obtained from the BE test.

3.3 Effect o f  anisotropic consolidation

Figure 7 shows the relation between the vertical or horizontal 
stresses and the shear moduli obtained from the shear wave ve
locity on three different directions G vh , Ghh, Ghi- in the BE test, 
where specimens were anisotropically consolidated under con
stant vertical or horizontal stresses. In this figure, the shear 
moduli were normalized by them at isotropic consolidation. The 
straight line in this figure is obtained from the data o f the range 
o f sin(2> < 0.3. In this range, the relation between the vertical or

horizontal stresses and the normalized shear moduli was almost 
linear relation on logarithmic scale. Its inclination indicates the 
exponent constants nv and nh in Equation 1. Furthermore, the in
clination differed at compressional and extensional consolida
tions. From this figure, it is found that GHH mainly depends on 
the horizontal stress, and GVH and GHV depend on the vertical 
and horizontal stresses. In other word, the shear modulus at 
small strains depends on the principal stresses acting on the 
plane in which the shear modulus is measured irrespective o f 
shear stress. It is also said that the dependency for the stress of 
propagation direction is larger than that o f vibration direction 
{i.e. nlG vti) > n„(GHv) and nh(Gyn) < nh{Gnv)}-

On the other hand, Figure 8 shows the relation between the 
vertical or horizontal stresses and the normalized equivalent 
Young’s modulus Eeq or shear modulus Geq obtained from the 
cyclic loading test on Toyoura specimens. The straight line in 
this figure is obtained from the data o f the range of sin^ < 0.25. 
It is found that the drained Eeq dose not depend on the horizontal 
stress. However, the undrained Eeq slightly depends on the hori
zontal stress even if the vertical stress is constant. This is be
cause the ratio o f undrained and drained Young's moduli under 
the anisotropy stress condition depends on the principal stress ra
tio K  (Tatsuoka et al. 1997, Yamashita & Suzuki 1999). It is also 
found that the Geq obtained from the torsional test depends on 
the vertical and horizontal stresses as same as GVH in the BE test, 
and the dependency for vertical stress is slightly higher than that 
for horizontal stress.

It is seen that the small strain stiffness decrease with away 
from isotropic stress condition for the line defined by the range 
o f sin^ < 0.3 (0.25 in cyclic test). Therefore, to evaluate the de
gree o f reduction, Figure 9 shows the relation between the meas
ured value and the estimated value predicted by the shear

Figure 8. Effect o f anisotropic consolidation (Toyoura sand); a) cyclic 
triaxial test, b) cyclic torsional test.
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Figure 7. Effect o f anisotropic consolidation (BE test); a) Toyoura sand, 
b) Kussharo volcanic ash sand.

Figure 9. Degree of reduction of shear modulus; a) Toyoura sand, 
b) Kussharo volcanic ash sand.
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modulus at isotropic stress condition and n„ nh. The G* in verti
cal axis is Gidcr Jpr)"v((T'hlpr)">'. In the case o f Toyoura sand, the 
degree of reduction to the relation expressed with Equation 1 is 
different at compressional and extensional consolidations. The 
degree o f reduction o f G VH and GHV in the BE test and Geq in the 
torsional test at extensional consolidation is larger than at the 
compressional consolidation. On the other hand, the degree of 
reduction o f GHH at the compressional consolidation is larger 
than at extension. In the case o f the Kussharo volcanic ash sand, 
although the degree o f reduction o f GHH at compression is larger 
than at extension as similar to Toyoura sand, the clearly differ
ence at compressional and extensional consolidation was not 
recognized in G Vh  and GHV.

Figure 10 shows the relation between the measured value and 
the estimated value o f Young's and shear moduli for the different 
direction o f principal stress axis in the cyclic loading test, as 
same as Figure 9. As shown in the figure the degree o f reduction 
to the relations expressed with Equations 1 and 2 is different 
with the direction o f principal stress, and the degree o f reduction 
is largest in 2P = 135°. This seems the effect o f structure distur
bance due to shearing, because the stress state at 2P = 135° is 
most close to failure state in comparison with other stress states 
(e.g. Miura et al. 1986).

Next, to clarify whether such a stiffness reduction occurred 
by the disturbance o f fabric o f specimen, whether occurred be
cause it is the stress condition o f the applicability outside o f 
Equations 1 and 2, Figure 11 shows the change o f the shear 
modulus in the condition where it returned to the initial isotropic 
state. The degree o f reduction o f GVH, GHV in extensional con
solidation is larger than that at compressional consolidation, and
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0

Figure 10. Effect of principal stress direction.
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Figure 11. Change o f  shear modulus after unloading.
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the degree of reduction o f GHH is larger at compression than at 
extension. In addition, the degree o f reduction o f Toyoura sand 
is larger than that o f Kussharo volcanic ash sand. This is consid
ered that the fabric change o f Toyoura sand is larger than that o f 
Kussharo sand in the same stress condition, because the static 
strength o f Toyoura sand is lower than that o f Kussharo sand. 
Furthermore, the degree o f reduction at compressional and ex
tensional consolidation is different on the direction o f the shear 
wave. This seems the effects o f the anisotropy o f structural 
change. In addition, the stiffness at isotropic condition after 
compressional consolidation increased from that at initial iso
tropic condition. This seems the influence o f creep.

4 CONCLUSIONS

1. Gh h  is slightly higher than GVH, and GHV is almost same or 
slightly higher than G vh , on isotropic consolidated state due to 
the effect o f fabric anisotropy o f specimen.

2. The drained Young's modulus at small strains is a unique 
function o f the normal stress in that direction irrespective o f the 
horizontal stress and the shear stress.

3. The shear modulus at small strains depends on the princi
pal stresses acting on the plane in which the shear modulus is 
measured irrespective o f  shear stress.

4. The shear modulus (shear wave velocity) depends on the 
stress o f the shear wave propagation and the soil particle vibra
tion directions. The shear modulus more depends on the stress o f 
shear wave propagation direction than that o f soil particle vibra
tion direction.

5. The measured initial stiffness under anisotropic consoli
dated state decrease gradually from the values estimated by 
Equations 1 and 2 as the stress state approaches to the failure 
stress state. The degree o f reduction depends on the stress o f the 
propagation direction o f  shear wave and the principal consolida
tion stress direction.
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