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Response of L-type embedded foundations to traveling seismic waves

La réponse dynamique des fondations avec une géométrie de forme L à l'incidence des ondes sis 

miques

J.Avilés -  Instituto Mexicano de  Tecnología del Agua, Jiutepec, Morelos, México 

M.Suarez & F.J.Sánchez-Sesma -  Instituto de Ingeniería, UNAM, México, Mexico

ABSTRACT : An efficient indirect boundary element method (IBEM) is applied to compute the impedance functions for L-type rigid 
foundations embedded in a homogeneous viscoelastic half-space. The impedance functions together with the free-field displacements 
and tractions generated along the soil-foundation interface are used to determine the foundation input motion for incident P, SH and 
Rayleigh waves. This is accomplished by application of the averaging method of Iguchi. The main objective is to know how the re
sponse of an L-type foundation with symmetrical wings differs from that of the corresponding enveloping square foundation. The 
foundation soil is characterized by a Poisson’s ratio of 1/3 and a hysteretic damping ratio of 5%. The results should be of use in analy
ses of soil-structure interaction in which the effects of traveling seismic waves are needed to include.

RESUME: La méthode indirect des éléments de frontière (IBEM) est utilisée pour obtenir des fonctions d’impédance pour des fonda
tions rigides présentant une géométrie en forme de L, enterrées dans un demi-espace viscoélastique homogène. Pour l’incidence des 
ondes P, SH et Rayleigh, le mouvement effectif de la fondation est obtenue en utilisent les fonctions d’impédance ainsi que les 
contraintes et les déplacement calcule pour le champ libre. Cela est réalisé par l’application de la méthode proposée par Iguchi. Le 
principal objective est de connaître comment la réponse dynamique des fondations rigides présentant une géométrie en forme L avec 
des ailes symétriques est différent de la réponse de une fondation carrée. Toutes les analyses ont été faites avec un coefficient de Pois
son de 1/3 et un amortissement hystéréctique de 5%. Les résultats seront utiles dans l’analyse d’interaction sol-struture à laquelle les 
effets des ondes sismiques qui passent doivent être pris en compte.

1 INTRODUCTION

Several studies have been carried out to evaluate the effects of 
wave passage for foundations of regular shape (Wong & Luco, 
1976; Luco & Mita, 1987). However, there is little information 
for irregular foundations or configurations that, even being 
symmetrical about one axis, have re-entrant comers the effects of 
which are generally not accounted for in practical applications. 
The most frequent problems due to this issue are related to tor
sion in the structure itself and to torsion and rocking in the foun
dation caused by the travelling seismic waves.

In practice the wave nature of the earthquake excitation is 
usually ignored. Nevertheless, the travelling wave effects cannot 
be overlooked for unusual irregular structures of major impor
tance, because the damping capacity of the foundation depends 
not only on the energy dissipation by hysteretic and radiation 
damping in the soil, but also on the loss of energy by diffraction 
and scattering of the incident waves by the foundation. In the 
evaluation of the input motions, analytical solutions are available 
only for very simple geometries. For complex geometries, a 
number of sophisticated numerical methods have been devel
oped, although the current applications regard only regular 
shapes (Chow, 1986; Betti & Abdel-Gaffar, 1994). This can be 
explained if one considers that the rigorous analysis of kinematic 
interaction demands a substantial computational effort and the 
fact that most foundations have regular forms, mainly rectangu
lar shape.

On the other hand, the use of more elaborate procedures does 
not eliminate the uncertainties that are inherent in the modeling 
of the soil-foundation system and in the specification of the de
sign ground motion. Therefore, approximate methods have been 
highly recommended for design purposes. For the case of em
bedded foundations, a good estimation was achieved by Iguchi 
(1982). This is a remarkably simple and efficient method that al
lows us to determine the overall excitation of arbitrarily shaped 
foundations, providing that the impedance functions are known 
in advance. For regular foundations, it has been proven that the

effects of wave passage can be assessed by this technique (Igu
chi, 1984; Pais & Kausel, 1989).

This work deals with the seismic wave effects on the har
monic response of L-type rigid foundations embedded into a uni
form viscoelastic half-space. The principal objectives are to in
vestigate the effects of foundation shape, embedment depth and 
type of wave excitation. The impedance functions are calculated 
by application of an efficient indirect boundary element method 
(IBEM). The foundation input motion is computed using the 
well-known Iguchi’s method. Numerical analyses are conducted 
on L-type foundations with symmetrical wings excited by hori
zontally incident plane P, SH and Rayleigh waves. Results are 
compared to those obtained for an enveloping square foundation 
defined by the exterior width of the corresponding L-shape 
foundation.

2 ANALYSIS OF IMPEDANCE FUNCTIONS

One of the most complex and time-consuming tasks in analyses 
of soil-structure interaction is the calculation of the impedance 
functions. These dynamic stiffness functions reflect the relation 
between the harmonic force or moment applied on a rigid mass- 
less foundation and its resulting displacement or rotation for 
each degree of freedom of the foundation. The calculation of the 
impedance functions involves the solution of a radiation mixed 
boundary-value problem in elastodynamics. The model consid
ered for the formulation of the IBEM is schematically shown in 
Figure 1, in which a is the exterior half-width of the L-type 
foundation, 1 the longitude of its wings and h the depth of em
bedment. The foundation is assumed to be rigid and perfectly 
bonded to a homogeneous viscoelastic half-space.

In order to apply the IBEM, the contact area between the soil 
and foundation Tf and the portion of the free surface r s should be 
discretized.

Let {Ur}={UI, Uy, UZ}Tbe the radiated displacement field as
sociated with the motion of the foundation when excited by ex-
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temal harmonic forces or moments. The time factor e'a  with cir

cular frequency co applies to all displacement and stress fields. 

For the sake of simplicity, this factor will be omitted from here 

on. The displacement vector in the medium can be represented 

by a single-layer boundary integral as

( 1)

v
i.e.

where I/, (p)=/th component o f  displacement at point p , G, 
(p,£)= displacement Green’s function for the whole space, 

the displacement in direction i at point p  due to a unit harmonic 

force acting in direction j  at point <t>j (£)=unknown force den

sity in direction j  at point and r=r>u r, represents the surface 

along which the integration is made, p  and ^ are the coordinates 

o f the observation and source points, respectively, and the 

sources are located on the boundary F from which waves are ra

diated.

Figure

tions.

1. M odel geom etry and coordinate system  for L shape founda-

vanishing stresses at the free surface and the wave radiation at 

infinity. The last condition is automatically fulfilled when 

G reen’s functions are used. The other conditions are represented 

by the following expressions:

{Ur(p ))  = [a{p)]{Ucy, p e Y f  (3)

{?(*)} = {0}; p e r ,  (4)

where {Uo\={U0x, U0)., U0!, ©a,, 0 ^ , 0 Or}r  is a vector o f pre

scribed motions o f the foundation. Ugj, Uoy and Uoz are the trans

lations at a reference point with coordinates (xo.yo.zo), and ©a,, 

&0y and ©02 are the rotations about the coordinate axes (Figure 

!)• [“ (P)] is given by

l o o

o i o z,

0 0 1 y

y. - y

y.

(5)

Equations 3 and 4 are solved for unit rigid-body motions of 

the foundation corresponding to each o f  its six degrees o f free

dom. Let us assume that the force densities over each boundary 

element are constant. Also, let M  and N  be the number o f ele

ments used to discretize the boundaries Ff and T*, respectively. 

Then the discretization scheme reduces Equations 3 and 4 to a 

system o f 3A/+3N linear algebraic equations with the same num

ber o f  unknowns (p/i;), in which j=x,y,z and \= \ ,2 , . . .M +N- 
The resultant forces and moments acting on the foundation 

are calculated by integrating the contact tractions at the soil- 

foundation interface obtained from Equation 2. This leads to

{^} = u * ( p ) ] r {r(p)}rfT(p) (6)

where {F0}={F0xt M 0„ Moy. Mfc}r  The vector o f contact

tractions {T"(p)} at the interface Ty-may be expressed as

(7)

where [P"(p)] is a 3x6 matrix the columns o f  which represent the 

contact tractions at the soil-foundation interface due to unit rigid- 

body motions o f  the foundation. Substitution from Equation 7 

into Equation 6 results in

{Fci = m { u 0}

in which

[ * ] = J r f W j> )Î[ P U > )W iP )

(8)

(9)

This integral representation allows the computation o f trac

tions by direct application o f  Hooke’s law, except at boundary 

singularities arising when p  = % on the surface I~. By a limiting 

process based on equilibrium considerations around a neighbor

hood of the boundary, the traction vector {T ' \ = { T , T "  , T "} t  

at the surface T can be written as

{ r ( p ) } = ^ i - ^ . ) { ^ , ( p ) } + k ^ ì p . ^ w # ) } ^  (2)

where T" (p) = /'th component o f  traction at point p  on T with 

normal n(p) pointing outside, e = 0.5 if  p  tends to T from inside 

or , e  =-0.5 if the contrary, (p,£) = stress Green’s function. Spi 

= 1 if p  * t, and bp - = 0 i f p  = %. Equations 1 and 2 are the basis 

o f the approach used here. The exact point load solutions that 

constitute the 3x3 Green’s function matrices [Gy{p,t,)] and 

[Si/pfc)] are published elsewhere (Sànchez-Sesma & Luzon, 

1995).

The boundary conditions that have to be satisfied are the dis

placement continuity across the soil-foundation interface, the

The elements o f this matrix represent the impedance func

tions referred to (xo.yo.zo) and can be written in the form

* « . = * 1 ( * ™ + < > 7 0 (1 + ' 20 ; m ,n = x ,y ,z ,& I ,0y,6t ( 10)

where r|=<ùa/7tP is the dimensionless frequency, in which V= S- 
wave velocity, and Ç= hysteretic material damping o f the soil. 

K°m„ is designated static stiffness and k„„ and cm„ are stiffness 

and damping coefficients. The latter coefficient reflects the vis

cous geometrical damping by wave radiation within the soil.

3 ANALYSIS OF [NPUT MOTIONS

The foundation input motion represents the response o f a rigid 

massless foundation when subjected to the seismic excitation in 

the form o f harmonic waves. Its calculation involves the solution 

o f a scattering mixed boundary-value problem in elastodynam- 

ics. It is well-known that the solutions o f  the previous radiation 

(impedance functions) and the present scattering (input motions) 

problems are related (Luco, 1986). The connection between the 

two problems is such that the foundation input motion can be 

easily calculated if  the contact tractions at the soil-foundation in

terface for unit rigid-body motions o f  the foundation and the 

free-field ground motion are known.
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An integral representation for the foundation input motion in 

terms o f the dynamic stiffness matrix [£] and the matrix o f con

tact tractions for the radiation problem [P"(p)] has been devel

oped by Luco (1986). This representation is given by

{U') = [ K Y % [ / r ( p ) } T{ u ,{ p ) )d r { p )  

- l r /[<z(p)]T{ T ;(p ))d r (p )) ( i i )

where the vectors {Uĝ perj)}= {U gx,Ue,M gz}T and {T Jp er j))  = 

{T”gz,T”gy,T'gi} correspond to the displacements and tractions 

associated with the free-field ground motion at the soil- 

foundation interface, respectively. The foundation input motion 

is related to the generalized driving forces

{FJ = ir/ W p ) ] T{T ;(p ))d T (p )  

by the expression

( 12)

(13)

(14)

in which

[H] = ir /[a{p)]T[a(p)]dT{p) (15)

where {Ug(p)) and {Tg'(p ))  are the free-field displacements and 

tractions, respectively. Although approximate, Equation 14 is 

more suitable for numerical evaluations. Its discretization is 

based on the same scheme used for the radiation problem.

The different types o f  wave excitation considered in this 

study are given by horizontally incident plane P, SH  and 

Rayleigh waves propagating along the symmetry axis o f the 

foundation. The free-field motion on the ground surface, i.e. the 

motion o f the soil surface in absence o f the foundation, is repre

sented in each case by

{U Az = 0)} =

u i

exp[-i'û>(xcos / / c  -  >sin yjc)] (16)

where Ifgy and are respectively the amplitudes o f the 

horizontal and vertical components o f  this motion, y the incident 

angle and c the apparent horizontal velocity. Following a stan

dard wave propagation formulation for the case o f in-plane mo

tion, these parameters have been established elsewhere (Achen

bach, 1976).

4 NUMERICAL RESULTS

shape o f  the foundation, namely: l/a=0 (square shape), l/a= 1 (L- 

shape) and for each, h/a=  0 (surface foundation) and h/a= 1 (em

bedded foundation).

4.1 Input motions fo r  square and l-shape foundations

The components o f  the foundation input motion are expressed by 

the ratios U ^ /  U’gz.y and © o,./ Lf& j , which relate the complex 

amplitudes o f the horizontal and rocking input motions, respec

tively, to the complex amplitude of the horizontal free-field dis

placements Vsgf.y on the ground surface.

Using this technique, we obtained the foundation input mo

tions for P, SH  and Rayleigh waves impinging horizontally with 

an azimuth y=45° related to the x-axis.

where {T"(p)} denotes the vector o f  contact tractions generated 

on the interface Tf  when the foundation is kept immobile under 

the action o f the seismic excitation. The main disadvantage of 

this approach resides in that the direct solution o f the scattering 

problem is required. Iguchi (1982) has derived an approach for 

the scattering problem according to which the input motion for 

embedded foundations is defined by

{ U ')= [ H r \r f {a(p)}T{Ut (p ) )d r { p )

- [* ] -  \Vf[a{p)}T {r,(p)}dT{p)

-  u 0 , / u % x
8

- u o / U % y

- 6 -

/  \ 4 -

2 -

1 1 1 1 i t i i

-  0 o , / u S gy . O o y A '5,,
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/
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Figure 2. Horizontal and rocking foundation input motions due to inci

dent P  waves.

Results obtained for square and L shape foundations for 

h/a=0 and 1 are displayed in Figures 2, 3 and 4 which corre

spond to horizontal and rocking foundation input motions when 

foundations are subjected to the incidence of horizontally P  and 

SH  waves, and Rayleigh surface waves, respectively. Differences 

in amplitude o f  these transfer functions become evident for high 

frequencies and deep foundations. For shallow foundations the 

response obtained for L shape and square foundations is almost 

the same. This means that it can be considered a square envelop

ing foundation in substitution for the shallow symmetrical L 

shape with the corresponding save in time consuming for 

computation o f the results.

For deep foundations the results differ drastically for high 

frequencies (<aa/n|}>0 .8) specially for Ua/Wg, and Q o/lfgx, rais

ing values o f seven times greater than those obtained for square 

foundations in the case o f  incident SH  waves (Figure 3). For P  

and Rayleigh waves, these differences are approximately o f  2.5 

times (Figures 2 and 4 respectively).

Both the impedance functions and input motions computed here 

are referred to the center o f  the bottom of the foundation and are 

expressed in terms o f the dimensionless frequency previously de

fined. The calculations were performed for a number o f values of 

r| in the range from 0.01 to 1. Material attenuation in the medium 

was introduced through the use o f  complex S- and P -wave ve

locities, that is ys'=Vs(l+ iQ  and Vp’=Vfl \ JriQ, in which Vp=P- 
wave velocity. A Poisson’s ratio o f 1/3 and 5% of internal damp

ing were used to characterize the foundation soil. To reduce the 

number o f examples, four cases are analyzed concerning the

5 CONCLUSIONS

The IBEM was applied to compute the impedance functions 

for L-type foundations embedded in a viscoelastic medium. Us

ing the approximate technique proposed by Iguchi, foundation 

input motions were computed. Four different foundation geome

tries were analyzed, including the square shape. A comprehen

sive parametric study for foundations with geometries different 

for the classical square shapes frequently analyzed in literature.
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is presented. Significant differences in transfer functions can be 

obtained when the foundation is approximated to these classical 

shapes. We found significant effects associated with the founda

tion shape, type o f  wave analyzed and foundation depth. For the 

foundations investigated, the influence o f the re-entrant comers 

o f L-foundation determine the values o f the results. The spec

trum o f foundation input motion varies for translation and rock

ing, specially for Vqj/U p  and Qoy/Wgz ■ Other responses, like the 

vertical and coupling were not investigated. Our results strongly 

suggest that the approximation o f irregular foundation shapes 

with regular ones for soil-structure interaction is not recom

mended when high frequencies most be taken into account. If 

still such a thing has to be done the associated uncertainties 

could be estimated using the results presented here.
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Figure 3. Horizontal and rocking foundation input motions due to inci

dent S H  waves.
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Figure 4. Horizontal and rocking foundation input motions due to inci

dent Rayleigh waves.
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