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Rotation of tall structures founded on in-elastic ground 

Rotation de grandes structures fondees sur la terre non-elastique

M.R.Madhav — I.I.T., Kanpur, India

H.B. Poorooshasb — Concordia University, Montreal, Que, Canada

ABSTRACT: Tall structures such as towers, silos, water tanks, chimneys, etc., are subjected to moment loading due to lateral forces. 

Analyses o f rigid rectangular, circular and annular footings subjected to moment loading are presented considering inelasticity o f the 

soil, i.e. different moduli for compression and unloading. The moment -  rotation relationships in terms o f rotation influence coeffi

cient which depend on the geometry o f the footing and the modular ratio o f the soil, are derived.

RESUME: De grandes structures comma des tours, des silos, des reservoirs d ’eau, des cheminees, etc. sont exposees au chargement 

des moments a cause des forces laterales. On presente des analyses des semelles rigides circulaires, rectangulaires et annulaires qui 

sont exposees au chargement des moments, en considérant linelasticite du sol, cest a-dire des modules différents pour la compression 

et le déchargements. Les relations moment -  rotation qui dependent de la geometrie de la semelle et le rapport modulaire du sol, sont 

derivees sur le plan du coefficient d ’influence.

1 INTRODUCTION

Tall structures such as towers, silos, water tanks, transmission 

and communication towers, chimneys, etc., are subjected to wind 

and other lateral forces because o f which they may tilt and fail 

by overturning if  the moment due to these forces exceeds some 

limiting value. Examples o f leaning tall structures are the towers 

o f Pisa and Bullano, many silos in Quebec and Ontario, Canada, 

few temples in India, etc.

Tilt is the critical criterion for tall rigid structure. A maximum 

tolerable tilt o f 1/250 has been recommended by Bjerrum (1963). 

The Russian codes specify maximum tolerable tilts ranging from 

1/100 for H=20 m to 1/250 for H=100 m and 1/2H for H>100 m 

where H is the height o f  the structure. Burland and Wroth 1974) 

identify factors that effect the relation o f damage to deforma

tions.

Borowicka (1943) presents solutions for rigid strip and cir

cular footings resting on elastic half-space respectively. Lee 

(1963) and Whitman and Richart (1967) give approximate solu

tions for a rigid rectangle on a semi-infinite continuum. Habib 

and Puyo (1970) presented the moment - rotation relationship for 

a circular footing on an elastic half space. Milovic et al. (1970) 

use the finite element method to predict the rotation of a rigid 

strip on a finite layer while Yegorov and Nichiporovich (1961) 

obtain the rotation and contact pressure distribution for a rigid 

circular footing on a layer o f finite thickness. Gazetas and 

Hatzikonstantinou (1988) proposed relations for rotation of an 

arbitrarily shaped foundation subjected to moment loading and 

for depths less than twice the width o f the footing.

Load per unit area.q

All the above theories or solutions are based on the premise 

that the soil behaves elastically, i.e. the moduli o f deformation or 

the moduli of subgrade reaction for compression and unloading 

are the same. In the following section a  new formulation for 

inelastic ground is presented on the premise that the moduli of 

deformation for compression and for unloading are different.
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Figure 1. Typical plate load test result

Figure 2. Problem definition: (a) Footing (b) Displacem ents (c) Contact 

pressures
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A typical load test result on a 300 mm diameter plate is pre

sented in Fig. 1. It is clear from the figure, that the modulus for 

loading, k*, is very different from that for unloading, ku, because 

o f the inelastic behaviour o f the soils. Hence, if a foundation is 

loaded by a vertical load and then subjected to moment loading, 

part o f the footing forces the soil to compress further while the 

remaining area o f the footing experiences unloading which 

would be governed by the unloading modulus, ku.

A rigid rectangular footing o f width, B, and length, L, resting 

on the surface o f the ground and subjected to an applied mo

ment, M0 (Fig.2a) is considered. The response of the ground be

neath the footing is modelled as a set o f Winkler springs with the 

type o f stress -  displacement relationship presented in Fig.l. The 

moduli o f subgrade reaction for loading and unloading are de

noted as kc and ku respectively. The non-linearity o f the response 

in compression is modelled through the relation

2 PROBLEM DEFINITION AND MODELLING

k ^ w

( i + ^ )

(1)

where q is the stress at a displacement or settlement o f w, and 

qu-  the ultimate bearing stress. The rigid footing subjected to a 

moment rotates about point O distance, x0, from the left edge, 

through an angle, 0, (Fig. 2b). The displacements are propor

tional to the rotation and are expressed as w=9x where x is the 

distance from the point o f rotation. Consequently, a part o f the 

soil below the footing would be in compression while the re

maining part undergoes unloading (Fig. 2c). Since the footing 

subjected to only a moment loading is being analysed, the force 

and moment equilibrium equations are

f g . d A  =  y ' q . A A  =  0

A

and M 0 =  jq .x .d 4  =  y^  q.x.AA

(2)

(3)

where l9wc -  is the rotational influence coefficient for a rigid cir

cular footing and D = 2R. Similarly, for an annular footing, with 

outer, R |, and inner, R2, radii, the rotation, 0, is obtained as

G =
M ,

k D
(8)

where Iewa -  is the rotational influence coefficient for a rigid an

nular footing and D |=2R,.

2.1 CONTINUUM APPROACH

A widely used foundation model is the continuum approach. The 

soil parameters used in this approach are the deformation 

modulus, Es and the Poisson’s ratio, vs. In almost all the analy

ses, since only compression or unloading alone is considered, a 

single value of the modulus is required. For footings subject to 

moment loading, part o f the soil is subject to compression load

ing while the remaining part undergoes unloading. In the fol

lowing section, the moment -  rotation relationships for rigid 

footings resting on a continuum, are derived but based on the as

sumption that the moduli o f deformation are different for com

pression loading, Ec, and unloading, Eu. A modular ratio, Rk, is 

defined as Rk = Eu/Ec.

The influence coefficient matrix is modified to account for 

different moduli o f the soil for compression and unloading. The 

value of the modulus is retained as Ec while calculating the in

fluence coefficients due to compressive stresses while the 

modulus value is taken as Eu while calculating the influence co

efficients due to reduction or unloading o f the contact stress due 

to rotation o f the footing. A factor, 1/Rk, for the latter elements, 

modifies the influence coefficients, the rotation, 0, o f  a rectan

gular footing due to the moment, M0, is derived as

Qcr (9)

where A is the total area o f the footing and dA or AA are the 

elemental areas. Substituting for q in Eq.s 1 and 2 in terms of 

displacement q = kc.w for w>0, and q = ku.w for w < 0, and sim

plifying, the normalised distance to the point o f rotation, X0, and 

the rotation, 0, are obtained as

where I0cr is the rotation influence coefficient for the rectangular 

footing. It is a function o f the modular ratio, Rk, and the L/B ra

tio.
Similar expressions are obtained for rigid circular and annu

lar footings whose rotation influence coefficients are denoted as 

I0CC and I8ca respectively and for all the footings at a depth, Dr, 

from the surface.

ence coefficient for a rectangular footing. Similar expressions for 

X0 and 0 for a rigid circular footing o f radius, R, are obtained. 

The rotation, 0, is

R (k /k  ) 
k u c

k D
4 &wc Figure 3. X» versus Rk for rectangular and circular footings -  Winkler 

modei

(7)
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Figure 4. I0 versus Rk for rectangular and circular footings -  Winkler 

m odel

3 RESULTS

Eq.s 4 through 8 have been evaluated numerically and the fol

lowing results obtained. The variation of the normalized dis

tance, X0) to the axis o f rotation for both rectangular and circular 

footings with the modular ratio, Rk, is presented in Fig.3. The 

distance, X0 decreases with increasing values of Rk, the rate be

ing more for rectangular footings compared to circular footings. 

The value o f X0 is 0.5 for Rk = 1 while the values become 0.24 

and 0.32 for rectangular and circular footings respectively. The 

rate o f decrease for a circular footing is less compared to a rec

tangular footing because the area to the left o f the axis o f rota

tion and farther from it is decreases with distance and reduces to 

zero at the farthest point.

The variation o f the rotation influence coefficient, Ie, with 

Rk for both rectangular and circular foundations is shown in 

Fig.4. The coefficient decreases with Rk for both the footings but 

the rate o f decrease is very high in case of circular footings for 

which the value decreases from about 20 at Rk = 1 to about 9 at 

Rk = 10. The variation o f the influence coefficient, Ie, with Rk, 

for annular footings, is depicted in Fig. 5. Values of Ie for annu

lar ratio, n (ratio o f  inner to outer diameter) in the range of 0 to 

0.3 are nearly the same but increase with increasing values o f n. 

The trends are about the same as was noted in Fig. 4.

For the analysis based on the continuum approach, the shorter 

side o f  the rectangle or the diameter o f the circular footing has 

been discretised in to 20 sub-elements. For rectangular footings, 

the number o f  sub-elements was varied to make each sub

element a square. The predicted coefficients compare well with 

available results (Poulos and Davis 1974).

Figure 6. Xo versus Rk for rectangular and circular footings -  Continuum  

approach

Fig. 6 depicts the distance to the axis o f rotation, X0, with the 

modular ration, Rk for both rectangular and circular footings. For 

a perfectly elastic soil, the axis o f rotation passes through the 

center o f the footing as expected. The axis o f rotation shifts to 

the left edge (decreasing values of X0) with increasing in

elasticity (larger values o f Rk). The rate o f shift is initially very 

high for Rk values in the range of 1 to 3. The curves flatten 

gradually with increasing values o f Rk. For a circular footing, X0 

decreases from 0.5 to 0.1 for Rk increasing from 1 to 9. For rec

tangular footings, the rate o f shift increases with L/B ratio.

The variation of the rotation influence coefficient, I0, with 

Rk, for rectangular footings is presented in Fig.7 for different 

L/B ratios. I9 decreases with increasing values o f  Rk implying 

smaller rotations in the presence of inelasticity o f the ground. 

The shift in the axis o f rotation is less in the case of inelastic 

soils. The same effect is reflected in the predicted values o f Ie. 

Therefore, non-consideration o f inelasticity o f the ground results 

in conservative values of rotations o f the footings. The influence 

coefficients, I0 for Rk>l have been normalized with the coeffi

cient for elastic soil, i.e. I9 Rk= l and their variations with Rk 

shown in Fig.8. The normalized le values are independent o f Rk 

for Rk values less than 2 to 2.5 and decrease with increasing val

ues o f L/B ratio. Even at large values o f Rk, the differences for 

different values of L/B are not significant.

Fig. 9 shows the variation of I0 with Rk for rigid circular 

footings both at the surface and embedded at depth, Df. I9 values 

for circular footings also decrease with increasing values of Rk, 

the rate o f decrease being large for Rk in the range o f 1 to 3. For 

Rk values greater than 6 , 19 remains nearly constant. I9 values de

crease with increasing depths o f embedment, the rate again being 

significant for c* (=Df/B) increasing from 0 to 0.5. For further

Rk (k tA )

Figure 5. Io versus Rk for annular footings -  Winkler model

Rk (Eu/Ec)

Figure 7. Io versus Rk for rectangular and circular footings -  Continuum  

approach
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Figure. 8 N orm alised I0 versus Rk for rectangular footings -  Effect o f  

depth o f  embedm ent

Figure. 10 Normalised I0 versus Rk for circular footing -  E ffect o f  depth 

o f  embedm ent

increases in depth o f  embedment, the rate o f decrease is only 

marginal. The rotation influence coefficient values are once 

again normalized with respect to the values for elastic soil 

(Rk= l)  and their variation with Rk for different depths o f em

bedment presented in Fig. 10. The normalized values o f le are 

independent o f Rk for Rk < 2.5 but increase slightly with increase 

in the normalized depth o f embedment, c*. These differences are 

not significant as, for example, the normalized I0 values are the 

same for c* equal to 0.75 and 1.0.

4 CONCLUSIONS

Tall structures such as chimneys, towers, etc. are subjected to 

lateral forces and moments. Consequently, part o f the foundation 

experiences compression loading whiles the remaining part un

loading. Soils are inelastic materials with different moduli for 

compression and for unloading.

This paper presents moment -  rotation relationships for rigid 

rectangular, circular and annular foundations subjected to mo

ment loading considering the two moduli (compression and un

loading) to be different based on a mechanical model (Winkler) 

and the continuum approach. The results indicate actual rotations 

considering inelasticity to be less than those predicted by elastic 

models.
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