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Load-settlement behavior of shallow foundation under various load conditions

Charge-comportement de deplavement d’une base peu profoude sous des combinaisons decharges 

variees

T.NaKai, M.Hinokio, T.Teranishi & T.Hoshikawa — Nagoya Institute o f Technology, Nagoya, Japan  

E.Q.Chowdhury — University o f Calgary, Calgary, Canada

ABSTRACT: Load-settlement behavior of a shallow foundation on sandy ground under concentric, eccentric, inclined and combined 
loads has been investigated by performing model tests and numerical analyses. Two-dimensional model tests were carried out with a 
device that can impose various kinds of loads. Plane strain finite element analyses corresponding to the model tests were also per
formed using an elastoplastic constitutive model for sand that can take into account the influence of confining pressure and density of 
sand on the deformation and strength of sand properly. Even though the stress level of the model tests is very low, there are good 
qualitative agreements between the tests results and the analytical results under various loading conditions -  i.e., scale effect of bear
ing capacity, load-settlement curve, vertical and horizontal movement of the foundation including its rotation and others.

RÉSUMÉ: Le comportement des tassements de las foundations peu profondes sur un terrain sableaux sous un chargement concentri
que,excentrique,incliné et combiné ont étidié par les épreuves de les modèles fait et numériques analyses. Les épreuves à deux dimen
sions ont fait avec un dispositif que peux imposer de diverses sortes de chargement. Les analyses de déformation plan à elements finis 
correspondent aux épreuves de modèle ont fait avec le emploi de un modèle constitutif elastoplastique pour sable que considère la in
fluence de la pression confinée et la densité de la sable dans la deformation et la force de la sable. Même le niveau de pression est bas,
il y a de bonne concordance qualitatife entre les résultats de épreuves et leas résultats analytiques sous les diverses conditions de 
chagement-i.e., le effect de échelle de la capacité de charge, curve de tassement, moviments vertical et horizontal de la fondation, sa 
rotation et des autres.

1 INTRODUCTION

In the practical design on bearing capacity and deformation 
problems of foundations, the stability has been discussed on the 
basis of rigid-plastic analysis, and the deformation has usually 
been estimated by assuming the soils as elastic materials. How
ever, such design methods do not seem to be reasonable. Further, 
the design methods of foundation subjected to eccentric load, in
clined load and/or combined load have not been established.

By carrying out lg  model tests and non-linear finite element 
analyses, we will investigate the behavior of a shallow founda
tion on sand under various loading conditions in the present 
study. The model tests were conducted using a matrix of alumi
num rods as a two-dimensional model ground, whose stress- 
strain behavior is similar to that of dense sand. Plane strain finite 
element analyses were performed at the same scale as the model 
tests. The constitutive model for sand used in the analysis can 
describe not only non-linear stress strain relation and soil dila- 
tancy but also strain hardening and softening behavior. The va
lidities o f the analytical results are confirmed with the test results, 
and then the load- settlement behavior of a foundation under 
various load combinations is discussed.

2 CONSTITUTIVE MODEL FOR SANDY MATERIAL

We have developed an elastoplastic model for sand named tjj- 
sand model that can describe properly the influence of interme
diate principal stress on soil behavior, positive and negative dila- 
tancy, stress path dependency of plastic flow and others (Nakai, 
1989). On the other hand, though it is known that the internal 
friction angle and magnitude of strains of sand depend on the 
confining pressure and the density, some of the material con
stants of this model have to change to consider these influences 
depending on the conditions. Since the mean stress o f the ground 
under foundation changes very much, it is necessary to use a 
constitutive model for geomaterials in which the change of mean

stress is properly taken into account in the analysis of bearing 
capacity problems. For this purpose, the previous model will be 
extended with reference to the sub-loading concept by Hashigu- 
chi (1980).

The plastic strain increment is given by the following form as 
the summation of the component satisfying the associated flow 
rule in tjj-space de,jP(AF) and the component that is produced due 
to isotropic compression deif<IC>.

de? - d e ( f AF' + de
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Here, /  is the yield function. The coefficient A in Equation 2, 
which is expressed by the following equation, contains the term 
representing the influence of the density a-d2/tN (a: material pa
rameter).
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Figure 1 shows the yield surface represented in ty-ts plane and 
the relation between void ratio (e)- mean stress (tN) on a log 
scale, where points P and A in this figure denote the current 
stress state and void ratio, respectively. Further, point B in e- In 
tN relation indicates the loosest void ratio at the same stress con
dition (normally consolidated state). So, the difference of void 
ratio d between A and B expresses the density of the material.
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This variable d  decreases with the increase of plastic deforma
tion and finally becomes zero. The variable d  can be also evalu
ated as follows using the ratio tNIeltNIi which corresponds to the 
inverse number o f the over-consolidation ratio in a general stress 
condition.

d  =  ( A - f c ) - ln
l N \e

l N 1
(5)

/ In i AT! = 0

Table 1. Values o f material parameters o f  Toyoura sand and 
aluminum rods mass.

Toyoura Sand Alum inum  Bars

A 0.035 0 .008

K 0 .0045 0 .004

e*rc(p=98kPa) 1.024 0.3

R cd co m p .) 2.8 1.8

ß 2 1.2

a 50 1300

The yield function /  is the function of mean stress tN and stress 
ratio X = ts/ tN in the same way as the previous model, and its con
crete form is given by Equation 6. The loading condition is 
( c f /d O i j jD i j J d e ^ O :  elastoplastic and (¿ f/d o ,j)D ilkiedEkl<:0: elastic 
(Dijhf is elastic stress-strain tensor).

3 OUTLINE OF MODEL TESTS AND ANALYSES

Two-dimensional model tests of bearing capacity problems were 
carried out using the apparatus in Figure 3. A stack of aluminum 
rods, in which two kinds o f round rods having diameters of 
1.6mm and 3.0mm are mixed in the weight ratio of 3:2, was used 
as the model ground. The foundation is movable in the horizon
tal direction with a slider. Figure 4 shows the results o f bi-axial 
test on aluminum rods mass. Here, the solid curves are the calcu
lated results corresponding to the observed ones, and the dotted 
curves are the calculated results in which the initial confining 
pressure is assumed to be two orders smaller in magnitude. This 
is because the initial confining pressure in model tests is much 
smaller than that in the bi-axial tests. We can see that the consti
tutive model describes strain softening behavior as well as the 
influence of the confining pressure. In order to investigate the 
scale effect of bearing capacity problems, two kinds of founda
tions are used -  width B  equal to 8cm and 16cm. Four kinds of

(6)

Figure 2 shows the observed stress- strain relation (plots) of 
triaxial compression and extension tests on dense and loose Toy
oura sand and the corresponding curves calculated by the model. 
We can see that the model predicts well not only shear behavior 
of triaxial compression and extension conditions but also the in
fluence of the density on the stiffness, strength and dilatancy. 
The values of material parameters of Toyoura sand are tabulated 
in Table 1, together with those of aluminum rods mass that are 
used in the analyses o f model tests of shallow foundations men
tioned below.

Figure 3. Apparatus for m odel tests o f  shallow  foundation.
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Figure 2. Stress ratio and volum etric strain vs. deviatoric strain 

in triaxial tests on Toyoura sand.

3 .5r
— observed(cr. = 1 9 .6 k P a) 

rv ~ ca lcu la te d (g i= 1 9 .6 k P a ) 
■f— c a lc u Ia te d (a ,= 0 .2 k P a)

—° —o b se rv ed (o 2 = 1 9 .6 k P a)
--------c a lcu la ted (o 2 = 1 9 .6 .k P a)
------- calcu lated (O 2= 0 .2kP a)

Figure 4. Stress ratio and volum etric strain vs. deviatoric strain in 

bi-axial tests on aluminum rods mass.
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Figure 5. L oad ing  patterns. 
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Figure 6. Finite elem ent mesh.

loading patterns are employed as shown in Figure 5 -  concentric 
loading, eccentric loading, inclined loading and combined load
ing. The load is applied at a height of B/4  from the bottom of the 
foundation in every test.

The plane strain finite element analyses were carried out un
der the drained condition using the mesh in Figure 6, where the 
bottom boundary is fixed, and the lateral boundaries are free in 
the vertical direction. Model ground in every analysis is made by 
self-consolidating aluminum rods mass (unit weight=20.4kN/m , 
void ratio=0.35 at a very low confining stress p0=9.8xlO"6kPa). 
The foundation is assumed to be an elastic material with large 
stiffness, and the frictional behavior between the foundation and 
the ground is simulated by an elastoplastic joint element (Nakai, 
1985). The friction angle is assumed to be 15°.

4 RESULTS AND DISCUSSIONS

laterally with the increase of load and corresponds to the well- 
known plastic zone of Terzaghi’s theory.

Figure 9 shows the observed and computed results under ec
centric loading with different eccentricity together with those of 
concentric loading. In this figure not only the normalized load 
(2qJyB) but also the angle of rotation (0) of the foundation are 
plotted against the normalized vertical displacement (y/B). The 
angle in a clockwise direction is defined positive. It is seen from 
the observed results that though the bearing capacity and stiff
ness of the ground under eccentric loading is smaller than those 
under concentric loading, its eccentricity (2e/B) does not influ
ence the behavior of foundation very much. The computed re
sults describe reasonably well such a tendency of the observed 
load-displacement curves and rotation of the foundation. It 
should be noticed that the bearing capacities under eccentric 
loading for the cases of 2 e /B -\/2  and 3/4 based on M eyerhofs 
method become 1/2 and 1/4 of that under concentric loading, re
spectively, and are underestimated compared with the observed

Figure 10 shows the results under inclined loading together 
with those of vertical loading. The test results show that the 
load-displacement curves of inclination angle a=5° is the almost 
same as that of vertical loading, but bearing capacity o f a=15° 
becomes smaller. The observed rotation angle of the foundation 
is almost independent of the inclination of load. Such observed 
behavior of the foundation under inclined loading can be simu
lated by the computed one. Figure 11 shows the relation between 
the normalized vertical displacement (y/B) and the normalized 
horizontal displacement (h/B) of the foundation. The ratio of 
horizontal displacement to vertical displacement h/v is influ
enced by the inclination of load rather than the eccentricity of 
load. We can also see that the ratio of displacement h/v is larger 
than the ratio of horizontal load to vertical load (dotted lines in 
the figure) under inclined loading. These observed behavior of 
the foundation can be well simulated by the present analyses.

Figures 12 to 14 are the results under combined loading. In 
the model tests, after a fixed vertical load (2qv/yB=5.0 or 7.5) is 
imposed on the foundation, the foundation is pulled horizontally. 
On the other hand, the fixed vertical load in the analyses 
(2qv/yB=\QS) or 15.0) is two times as large as that in the model 
test, because the bearing capacity under concentric loading in the 
analysis is almost two times as large as that in the model test. 
The computed results describe the observed tendency of the 
foundation under combined loading including the phenomenon 
that vertical displacement occurs while the horizontal load is ex
erted under the constant vertical load. It can be considered that 
the disagreement between the model test and the analysis in Fig
ure 13 is based on the fact that we use an isotropic hardening 
model in the analyses even though the principal stress axes in the 
ground rotate very much during horizontal loading.

Diagrams (a) and (b) in each figure shown below are the test re
sults and the computed results, respectively. Figure 7 shows the 
results between vertical load and the vertical displacement of 
foundations with different width (8cm and 16cm) under concen
tric loading. The vertical axis indicates the load normalized with 
yB (y. unit weight of soil) that corresponds to the coefficient of 
bearing capacity, and the horizontal axis is the displacement 
normalized with B. The observed load- displacement curves do 
not start form the origin, because of the self-weight of founda
tions. The computed results qualitatively predict well the ob
served load-displacement curves including scale effect of bear
ing capacity. However, there is a quantitative difference between 
the observed and computed ones, because it is difficult to esti
mate precisely the stress- strain curve and the strength of alumi
num rods mass under very low confining pressure corresponding 
to the initial stress of the model tests. Figure 8 shows the com
puted distributions o f strain difference (e;-£j)- We can see that 
the zone where the strain difference is relatively large develops 
beneath the foundation at the beginning, such a zone expands

5 CONCLUSIONS

We discussed the deformation and failure behavior of shallow 
foundations experimentally and analytically in the present study. 
For the analysis of bearing capacity problems, the previous 
constitutive model is extended to take into account the influence 
of the change of a confining pressure and then is implemented 
into a finite element program. The analytical results o f load- 
displacement relation, bearing capacity, rotation of foundation 
horizontal-vertical displacement relation and others under vari
ous loading conditions are compared with the results o f small- 
scale tests. There are qualitative good agreements between these 
analytical results and test results, though there are still quantita
tive disagreements due to the difficulty of fixing exactly the 
stress-strain relation in a very low confining stress corresponding 
to the model tests. It should be also noted that the present realis
tic analytical results could not be obtained unless the influence 
of confining pressure is properly considered.
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Figure 10. Vertical load and rotation angle vs. vertical displacem ent under vertical and in

clined loadings.

1U " / .  —  concentric
/  ------- B=8cm

/  --------B =16cm  irt

____ i____ ,____ i____,____v/B
0 0.1 0 .2  0.3

Figure 7. Vertical load vs. vertical displacement 

under concentric loading.
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Figure 11. Vertical displacem ent vs. horizontal displacem ent under eccentric and inclined  

loadings.
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Figure 8. Computed distribution o f  strain difference. Figure 12. Vertical load vs. vertical displacem ent under com bined loading.
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Figure 13. Horizontal load vs. horizontal displacem ent under com bined loading.
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Figure 14. Vertical displacement vs. horizontal displacem ent under com bined  

loading.
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Figure 9. Vertical load and rotation angle vs. ver

tical displacem ent under concentric and eccentric 

loadings.

REFERNCES

Hashiguch, K. 1980. Constitutive equations o f  elastoplastic materials 

with elastic- palstic transition, Jour, o f  A ppl. M ech ., A S M E , 102(2), 

266-272 .

Nakai, T. 1985. 1985. Finite element com putations for active and passive  

earth pressure o f retaining w all, S o ils  a n d  F o u n d a tio n s, 25(3), 98-112  

Nakai, T. 1989. An isotropic hardening elastoplastic m odel for sand 

considering the stress path dependency in three-dim ensional stresses, 
S o ils  a n d  F o u nda tions, 29(1), 59-70.

754


