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Seismic analysis of slopes 
Analyse séismique de pentes

E.Botero & M.P.Rorno -  Institute of Engineering, National University of Mexico, Mexico City, Mexico

ABSTRACT: This paper presents a discrete method of analysis to evaluate earthquake-induced permanent displacements and slopes. 
The procedure takes into account the nonlinear characteristics of the materials, spatial variation of strength (friction) along the poten
tial failure surface and the inertial effects of the sliding mass considered as a flexible multi-degree of freedom system. The potential 
effects of the latter are shown thru an hypothetical case.

RÉSUMÉ: Cet article présent une méthode d’analyse discrète pour la évaluation des déplacements permanents induits pour sisme en 
les pentes. Le procède tient compte des caractéristiques non linéaires des matériaux , de la variation spatiale de la résistance poten
tielle de faille et des effets inertiels de la masse coulissante considérée comme un système flexible des multi-degrés de liberté. Les ef
fets potentiels de ce qu’on parle son montrés par un cas hypothétique

1 INTRODUCTION

Traditional methods for dynamic analysis of the slopes have 
limitations in their formulations. The Newmark (1965) method 
assumes that the sliding mass is completely rigid and the relative 
displacements are caused for singles pulses related with the fre
quency contents and ground motions. This method supposes that 
the security factor is equal in the whole sliding surface. The 
method developed by Chopra & Chang (1991) assumes that the 
sliding is only resisted by the friction force between the rigid 
dam and the soil, and the deformational effects of the sliding 
mass and the higher vibration modes are ignored when the resis
tant forces are computed. The method of Makdisi & Seed (1978), 
assumes that the sliding surface is completely defined with a per
fect plastic behavior and that the soil behavior in this zone is 
elastic. Kramer & Smith (1997) do not consider the kinematic ef
fects of the higher vibration modes. Rathje & Bray (1999) use 
the Chopra’s approach but considering a flexible sliding soil 
wedge.

One important aspect that the above methods do not consider 
is the inertial effects of the soil mass, coupled with its flexural 
characteristics. Herein, a procedure that overcomes this short
coming is advanced.

This method models slopes with Voigt-type discrete elements 
and can take into account the nonlinear behavior of the soil mass. 
This procedure is capable of computing the overall stability and 
earthquake-induced displacements of natural or man-made 
slopes. Since the analysis is carried out in the time domain, it is 
possible to know the state of a particular slope at any time during 
its shaking.

The importance of considering higher vibrations modes arises 
from the fact that the inertia forces induced by a flexible one de
gree of freedom system, are modified by the vibration of the 
masses in multi-degree of freedom systems. Indeed, at a given 
time the inertia forces caused by the masses in multi-degree of 
freedom systems may have opposite directions. Aspect that can 
not be modeled by a simple oscillator. This difference will re
dound in the permanent displacements computed with both ap
proaches. Furthermore, the permanent displacements are affected 
by the vibration natural periods. Thus, if the first natural period 
is only considered in the analysis, the effect of the higher natural 
periods will be neglected and as will be shown later these have 
significant impact on the permanent displacements.

In a d d itio n  to  th e  a b o v e  m e n tio n e d  d isa d v an tag es  o f  m o st

available procedures, when sliding the soil mass is triggered ki
nematic forces start playing a role in the overall phenomenon. 
These kinematic forces affect, in turn, to themselves to the earth
quake loading vector, and consequently the inertia forces. These 
effects will be more significant when dealing with systems hav
ing several degrees of freedom.

It should be realized that the nonlinear behavior of the soil 
when subjected to large earthquake-loading, can modify the 
overall response of the slope. Accordingly, the patterns of the ki
nematic and inertia forces will be changed, and so the displace
ments will be.

2 DYNAMIC METHOD OF ANALYSIS PROPOSED

Botero & Romo (2000) formulated a dynamic analysis for the 
sliding wedge phenomena in a slope. The model is represented 
by discrete elements as shown in Figure 1.

Once the sliding surface geometry is determined, the soil 
mass is divided in an adequate number of discrete elements de
pending on the shape and height of the sliding wedge. The ele
ments are characterized by the stiffness and damping ratios, cor
responding to the soil layering. The soil mass is lumped in the 
nodes to account for the inertial effect according to the mass dis
tribution and characteristics in the slope. The boundary condi
tions at the model base are the failure surface friction parame
ters, which are determined from soil testing. The model 
considers static friction, and dynamic friction when the soil mass 
slides. The initial and subsequent inclinations of the model base 
are defined from the sliding surface geometry. If sliding occurs, 
the inclination will change throughout the seismic action. The 
material properties can be also modified throughout the earth-

F ig u re  1. D isc re te  m o d e l o f  slope .
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Figure 2. Acting forces on the sliding wedge.

quake duration, due to cyclic effects (i.e. shear modulus degrada
tion).

2.1 Equilibrium equation

The acting forces on the sliding wedge (Fig. 2) depend on the 
weight of the wedge; the stiffness, the damping and the inertia 
forces caused by the earthquake shaking.

The internal and external forces acting in the model can be 
computed as follows.

The resistive force depends of the normal force between the 
lower mass and the sliding surface and is determined by Equa
tion 1.

Fr = N tan(n) (1)

Where Fr is the resistance force to the sliding, N is the normal 
force defined by Equation 2 and |i is the static coefficient of fric
tion, when the system is sliding, the static coefficient o f friction 
changes to the dynamic coefficient of friction.

The normal force is the resultant of the actions of the ground 
acceleration and gravity acceleration on the total mass of the sys
tem and vary with time.

N  = A/j [g cos(9 ) -  Ug se/j(0)] (2)

M
n

: X I 
1=1

+ mb

Where mi are the masses of the discrete system and mb is the 
mass directly over the sliding surface.

The driving force (Eq. 8) results from the active forces in the 
system given by Equations 4-7.

Fs = g  je n (o )

Fk = k U  

Fd =cü

( V ^ o )

Fa = Fs + Ffc + Fj  + Ff

F. = m, „ 
1 b \  g

(4)

(5)

(6)

(7)

(8)

Where F, is the shear at the model base due to the overlying 
weight; Fk is the stiffness force due to relative displacement be
tween the node and the base and the element stiffness, k is the 
element stiffness, U is the relative displacement of a node with

respect to the base, Fd is the damping force due to relative veloc
ity between the node and the base and the element damping, c is 
the element damping, U  is the relative velocity of the node with 
respect to the base, and Fj is the inertia force due to mass mi 
times (Uo+Ug), where Oo is the acceleration of the system when 
the system slides at its base and Fa is the induced force by the 
excitation (driving force).

Taking Equations 4-7 and replacing them in Equation 9, we 
obtain:

Fa = Mj g sen (0 )+  k U  + cÜ  - m 0 (c/g + C/0 ) (9)

During the seismic excitation the slope equilibrium is evalu
ated by means of Equations 1 and 8. When Fa > Fr and occur the 
permanent displacement and continue increase until the driving 
force has dropped below the resisting force, the ground velocity 
and system velocity are equals and the kinematic effect has fin
ished

2.2 Movement equation

The response of each node, when the system does not slide, can 
be computed with the following equation of motion:

M ( t f ) + [cfp)+ = -M t (a  g cos(e)) (10)

Where M is the mass matrix, Ü is the relative acceleration 
vector, c is the damping matrix, Ü is the relative velocity vector, 
k is the stiffness matrix and U is the relative displacement vec
tor.

When the system sliding, the equilibrium at the interface is 
established to compute the kinematic acceleration. The equation 
of motion for this condition is given by:

M XÜC = -H C 

-  M^U co j(g)

[.M igcos(0 )- A/jC/„ sen (e)] - z
1 =  1 ( 11)

Where Mj is the total mass of the system and is defined by 
Equation 3, g is the gravity acceleration, 9 is the base inclination 
and Üg is the ground acceleration.

The total mass is given by the addition of the all masses of 
the system.

Where 3j is the node i relative acceleration parallel to the slid
ing surface, Üc is the kinematic acceleration, 1̂  is the kinematic 
friction coefficient and n is the number elements. The kinematic 
acceleration is computed with Equation 12.

Uc = -u  [g co.s(0) -  Ug je/j(0)] — — X Ujntj -  Ug co^ q ) ( 12) 
° M 1 i=l

When the system is displacing equation of motion of the full 
system is:

(3) M( t f ) + [c ] ( tf)+  [ *] (t / ) = -M i (u c + U a»( e) )  (13)

2.3 Dynamic model o f the materials behavior

The determination of nonlinear behavior o f the materials is com
puted with the angular deformation between nodes (Eq. 14) and 
a Masing-type model (Romo, 1995). The angular deformation is:

V i - V j - 1

2 H
(14)

Where, Uj is the displacement of the node i; UM is the dis
placement of node i+1 and H is the separation between.

The shear modulus and damping ratio curves can be ex
pressed as:

(15)
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Where, G (y) is the shear modulus for any deformation and

" ( r )  = (16)

Where, yr is the reference deformation and A and B are de
pendent parameters of the plasticity index.

(17)

00
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Where, X is the damping ratio for deformation y; X ^  is the 
maximum value of X that it can be reached before soil failure 
under dynamic load and Xmln is the minimum value of X.

3 MODEL VALIDATION

The model was compared with that proposed Bray et al. (1995). 
The results for the slope models of 16m, 32m, 44m and 60m of 
height are compared in Figure 3. It may be seem that both ap
proaches yield similar results.

To evaluate the model capabilities to compute permanent dis
placement without considering kinematic effects it was com
pared with the model proposed by Kramer et al. (1997). Again, it 
may be seem that the proposed model yields similar results to 
those produced by Kramer et al.’s model. The results are shown 
in Figure 4.

0 0.2 0.4 0.6 
Horizontal peak acceleration(g)

Figure 3. Comparison between Bray et al.’s (1995) model and the Botero 
& Romo’s (1999) method (B & R).

Period (sec)

Figure 5. Multi-degree of freedom models without inertial effect. 

4 APLICATION CASE

To show the effect of the number of degrees of freedom used to 
discretize the slope and the influence of the kinematic mass slid
ing is triggered, on the magnitude of earthquake-induced perma
nent displacements, the slope of Figure 1 was analyzed. The in
put motion was the accelerograph recorded at SCT site (which is 
located within the zone where heavy damage was caused in 
Mexico City) during the September 19, 1985 earthquake. The 
height of the slope was 75m. The sliding mass was concentrated 
at each node and the inclination of the surface where the sliding 
occurred was 5°. Slope characteristics were kept equal for the 
three models.

4.1 Effect o f number offreedom degrees

This effect was evaluated by means of three models having one, 
two and three degrees of freedom. To achieve this goal, the dis
placement spectrum proposed by Kramer et al. (1997) was con
sidered. The ordinates o f this spectrum correspond to the perma
nent displacements, accumulated throughout the excitation, for 
different values of the slope natural period. This shows the influ
ence, for a specific earthquake, of the flexibility of the slope on 
the permanent displacements induced by the given seismic event. 
The spectra computed for the slope discretized by one, two and 
three degrees of freedom are depicted in Figure 5.

It may be seem that all three spectra are alike off the 
neighborhood of the slope natural period ( 2.3 sec). However, 
near this value the induced displacements in the slope grow with 
the number of degrees of freedom. To give and idea of how these 
displacements develop throughout the action of the seismic 
event, in Figure 6 time-displacement plots are shown for the case 
of the slope having T= 2.09 sec.

It is interesting to note how the displacements accumulate 
throughout time. For one-degree of freedom system all dis
placements occur practically during a short period of time. For 
the two and three degrees of freedom models, the permanent 
movements start accumulating latter and develop during longer 
time spans. The 3 DOF model shows small-magnitude slides 
well after it went throughout large displacements.

According with these observations, if  would seem that higher 
vibration modes may have a significant influence on the perma
nent displacements caused by earthquakes on slopes. Thus, cur
rent procedures may lead to computations that underestimate the 
permanent movements that an actual slope may endure when 
acted upon by a seismic event.

Period (sec)

Figure 4. Comparison between Kramer et al.’s (1997) method and Botero 
& Romo’s method (1999).

Time (sec)

Figure 6. Base displacement in a multi-degree of freedom model 
without inertial effect.
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Figure 7. Multi-degree of freedom models with inertial effect.
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Figure 8. Three degrees of freedom models with inertial effect.

4.2 Effect o f kinematic acceleration

In this case, the corresponding term in Equation 13 was acti
vated. The displacement spectra are presented in Figure 7 for the 
three models considered.

When compared with those of Figure 5, it is realized that the 
smoothness of the spectral curves is lost. And, more signifi
cantly, the permanent displacements are increased appreciably 
for all three models. The spectral curves and the displacement 
plots of Figure 8 show that the displacement patterns throughout 
the action of the seismic event are modified when the kinematic 
forces are considered.

This aspect must be more thoroughly studied both analyti
cally and with well instrumented models to achieve a better un
derstanding in this complex problem.

5 CONCLUSIONS

This paper revisit the Newmark’s model to evaluate earthquake 
induced permanent movements in slopes. It attempts to account 
more explicitly the effects of slope flexibility and kinematic 
forces caused by sliding mass.

The results indicate that higher vibration modes may increase 
the permanent movements as compared with the current proce
dures that include the flexibility o f the slope but model it as a 
one-degree-of-freedom system. This influence is amplified when 
the kinematic forces are considered in the modeling. Further
more, these forces modify the displacement patterns, which can 
be of importance when the slopes of an embankment are de
signed.
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