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Danish plastic design of sheet pile walls revisited in the light of FEM
Comparaison de l'étude plastique de rideaux palplanches practiquée au Danemark aux FEM

N.Mortensen -  COWI Consulting Engineers S Planners AS, Köngens Lyngby, DK 
J.S.Steenfelt -  COWI Consulting Engineers S Planners AS and Technical University ot Denmark, Kongens Lyngby, DK

ABSTRACT: The Danish design method for sheet pile walls is based on Brinch Hansen’s earth pressure theory. This entails a plastic 
design for both wall and soil. The method has been borne out by nearly 50 years of experience, but with the advent of increasingly 
more powerful computers at lower cost the finite element method (FEM) is now a viable alternative. In the paper results for different 
wall designs, i.e. cantilevered, anchored with one yield hinge or without yield hinge, are compared using the two approaches. The 
relative merits of the methods are elucidated assisted by indicative failure patterns showing the likely failure mechanisms and scope 
for improvement of the Brinch Hansen method.

RÉSUMÉ: La méthode de l’étude plastique pour des rideaux palplanches au Danemark se base sur la théorie de pression de sol de 
Prof. Brinch Hansen. Ceci nécessite une étude plastique du mur ainsi que du sol. Cette méthode est confirmée par presque 50 ans 
d'expérience, mais par le développement d'ordinateurs plus puissants à prix modéré, la méthode d'éléments finis (FEM) est actuelle
ment une alternative viable. Dans l'article, les résultats pour des études différentes de murs, c'est à dire en encorbellement, en ancrage 
avec et sans charnière rendement sont comparés en utilisant les deux méthodes. Les facteurs relatifs des méthodes sont éclaircis as
sistés par des schémas de ruptures indicatifs démontrant les mécanismes de ruptures possibles et gamme pour amélioration de la mé
thode de Brinch Hansen.

1 INTRODUCTION

Plastic design of sheet pile walls in the Ultimate Limit State 
(ULS) has recently attracted international attention in connection 
with the advent of Eurocodes.

In the paper the consequences of different design choices, in
volving different failure modes for sheet pile walls supporting 
homogeneous, isotropic, cohesionless soil is discussed in the 
light of comparative FEM computations. Cantilever walls and 
anchored walls without and with one yield hinge are considered 
in detail.

The rationale behind and the consequences of the tentative 
earth pressure distribution and other hard and fast rules inherent 
in the practical application of Brinch Hansen’s earth pressure 
theory (Brinch Hansen, 1953) are discussed and reviewed in the 
light of the finite element calculations.

Brinch Hansen’s earth pressure theory has been used for 
nearly fifty years in Danish practice and the economy and safety 
of the design procedure has been borne out by numerous suc
cessful structures in Denmark and not least abroad.

Nevertheless, inconsistencies and theoretical shortcomings 
have been discovered, evaluated and to a large extent remedied 
over the years. These issues are elucidated by the accompanying 
finite element calculations in the paper.

Furthermore, the power of the finite element method in dis
closing failure mechanisms in the Ultimate Limit State is high
lighted. In this way there is scope for a fruitful cross pollination 
between theory of plasticity methods and finite element calcula
tions. The authors strongly believe that the two methods de
scribed will provide the user with a very strong combined design 
tool which may serve as a safeguard against gross errors and 
oversights of more adverse failure mechanisms.

2 THE BRINCH HANSEN METHOD

2.1 Earth pressure theory

The earth pressure theory of Brinch Hansen (1953) was based 
on:

• The assumption of a homogeneous, isotropic, perfectly 
plastic Mohr-Coulomb material in plane strain.

• The postulate that the rotation centre of a given structure 
uniquely defines a rupture figure which again defines both 
the earth pressure acting on the structure and the corre
sponding point of application of the earth pressure.

• The postulate that a wall with 1 or 2 yield hinges may be 
considered as stiff wall sections separated by yield hinges 
and with independent rotation centres.

The following subsections briefly introduce the main compo
nents of the theory.

2.2 The equilibrium method

In general the aim of the equilibrium method is to calculate the 
earth pressure E perpendicular to the wall proper, the frictional 
force F along the wall proper and the bending moment Ez about 
the tip of the wall -  see Figure 1.

Ro t at io n

r ^ v  p i T T T  H  i r m

Figure 1. A-rupture according to Brinch Hansen.
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Rupture lines consist of either circle arcs or straight lines. Köt- 
ter’s equation (Kötter, 1903; Jäky, 1936) and appropriate bound
ary conditions at free surfaces and the wall are applied in order 
to calculate the stresses along the rupture lines and thus, to cal
culate E, F and Ez.

2.3 Equilibrium method, the A-rupture

One of the rupture figures considered by Brinch Hansen is the A- 
rupture -  see Figure 1. In the state of failure the stiff body boun
ded by the wall, the soil surface and the rupture line rotates 
around point O’ situated ph above the tip level -  h being the 
height of the wall. For kinematical reasons the wall rotates 
around point O situated on the normal to the wall proper through 
O’.

When the angle between the wall proper and the soil surface 
increases in the state of failure, the rotation is characterised as 
positive whereas negative rotation corresponds to a decrease of 
the same angle.

For given values of ph, the strength properties of the soil <p’ 
and c’, the unit weight f  and the strength properties of the 
wall/soil interface, S’ (= wall friction angle) and a’ (= wall adhe
sion), the forces E, F and Ez are mathematical functions of the 
value dx (Figure 1) only.

If R = R(ß) (Figure 1) represents the integration of all stresses 
acting on the rupture line, but projected on a plane inclined ß 
with vertical, it follows that the shear force along the wall, F, and 
the earth pressure perpendicular to the wall, E, may be written 
as:

F = R (Q )-G -P  (1)

E = R (x l 2) (2)

Here, G is the weight of the stiff body and P is the force corre
sponding to the surcharge between the wall and the bounding 
rupture line. For the expression of R(ß) the reader is referred to 
Brinch Hansen (1953).

Based on the given principles the earth pressure problem can 
be solved by finding the unknown dx from the sliding condition:

F = E tan S + ah (3)

and by ensuring that F-values from (1) and (3) coincide.
Having found the geometry of the rupture figure, the bending 

moment about the tip level of the wall can be calculated through 
usual statical considerations.

For the A-rupture in question, one of the interesting details is 
the intersection point between the rupture line and the soil sur
face. For the A-rupture the rupture line does in general not meet 
the soil surface through the statically admissible angle <p/2±7i/4, 
and thus, the boundary condition for the stress is violated.

Brinch Hansen solved this problem by considering a small tri
angular soil element at the soil surface, see Figure 2, where v = 
a  + X is the angle between the rupture line and horizontal.

By projecting all forces acting on the soil element on the line 
marked 1 on Figure 2, the boundary condition for the stress at 
the soil surface can be expressed as:

sin(® + a  + A) ,cos (tp + a  + A)
t = p — —---- -------  + c ---- —---------- -  (4)

sin(a + A - i )  sin(or + A -  i)

where p and X are defined on Figure 1 whereas a  is half the cen
tre angle of the circular rupture line intersecting the free soil sur
face at the angle v (see Figure 2).

2.4 Equilibrium method, other types o f ruptures

The descriptions in Section 2.3 represent the calculation scheme 
for the equilibrium method for the A-rupture. Figure 3 shows 
some of the rupture figures for stiff walls investigated by Brinch 
Hansen.

A AaR AaP

Figure 3. Rupture figures for stiff walls with different rotation 

centres according to Brinch Hansen.

As can be seen from Figure 3 the geometry of the rupture figures 
varies with the rotation centre of the wall. However, the equilib
rium method is valid for all the types of rupture figures indicated 
and the principles and equations of Section 2.3 can fairly easily 
be generalised to take account of more complex geometries.

In the design of a stiff sheet pile wall applying the Brinch 
Hansen earth pressure theory the level of the rotation centre of 
the rupture figure on the front side and on the backside of the 
wall is the same. However, p, h and the sign of rotation differs 
between the two sides for a known tip level. The tip level is var
ied until the rupture figures on the two sides of the wall provide 
the same moment about the anchor point.

The anchor force is now found as the difference in earth pres
sures between the two sides of the wall, including differential 
water pressure.

2.5 Earth pressure coefficients

As can be seen from the above calculation-scheme the equilib
rium method is a cumbersome tool for calculating the tip level 
and the anchor force. Furthermore, the maximum bending mo
ment of the wall is not an integrated result of the equilibrium 
method. In order to simplify the calculations Brinch Hansen 
transformed the results from the equilibrium method to earth 
pressure coefficients in the following way.

Unit earth pressures acting on the wall are assumed to be lin
ear functions of the depth as shown on Figure 4.

A pressure jump situated ^h above the tip of the wall is as
sumed. Above the pressure jump earth pressure coefficients are 
designated Kx whereas Ky is used below the pressure jump.

Three unknowns K* and Ky are thus, to be found through 
the result from the equilibrium method: E, F and Ez. However, 
the tangential earth pressure F yields no relevant information and 
thus, only two equations are left. If K*Y is assumed equal to the 
earth pressure coefficient from zone ruptures (passive for posi
tive rotation and active for negative rotation) then and Ky7 can 
be found directly from the values of E and Ez.

In order to simplify the calculations Çy = is assumed
and thus, Kx and Ky are found through E and Ez for the p- and c- 
case, respectively. Hence Kx does not correspond to a fully de
veloped zone rupture for the p- and c-case.
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Posit ive Negat ive
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e* = d / K y  

e-J!= d / K y

Figure 4. Unit earth pressures according to Brinch Hansen 
(shown schematically for the y-casc).

If Çp was used as the pressure jump for the y- and c-case, the re
sulting Kx would violate the upper value defined by the usual 
zone ruptures for positive rotation.

Based on these assumptions Brinch Hansen prepared nor
malised diagrams showing:
• The pressure jump ^ as a function of the rotation centre p 

for <p’ = 0° and <p’ = 30° and for a smooth and completely 
rough, vertical wall with a horizontal soil surface.

• The earth pressure coefficients as a function of the rotation 
centre p for <p = 0° and <p’ = 30° and for a smooth and to
tally rough vertical wall with a horizontal soil surface.

Throughout the last 40 years Danish sheet pile wall design have 
been based on similar diagrams involving a suite of values of <p’ 
from 0° to 45° (see Brinch Hansen & Lundgren, 1958 or Steen- 
felt, 1988).

It must be emphasised, however, that the earth pressure coef
ficients are only quasi-statical approximations. The basic pre
rogative, in the Ultimate Limit State, is still the rupture figure. 
As is the case with other limit equilibrium methods, layered soils 
present an added, serious challenge. The hard and fast rule of 
Brinch Hansen was to apply the strength parameters in each 
layer as if this was the only layer present, and then use the rele
vant part of the distribution in the layer proper.

2.6 Limitations in the theory

Brinch Hansen’s theory may be considered as a quasi-statically 
admissible solution to earth pressure problems for homogeneous 
isotropic soils. However, from a scientific point of view the the
ory has some shortcomings:
• Slip lines shaped, as circle arcs are not kinematically ad

missible unless the dilation equals 0.
• It has never been proven that the failure condition within 

the stiff body of the A-rupture, is not superseded
• The A-rupture must only be taken as an approximation of 

the trumpet zone, which presumably constitutes the mathe
matically correct type of failure (Hansen, 1965 and Steen- 
felt, 1979,1983 for the undrained case).

• Layered soils are dealt with by applying earth pressure co
efficients in the different layers found from <p’, c’ in the 
actual layer.

Since the bounding rupture line for a stiff, anchored wall corre
sponds to an A-rupture, and since the trumpet zone has not yet 
been calculated for the drained case, the accuracy in Brinch Han
sen’s theory may for some cases be questioned.

However, the difference in the size of the earth pressure be
tween the A-rupture (circle arcs) and the trumpet zone will pre
sumably not supersede approximately 5 %.

2.1 Calculation scheme

2.7.1 Introduction
Based on the earth pressure coefficients for stiff wall segments 
the following subsections describe the calculation scheme for 
stiff walls and walls with one yield hinge.

2.7.2 Cantilevered wall
The result from the design of a cantilevered wall is the tip level 
of the wall and the maximum bending moment. The design in
volves two unknowns: the tip level and the level of the centre of 
rotation. The obtained unit earth pressure distribution may be 
seen in Figure 6. The calculation procedure is as follows:

The tip level is estimated. For a chosen level of the centre of 
rotation p may be found for each side of the considered wall. 
The earth pressure distribution on the front side of the wall may 
be found by positive rotation whereas negative rotation is ap
plied on the backside of the wall. For the estimated tip level the 
level of the centre of rotation is changed until the earth pressure 
on the backside of the wall equals the earth pressure on the front 
side also taking differential water pressure into account.

The initial estimate for the tip level is checked through the 
moment equation about the tip level of the wall and the calcula
tion scheme is repeated until equilibrium is obtained.

2.7.3 Stiff, anchored walls
The result from the design of a stiff, anchored wall is the tip 
level, the maximum bending moment and the horizontal compo
nent of the anchor force. The design involves 1 unknown: the tip 
level. The obtained unit earth pressure distribution may be seen 
in Figure 9.

For a known value of the level of the centre of rotation an 
initial estimate of the tip level is given. (The default SPOOKS 
value of the level of the centre of rotation corresponds to the an
chor level). The earth pressures are found and the tip level is 
evaluated through a moment equation about the anchor level.

Once a sufficient tip level is found the horizontal component 
of the anchor force is found as the difference in earth pressures 
also taking differential water pressure into account.

2.7.4 Walls with one yield hinge
The result from the design of a wall with one yield hinge is the 
tip level, the maximum bending moment and the horizontal 
component of the anchor force. The design involves 2 un
knowns: the tip level and the level of the yield hinge. The ob
tained unit earth pressure distribution may be seen in Figure 12.

An estimate for the level of the yield hinge is given corre
sponding to the level of the maximum moment and zero shear 
force. Above the yield hinge the earth pressure is found as for a 
stiff wall (A-rupture, positive rotation) with the centre of rotation 
situated at the anchor level. The lower stiff wall is subjected to a 
translation corresponding to p = -~. For the backside of the wall 
(negative rotation) this leads to the usual active zone rupture 
whereas the front side of the wall (positive rotation) is charac
terised by the rupture type XfPR, which leads to a smaller earth 
pressure than the passive zone rupture.

Due to the zero shear force in the yield hinge the earth pres
sures on the lower part of the wall must outbalance each other 
leading to the tip level of the entire wall for the given level of the 
yield hinge.

Once equilibrium on the lower part of the wall is obtained the 
level of the yield hinge may be evaluated by comparing the re
sult from a moment equation about the yield hinge for the upper 
and the lower stiff wall, respectively.

The above calculation scheme rests solely on zone and A- 
ruptures. However, the calculation procedure leads to a slightly 
deeper wall with a higher moment requirement, but a reduced 
anchor force, compared to a stiff, anchored wall.

Due to this fact, Lundgren & Brinch Hansen (1958) intro
duced the half way pressure jump sketched on Figure 12. How
ever, the background for this revision has never been given.
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3.1 Introduction

This paper deals with a comparison between results from sheet 
pile wall design utilising the finite element method and the theo
ry of Brinch Hansen allowing for plastic design of the soil and 
the wall.

This section serves the purpose of presenting the applied 
methods in this comparison.

3.2 Brinch Hansen method

The basis for the method has already been given in Section 2. In 
the detailed calculations, which form the background for this pa
per, the commercial software package SPOOKS W. 1.11 (1996), 
from GEO, the Danish Geotechnical Institute, has been used.

The input strength parameters are design values for plane 
strain.

3.3 Finite element method

The general theory for the finite element method shall not be 
given here -  the readers are referred to more specific papers. In 
the detailed calculations presented in this paper the software 
package PLAXIS (1998) has been used.

Characteristic strength and deformation properties have been 
specified in the input part of the program.

PLAXIS offers a feature, a <p’-c’ reduction, which automati
cally reduces the strength properties of the soil until a final col
lapse of the structure is found. One of the results from such an 
analysis is the safety factor SF defined by:

3 AVAILABLE DESIGN METHODS
f
8. 00m (GL)

SF = -
tan input

tan induced
(5)

.•5.75m (WL)

0.00m

PL

-7.00m (WL)

y
Y

c

30 degr 

18 kN/m3

10 kN/m3

0

Subscript “input” refers to the input value of the internal shea
ring resistance whereas subscript “reduced” corresponds to the 
strength of the considered load step. For each load step a relative 
stiffness k is defined, using k = 1.0 for a purely elastic state of 
stress in the finite element net, whereas k = 0.0 for a state of 
stress involving a failure mechanism of the considered structure. 
All PLAXIS results presented in this paper are based on a huge 
amount of load steps in the <p’-c’ reduction, corresponding to k =
0.0 in the final step.

Since all presented results refer to the Ultimate Limit State it 
may be argued that the stress path until this state of stress is 
reached plays no role for the final state of stress. Thus, the initial 
stress state is found through a simple Ko procedure (earth pres
sure at rest).

The geometry in the PLAXIS calculations is based on the tip 
level found from the Brinch Hansen method.

Figure 5. Design basis for steel sheet piles retaining sand for the 
Brinch Hansen method.

This allows (but does not imply) development of full wall 
friction.

• Differential water pressure is applied as shown in Figure 5. 
The flow of water from the backside of the wall to the front 
side is not investigated.

• For anchored walls the anchor behaviour has been conside
red as purely elastic.

• The soil is modelled using a Mohr-Coulomb material model 
with zero dilatancy. Unless otherwise stated, 6-node trian
gular elements have been applied.

Extracted results from the PLAXIS analyses are:
• the distribution of the unit earth pressures perpendicular to 

the wall proper
• the distribution of the bending moment of the wall
• a contour plot of total shear strains in the Ultimate Limit 

State

5 STIFF WALLS

5.1 Introduction

Stiff walls can be either cantilevered or anchored walls. In both 
cases the failure pattern around the wall corresponds to rigid 
body movement of the wall.

The cantilevered walls require a rather deeper embedment 
and a higher moment capacity of the wall, compared with an an
chored wall.

4 DESIGN BASIS

4.1 Brinch Hansen method

The earth pressure problem solved using the Brinch Hansen me
thod is shown in Figure 5.

For the roughness of the wall 5’ = <p’ has been applied. Thus, 
earth pressure coefficients corresponding to a completely rough 
wall are applied.

4.2 Finite element method

The tip level PL in the PLAXIS calculations has been found us
ing SPOOKS. The finite element model is based on:
• tp’input (see Eq. 5) has been set to 45° corresponding to 

cp’rduced = atan(SF‘) in the Ultimate Limit State.
•  For numerical reasons a small cohesion c’mpul = 0.1 kPa has 

been applied. For the interface elements between the wall 
and the soil a relative roughness of 1 is prescribed.

5.2 Cantilevered wall

Comparable results between SPOOKS and PLAXIS in the Ulti
mate Limit State for a cantilevered wall are shown in Table 1.

Table 1. Design results for a cantilevered wall.

SPOOKS PLAXIS2

Tip level [m] -7.8 -7.8

Max bending moment (kN m/m) 1000 1040

Safety factor, Eq. (1) N/A 1.676

<P’ [°] 30.0 30.8

Relative stiffness, k N/A 1.8E-3

2 2640 6-node triangular elements

Figure 6 and 7 show the distribution of the unit earth pressures 
and the bending moment along the wall, respectively.
A contour plot of the shear strains from the Ultimate Limit 

State, PLAXIS, is shown on Figure 8.
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The results, summarised in Table 1 and Figures 6 and 7, show a 
good agreement between the two different methods. The contour 
plot in Figure 8 shows remarkably good agreement with the AaP 
rupture figure, which forms the basis for design of a cantilevered 
wall in the Brinch Hansen theory -  for both positive and nega
tive rotation.

Based on some, apparent shortcomings in Brinch Hansen’s 
earth pressure theory, Mortensen (1995) developed a new earth 
pressure theory. One of the major issues was the fulfilment of 
vertical equilibrium, which is not necessarily implied in the 
Brinch Hansen method.

For a cantilevered wall, the frictional force F on the front side 
of the wall is usually larger than the corresponding value on the 
backside of the wall. In order to balance these forces the mobi
lised roughness of the front side of the wall can be reduced until 
equilibrium is obtained (or the unbalanced force is carried by tip 
resistance).

The unit earth pressures shown in Figure 6 are all based on a 
completely rough wall. Thus the upward directed frictional force 
on the front side is larger than the downward force on the back
side. The following reasons seems to justify the lack of verifica
tion of vertical equilibrium in the calculations applying Brinch 
Hansen’s method:
• As mentioned, the results from Brinch Hansen’s method are 

found utilising SPOOKS version Wl . l l .  This version of 
SPOOKS is characterised by the fact that due to problems 
relating to the vertical equilibrium, the passive unit earth 
pressures on the back side of the wall are found utilising 
earth pressure coefficients for a smooth wall independent of 
the user specified roughness.

• The distribution of unit earth pressures along the wall in the 
nature will not strictly follow the idealised Brinch Hansen 
distribution. If the PLAXIS calculations are studied in more 
detail, it tums out that the allowable shear stresses on the 
lower part of the wall is not fully mobilised. If a SPOOKS 
calculation is performed with a reduced roughness on the 
lower part of the wall, almost the same bending moment 
and tip level are obtained.

Based on these facts the authors have not found it necessary to 
give a more detailed description of the vertical equilibrium also 
noting that the very small elements used in the PLAXIS calcula
tions model a fairly realistic behaviour.

5.3 Stiff, anchored wall

Comparable results between SPOOKS and PLAXIS in the Ulti
mate Limit State for a stiff, anchored wall are shown in Table 2:

Table 2. Design results for a stiff, anchored wall.

SPOOKS PLAXIS1 PLAXIS2

Tip level [m] -2.6 -2.6 -2.6
Max bending moment [kNm/m] 242 330 339

Anchor force [kN/m] 167 185 207

Safety factor, Eq. ( 1 ) N/A 1.766 1.891

cp’ [°] 30.0 29.5 27.9

Relative stiffness, k N/A 1.2E-10 2 .1E-10

1 1349 15-node triangular elements

2 1349 6-node triangular elements

Figure 9 and 10 shows the distribution of the unit earth pressures 
and the bending moment along the wall, respectively.

A contour plot of the shear strains from the Ultimate Limit 
State, PLAXIS (15-node element) is shown on Figure 11.

As can be seen from Table 2 and Figure 9 and 10 there seems 
to be a disagreement between the results obtained using the two 
different methods.

In general the finite element method must be characterised as 
a kinematically admissible solution and hence, the obtained re
sults are on the unsafe side -  the calculated anchor force and the 
maximum bending moment are too low.

Unit earth pressure [kPa]

Figure 6. Comparison of unit earth pressures for Brinch Han
sen’s earth pressure theory and PLAXIS for a cantilevered wall.

Bending Moment [kNm/m]

Figure 7. Comparison of bending moments for Brinch Hansen’s 
earth pressure theory and PLAXIS for a cantilevered wall.

Figure 8. Contour plot of shear strains from PLAXIS for a can
tilevered wall. The dark areas around the tip of the wall, but in
side the bounding rupture lines, represent elastic zones in the 
Ultimate Limit State.
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Unit earth pressure [kPa]

Figure 9. Comparison of unit earth pressures for Brinch Han
sen’s earth pressure theory and PLAXIS (15-node elements) for 
a stiff, anchored wall.

Bending moment [kNrrVm)

Figure 10. Comparison of bending moments for Brinch Hansen’s 
earth pressure theory and PLAXIS (15-node elements) for a stiff, 
anchored wall.

An increase in either the amount of elements or the use of higher 
order elements should yield more accurate results - on the added 
expense of additional computer time, off course. Based on the 
numbers in Table 2 the anchor force, the maximum bending 
moment and the safety factor are all reduced 5 to 10 % by 
changing the 6-node elements to 15-node elements but main
taining the amount of elements.

The results from the Brinch Hansen method is found for a de
sign value of tp’ = 30° whereas Table 2 shows a collapse of the 
structure corresponding to <p’ = 29.5°. A recalculation of the wall 
with Brinch Hansen’s theory applying cp’ = 29.5° reveals an in
crease in the anchor force and the maximum bending moment of 
approximately 2 %. This leaves a gap between the finite element 
method and the Brinch Hansen method of approximately 30 % 
on the maximum bending moment and 15 % on the anchor force.

If the rupture figure on the backside of the wall is considered, 
Brinch Hansen’s method assumes an A-rupture (Figure 1) 
whereas PLAXIS finds the presumed theoretically correct trum
pet zone (Figure 11).

A comparative study (Kuasar & Helsengreen, 1998), between 
centrifuge tests and Brinch Hansen’s theory for a stiff wall ro
tating around the top of the wall has revealed an experimental 
trumpet-looking rupture type with an earth pressure approxi
mately 5 to 6 % higher than found by the Brinch Hansen A- 
rupture. Unfortunately, no information concerning the point of 
application is available for the experimental work. The shape of 
the bounding rupture line found in the centrifuge tests indicated 
that a logarithmic spiral arc would be a better approximation 
than the circle arc applied by Brinch Hansen (in part also sup
ported by Figure 11)

This change of geometry of the rupture line would imply an 
increased anchor force but a reduced maximum bending moment 
compared to the original Brinch Hansen theory.

Pin model tests yielding the earth pressure and the corre
sponding point of application for a stiff wall has been presented 
in Steenfelt et al. (1981) also comparing the obtained test results 
with results from the Brinch Hansen method. It was found that 
both the earth pressure and the corresponding point of applica
tion from the Brinch Hansen A-rupture in positive rotation were 
lower than measured in the pin model.

Based on the above discussion no unambiguous scientific 
conclusion can be drawn. Presently, we simply lack the theoreti
cal understanding of the trumpet zone for drained conditions.

However, based on the PLAXIS results and the results from 
the pin model the Brinch Hansen A-rupture (positive rotation) 
may yield results on the unsafe side leading to an underestima
tion of both the anchor force and the maximum bending moment 
for stiff walls.

Figure 11. Contour plot of shear strains from PLAXIS (15-node 
elements) for a stiff, anchored wall in the Ultimate Limit State.

6 WALLS WITH ONE YIELD HINGE

6.1 Comparison between SPOOKS and PLAXIS

Comparable results between SPOOKS and PLAXIS in the Ulti
mate Limit State for an anchored wall with one yield hinge are 
shown in Table 3.

Table 3. Comparable results between SPOOKS and PLAXIS.

SPOOKS PLAXIS1 PLAXIS2

Tip level [m] -2.6 -2.6 -2.6
Max bending moment [kNm/m] 233 235 235

Anchor force [kN/m] 118 132 142

Safety factor, Eq. (1) N/A 1.667 1.751

<P’ [°1 30.0 31.0 29.7

Relative stiffness, k N/A 7.1E-7 5.2E-10

1 2010 15-node triangular elements

2 2010 6-node triangular elements
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Figure 12 and 13 show the distribution of the unit earth pressures 
and the bending moment along the wall, respectively.

A contour plot of the shear strains from the Ultimate Limit 
State, PLAXIS, is shown in Figure 14As can be seen from Table 
3 the difference between the two methods is a 12 % higher an
chor force in the PLAXIS calculation.

A similar PLAXIS analysis but with an upper bound plastic 
anchor force of 120 kN/m has been completed leading to the 
same flexural forces as found in SPOOKS but with a safety fac
tor of 1.697 corresponding to (p’ reduced = 30.5°.

As can be seen from Figure 14 a secondary rupture figure de
velops from the yield hinge towards the soil surface. As men
tioned in section 2.7.4, Brinch Hansen assumed this rupture to be 
an A-rupture, whereas the secondary rupture figure in Figure 14 
rather resembles an AaR-rupture (Figure 3). This type of rupture 
yields a higher earth pressure compared to the A-rupture thus, 
possibly explaining the underestimated anchor force. If the 
Brinch Hansen rupture lines were made up of logarithmic spiral 
arcs, instead of circle arcs, one would for the same value of ph 
obtain an AaR-rupture instead of the A-rupture.

Hansen (1965) suggested to base the entire design of sheet 
pile walls on the equilibrium method using such types of secon
dary rupture figures in order to find the maximum bending mo
ment and thus avoiding the earth pressure coefficients.

6.2 Differences between stiff wall and wall with one yield hinge

Is is noticeable that the SPOOKS calculations for a stiff wall 
(Table 2) and a wall with one yield hinge (Table 3) lead to the 
same required tip level (within a few centimetres). The differ
ences in the respective wall moments and anchor forces are due 
to the differences in perceived wall behaviour, i.e. the differ
ences in imposed failure mechanisms.

One of the key points, in Brinch Hansen’s design philosophy 
(and one of the points most difficult to convey to students), is 
that a wall can only fail in the failure mode prescribed in the de
sign of the wall. Hence, if a yield hinge starts to develop for a 
stiff wall this will lead to re-arrangements of the earth pressures, 
which in turn will terminate the beginning yielding.

To elucidate this point a PLAXIS calculation for a stiff, an
chored wall was carried out using the SPOOKS results indicated 
in Table 2, i.e. imposing an upper plastic limit of 242 kNm/m for 
the moment and 167 kN/m for the anchor force.

This resulted in a safety factor of 1.703 ((p’ reduced = 30.4°, 
relative stiffness k = 1.9E-6). From the contour plot of shear 
strains it is apparent that a secondary rupture figure starts to de
velop, but not to the extent seen in Figure 14. Thus, the imposed 
higher stiffness of the wall and the higher anchor force do in fact 
change the behaviour of the wall into the direction of the stiff 
wall behaviour.

However, it should be borne in mind, that these comparisons 
are not completely straightforward, as the friction angles in the 
SPOOKS and PLAXIS calculations do not coincide (due to the 
differences in the two methods described earlier).

The calculations indicate, however, that there is a very deli
cate balance between the Ultimate Limit States for A-rupture, 
trumpet zone and trumpet zone with adjoining secondary failures 
in a “rigid body”.

Unit earth pressure [kPa]

Figure 12. Comparison of unit earth pressures for Brinch Han
sen’s earth pressure theory and PLAXIS (15-node elements) for 
a wall with one yield hinge.
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Bending moment [kNm/m]

Figure 13. Comparison of bending moments for Brinch Hansen’s 
earth pressure theory and PLAXIS (15-node elements) for a wall 
with one yield hinge.

6.3 Comparison with test results

Stiff walls and walls with 1 and 2 yield hinges were investigated 
in the pin-model by Steenfelt et al. (1981).

For walls with 1 yield hinge the results from the experiments 
showed that the anchor force was underestimated by 20 to 30 % 
when comparing with the Brinch Hansen method. The present 
PLAXIS calculations point towards the same conclusion.

Figure 14. Contour plot of shear strains from PLAXIS (15-node 
elements) for a wall with one yield hinge in the Ultimate Limit 
State. Point A represents the level of the yield hinge in the wall.

One Yield Hinge

--------- PLAXIS

-------- Brinch Hansen
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7 EVALUATION

The behaviour of a cantilevered wall, a stiff anchored wall and a 

wall with one yield hinge has been investigated in the Ultimate 

Limit State, plane strain, by comparing results from the Brinch 

Hansen method (SPOOKS) with results from the finite element 

method (PLAXIS). The analyses in this paper have been limited 

to cohesionless Coulomb materials with an internal, plane strain, 

design angle of friction of approximately 30°.

In general, there seems to be a god agreement between the re

sults from the considered methods for the investigated examples. 

The following specific conclusions can be drawn:

a) For all anchored walls designed by SPOOKS the Brinch 

Hansen A-rupture is applied. Comparing SPOOKS-results 
with results from PLAXIS and the pin-model it appears 
that the anchor force and the maximum bending moment 
may be underestimated by 10 to 20 % for a stiff, anchored 
wall, depending on the internal shearing resistance.

For a wall with one yield hinge there is an impressive 
agreement between the bending moment found through 
PLAXIS and SPOOKS, whereas the anchor force is under
estimated by approximately 10 to 15 % when comparing 
results from SPOOKS with results from the pin-model and 
PLAXIS.

A change of geometry of the applied rupture lines in the 
Brinch Hansen method from circle arcs to logarithmic spi
ral arcs would presumably reduce these differences. How
ever, this change would not remedy the theoretical lack of 
understanding of the trumpet zone, which seems to be the 
theoretically correct solution to the earth pressure problem 
for a stiff, anchored sheet pile wall.

b) The similarities between the results for a sheet pile wall 
with one yield hinge seem to verify the basic Brinch Han
sen solution. A sheet pile wall with one yield hinge may be 
designed by considering the two parts of the wall as rigid 
segments, separated by the yield hinge, with independent 
ruiauuu.

Improvements of the method may be achieved by changing 
the geometry of the slip lines -  see point a) -  but also by 
letting the lower wall part rotate and translate instead of 
just translate.

c) Since Brinch Hansen did not prove that the failure condi
tion within the stiff zone of the A-rupture was not super
seded, several plasticity theoreticians have questioned this 
rupture type. Although the findings in this paper show that 
the A-rupture may only be an approximate solution to a 
trumpet zone, the stiff zone within the latter rupture type 
has been verified (applying the finite element method).

d) By comparing the rupture figures from PLAXIS with the 
corresponding rupture figures from Brinch Hansen it may 
be seen that walls with one yield hinge can be designed by 
strictly following the equilibrium method (including sec
ondary rupture figures) instead of applying the earth pres
sures coefficients.

Especially in layered soil this may prove to be one answer 
to the perceived difficulties encountered using the hard and 
fast Brinch Hansen rules.

However, if the program is used as the only tool in a de
sign process a large amount of high order elements has to 
be included in the analysis. Otherwise, the obtained flex
ural forces may be too much on the unsafe side. It is the 
authors’ experience that a characteristic length of the ele
ments nearby an arbitrary structure should not exceed the 
order of say 1/50 to 1/40 of the width/height of the struc
ture. This element size should ensure that combined rup
ture figures, and especially line ruptures, are not modelled 
as “wide” plastic zones with an accompanying higher abil
ity to “absorb” energy.

8 ACKNOWLEDGEMENTS

The present paper forms part of the reporting of a COWI R&D 
project: “Modeling of soil structure interaction”. The authors 
gratefully acknowledge the financial support from the COWI 
Foundation.

The research project is furthermore, linked to the research at 
the Technical University of Denmark in design methods for steel 
sheet pile walls.

9 REFERENCES

Brinch Hansen, J. 1953. Earth Pressure Calculation, The Danish Tech

nical Press, Copenhagen.

Hansen, B. 1965. A Theory o f  Plasticity fo r  Ideal Frictionless Materials, 
The Danish Technical Press, Copenhagen.

Jäky, J. 1936. Stability o f  earth slopes. Proc. Is1 Int. Corf. Soil Mech. and 
Fndn. Eng., Harward, Vol II.

Kausar, S., Helsengreen, H.E., 1998, Jordtrykpä spunsvcegge, Modelfor- 
sog i centrifuge, (B.Sc.-project in Danish), The Technical University 
of Denmark.

Kötter, F. 1903. Die Bestimmung des Druckes an gekrümmten Gleit- 
flächen, Sitzungungsber. Kgl. Presuss. Akad. Der Wiss., Berlin.

Lundgren, H. & Brinch Hansen, J. 1958. Geoteknik, The Danish Techni

cal Press, Copenhagen 1958.

Mortensen, K. 1995. Kinematicall and statically plausible calculations 
for sheet walls, Canadian Geotechnical Journal, Volume 32, Number 
3, Pages 408-419.

PLAXIS 1998. Finite Element Code fo r  Soil and Rock Analyses. User's 
Manual, A.A. Balkema /  Rotterdam /  Brookfield.

SPOOKS W .1.11 1996. User's Manual, The Danish Geotechnical Insti

tute.

Steenfeit, J.S. 1979. Trumpet zone solutions for line ruptures in 
undrained clay applied to the design of retaining walls. Proc. 3rd In

ternational Conference on Numerical Methods in Geomechanics, 
Aachen, pp 107-114..

Steenfeit, J.S., Hansen, B., Hansson, L. & Denver, H. 1981. Failure 
Modes and Earth Pressure Distributions, Proceedings o f the Tenth 
International Conference on Soil Mechanics and Foundation Engi

neering, Stockholm 1981.

Steenfelt, J.S. 1983. Discussion of “A numerical solution for the stability 
of a vertical cut in a purely cohesive medium” by L. Cascini. Inter

national Journal fo r  Numerical and Analytical Methods in Geome

chanics, Vol 7, pp 499-501.

Steenfelt, J.S. 1988. Theoretical aspects o f basement excavation support. 
Workshop on: Basement Excavations -  Theory, Design and Litiga

tion, University o f  Queensland, Brisbane, 29-31 August, 1988, Work

shop notes pp 1.1-1.60.

e) PLAXIS seems to be a powerful tool within the field of 
Ultimate Limit State geotechnical problems. Several inter
esting rupture mechanisms may apparently be highlighted 
using the program. Especially the applied cp’-c’ reduction 
feature is useful for this type of analysis.

1218


