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On the bending of a beam resting on elastic base with consideration for large 
deflections

Sur le repli de la poutre se trouvant à la raison élastique, compte tenu de grandes flèches

Ya.A.Eyyubov, A.N.AIi-Zadeh, M.B.Akhundov, A.O.Nagdiyev, M.J.Jafarov -  
Azerbaijan Architectural and Building University, Baku

A B S T R A C T  : T h e  p ro b le m s  o n  fle xu re s  o f  the  h in g e fix e d  and fre e  o n  th e  ends o f  e la s tic  base ta k in g  in to  acco un t la rg e  d e fo rm a tions  

are solved. P o s s ib il ity  o f  in flu e n c e  o f  ex is tence o f  boss o f  th e  c a rry in g  ca p a c ity  o f  th e  base fo r  la rg e  fle x u re s  in  the  c r it ic  c o n d it io n  is  

found o u t  A n a ly s is  o f  th is  c o n d it io n  is  g iven .

R É S U M É : O n  décide  les tâches sur les flèches f ix é  aves les a rtic u lq tio n s  e t l ib re  su r les e x tré m ité s  des po u tre s  é lastiques à la  

fonda tion  ra is o n  é las tique  com pte  ten u  de grands déplacem ents. O n  découvre  la  p o s s ib ilité  de  l'e x is te n ce  de grandes flèches des 

situations c r it iq u e s  de la  pe rte  de la  capacité  p o rta n t de la  fo n da tio n . O n  donne l'ana lyse  de cette  s itua tion .

La rge  d e fle c tio n s  a t w h ic h  co n s id e ra tio n  fo r  g e o m e trica l no n - 

linea rity  is  necessary a re  observed in  th in -w a lle d  s truc tu ra l 

members. M o re o v e r, W in k le r  lin e a r re la tio n s h ip  w h ic h  re la tes 

reaction pressure to  the  d e fle c tio n , qK = kw, m u s t be substitu ted  

for m o re  genera l one. H ere , the  fo l lo w in g  expression  fo r  i t  at 

large d e fle c tio n s  is  proposed:

qx =kw(l-klwl\-k1w) (1)
I t  is  o b ta in e d  fro m  th e  s o lu t io n  o f  a g e o m e tric a lly  n o n -lin e a r 

p rob lem  o n  th e  m o tio n  o f  the  u p pe r surface o f  an  e las tic  la ye r 

resting o n  a r ig id  base. W h e n  th e  la y e r is  load ed  w ith  a u n i­

fo rm ly  d is tr ib u te d  load . In  (1 )  it, and  it ,  w i l l  be ca lle d  th e  sec­

ondary W in k le r ’ s c o e ffic ie n ts  as d is tin c t fro m  the  o rd in a ry  W in ­

k le r’ s c o e ff ic ie n t k.
F o r sm a ll d e fle c tio n s  w o f  the  beam  a t the  o rd in a ry  W in k le r ’ s 

re la tionsh ip  qt =kw th e  d e fle c tio n  o f  th e  beam  is  p ro p o rtio n a l 

to the in te n s ity  o f  e x te r io r  u n ifo rm ly  d is tr ib u te d  p ressing  fo rce  q:

w = “Y "  fc h  pi sin pi -  sh /ITcos ̂ ) ( s h  /farcos / i r - c h / fo s m  fix)- ^

- c h  /3 r c o s /fc + l}

2EJ
;A  =  s h 2 p ic o s2 fil + ch2 p i  s in 2 ¡31 (3 )

N = EF̂Uj + y  = -EJŵ (4)

cross section  area o f  the  beam.

T h e  b o u n d a ry  c o n d it io n s  are o f  th e  fo rm :

A )  fo r  h in g e d  re s tra in t o f  ends:

h M ); A M ); M = 0 w h e n  x = 0 ; /  (5 )

B )  fo r  fre e  ends: w=0 ; A M ); M = 0  w h e n  x = 0 ; /  ( 6) 

D u e  to  co n s id e ra b le  m a th e m a tica l c o m p le x ity  o f  th e  a n a ly ti­

c a l so lu t io n  o f  th e  system  o f  eq ua tion s  ( 4 )  th e  va r ia tio n a l m e thod  

o f  s o lu t io n  w ith  th e  use o f  R e isn e r’ s fu n c tio n a l w as em p loyed  

fo r  it :

K=J AT
1 2 

u +—J 2 ' 1 ÍN2 A/1") 1, 2-Mwa-------------h—  h—k.u +
2E { F  J  ) 2 ' (J)

E -  Y o u n g ’ s m o d u lu s  o f  e la s t ic ity , J  -  m o m e n t o f  in e r t ia  o f  cross 

section, h -  th ickn ess , b -  w id th , I -  le n g th  o f  th e  beam.

In  th is  w a y  w i th  the  use o f  the  so id  W in k le r ’s lin e a r  re la tio n ­

ship fo r  sm a ll d e fle c tio n s  w e  sha ll o b ta in  m o no to nou s  g ro w th  o f  

de flection  w i th  the  g ro w th  o f  the  o u te r lo a d  q, th a t is , s ta b ility  o f  

the process o f  d e fle c tio n  re s tin g  o n  e las tic  base takes p lace. 

However, fo r  la rg e  de flec tions  the  s itua tion  w i l l  be  d if fe re n t T o  

clarify th is  i t  is  necessary to  have a so lu tio n  o f  the  p ro b le m  o n  the 

deflection o f  a beam  re s ting  on  e lastic  base at la rge  d isplacem ents 

and w ith  cons idera tion  fo r  n o n -lin e a r W in k le r ’s la w  (1).

In  case o f  presence o f  f r ic t io n  be in g  cons ide red  fo r  b y  in tro ­

ducing re a c tive  fr ic t io n a l fo rce  qr =  k u  p ro p o rtio n a l to  h o r i­

zontal s h if t  o f  (m in ts  o f  surface  o f  the  beam  co n ta c tin g  the  base 

fu ll system  o f  equa tions w ith in  th e  fra m e w o rk  o f  the  hypo thes is  

o f f la t sections w i l l  have  th e  fo rm :

N* -4 , = ° ; ( ^ i  +(<1-9*y> = 0

+ ^ b k + k 1)bws +—idcikJbw4-q tvb^dx + Kc

w h e re  x  -  lo n g itu d in a l a x ia l coo rd ina te , Ke -  exp ress ion  depend­

en t on  th e  bo u n d a ry  c o n d it io n s  w h ic h  has the  fo l lo w in g  fo rm  fo r  

th e  c o n d itio n s  ( 6):

(8)

and  the  fo l lo w in g  fo rm  fo r  the  c o n d it io n s  (5 ):

K c = - ( iV u  +A ^w w _J1 + M rIw j () (9 )

R e a liz a tio n  o f  th e  R e isn e r’ s v a r ia tio n a l p r in c ip le  is  m atte  fo r  

the  fo l lo w in g  a p p ro x im a tio n s  d e pend ing  o n  the  typ e  o f  bo unda ry  

co n d itio n s :

A )  w =  w 0
nx

i — : 
/

A / = A / 0s i n y ;

XT > r  | r  * 2  7CC / UN  = N. +NfìBm — ; u = un cos— sin —  
1 ° / ° i i

xx nx
B) w  =  w 0 s in — ; M  = M 0 s in — :1

N = N 0s m u  ■■

I 
nx

u0 COS­

CIO)

F in a lly , w e  sha ll o b ta in  the  re la tio n s h ip  be tw een  a d im e n -

siona less m a x im u m  d e fle c tio n  

T = 2bhiq /E Y  o f  th e  fo rm :

*■=Q(i)”3 -cy +<>

w here

Ç +£i)i C, = y (g  + ?rV4)

v  =  w0/h  and  a load

OD

where N  - lo n g itu d in a l fo rce  in  beam , M  -  be n d in g  m o m ent, F  -
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Figure 2. The dépendance curves o f critical load from relative beam length.

r  4?rc A =  —  g , r i + -
g r

3 n  y

3 1C

+ —  gg¡gi,
-8 ic2/7)T>icly* (g t

^ + ^ g r + 1 2 ,V )  'J
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( 12)

/  r ’ ' g "  EJ E J
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G iv e n  th a t D  = C 2 - S C jC , ^  >  0 th e  “ lo a d -d e fle c tio n ”  cu rve

has the  fo rm  s h o w n  in  f ig u re  1.

A c c o rd in g  to  it ,  w ith  g ro w th  in  th e  lo a d  u p  to  a p a it ic u la r

th e  d e fle c tio n  a lso increases m o n o to n o u s ly  u p  to  a fte r w h ic h

the  d e fle c tio n  increases instan taneo u s ly  in  an a b ru p t w a y  u p  to  v 

a t the  samp

lo a d  and the n  a g a in  increases m o no to nou s ly . T h e  p o rtio n

L Q R  on  th e  cu rv e  in  F ig u re  1. is  n o t re a lized . I t  corresponds to  

the  loss  in  s ta b ility  o f  th e  p rocess o f  d e fle c tio n  o f  a beam  on 

e las tic  base m a n ifes ting  i t s e l f  in  ca ta s trop h ic  instan taneous sub­

s idence o f  s o il base u n de r fo u n d a tio n . C r it ic a l d e fle c tio n  is  de­

te rm in e d  fo rm  th e  express ion :

1 - i f ,  - V d )  (13)

Figure 3. The dependence curves o f  critical load from secondary Vinkler 

coefficients.

C r it ic a l lo a d  is  d e te rm in e d  fro m  th e  fo rm u la  (1 1 ) w ith  con­

s ide ra tion  fo r  the  re la tio n s h ip  (1 3 ) in  i t

F ig u re  2. show s th e  cu rves  o f  dependence o f  the  c r it ic a l load 

o n  re la tiv e  le n g th  o f  a beam  and fig . 3 d isp la ys  the  cu rves o f  de­

pendence o f  i t  on  W in k le r ’ s secondary  c o e ffic ie n ts . T a y  (a  - cr.) 

and  T ay  (b  -  c r .)  in  these F ig u re s  denote  c r it ic a l loads fo r  fixa ­

t io n  c o n d it io n  A  and B  re spec tive ly .

C O N C L U S IO N S

1. T h e  suggested fo rm u la s  fo r  re a c tive  co n ta c t fo rce  be tw een the 

b a r and e las tic  base is  exp la ined . T h is  fo rm u la  generalizes. 

V in k le r1 s fo rm u la  fo r  la rg e  flexu res . V in lc le r1 s coe ffic ien ts  

o f  the  second typ e  are in tro d u ce d  w h ic h  co n s id e r non- 

lin e a r ity  o f  fle xu res .

2. T h e  p ro b le m s  o n  fle x u re  o f  th e  e la s tic  b a r o n  th e  e las tic  base 

fo r  la rg e  fle xu re s  are so lve d  in  th e  fra m e  o f  th e  h yp o the s is  o f 

p lane  sections fo r  tw o  cases o f  f ix in g  o f  th e  end o f  the  bar. 

C om p ara tive  an a lys is  w i th  so lu tio n s  o f  s im ila r  p rob lem s  for 

sm a ll d isp lacem ents  is  g iv e n  I t  is  sh o w n  th a t o n ly  fo r  large 

f le xu re s  the  c r i t ic  c o n d it io n  o f  ju m p  ty p e  g ro w th  o f  th e  fle x ­

u re  (ins tan tenous s lu m p ) is  poss ib le .

3. I t  is  sho w n  th a t ca lcu la tio n s  o f  fle x u re s  o f  the  b a r on  the 

e las tic  base w h ic h  are ca rr ie d  o u t b y  V in k le r ' s classic 

schem e e x c lu d in g  p o s s ib il ity  o f  lo ss  o f  the  ca rry in g  capacity 

o f  base and tha t has p lace  fo r  la rg e  flexu res .
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