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Prediction of particle migration in a soil-filter system using analytical modeling

Prediction de la migration des particules dans un systeme de sol filtrant en utilisant le modele 

analytique

B. Indrara tna  & F.Vafai -  Department o f C ivil & Mining  Eng ineering, University o f Wollongong, N. S. W., Australia  

G. Adikari -  SMEC Victoria Pty Ltd, Hartwell, Vic., Australia

ABSTRACT: This study highlights an analytical model simulating the filtration phenomenon applicable to any base soil-filter system. 
Based on the concept of critical hydraulic gradient and the mass and momentum conservation theories, the rate of particle erosion and 
retention through a given filter is determined. By dividing the base soil and the filter domains into a number of discrete elements, the 
model is capable of predicting the time-dependent changes in particle gradation and the permeability of each element. Laboratory tests 
conducted on fine base material and sand filters verified the validity of the model. The model predictions are also compared with the 
conventional empirical grading ratios.

RESUME: Cette etude mettre en vedettee un modele analytique et la simulation de phenomfene de filtration (applicable pour le systSme de 
filtre de sol). Bas6 sur le concept de la gradient hydraulique critique el les theories de conservation de la masse et le force vive, la taux de 
l’erosion et de la retention 4 travers le filtre est calculde. En divisant le sol de base et les domaines de filtre en plusieurs nombres des 
elements discret, on pent utiliser le modele de prevoir les variations (aux temps et de l’epaisseur) de la repartition des particules et la 
permeability de chaque element. On a verifi6 le module en utilisant les resultats d’esais de laboratories avec des materieux base fin et de 
filtre de sable. Les predictions des module sont compares avec des rapports de gradation empirique.

1 INTRODUCTION

Earth dam filters are designed to act to prevent erosion of the 
adjacent soil, and to allow water to drain into higher permeability 
zones. The quantity of effluent and its turbidity are directly 
associated with the filter effectiveness. Consequently, the 
efficiency of design should reflect the range of particle sizes 
which the filter can retain without clogging or sustaining a crack 
itself. It is understood that granular filters should encourage self- 
healing, where the formation of a layer of coarse particles at the 
filter interface would then retain the smaller particles which are 
otherwise erodible.

Much experimental work has been conducted to develop 
empirical filter criteria for various base soil-filter combinations 
(USBR, 1963; U.S. Army, 1971; Vaughan and Soares, 1982; 
Sherard et al., 1984; Lafleur, 1984; Indraratna et al., 1990). 
Nevertheless, relatively few attempts have been made to describe 
the migration of base particles through granular filters using 
analytical modelling (Wittman, 1979; Adel and Bakker, 1993). 
In this paper, a comprehensive analytical model for soil particle 
migration is described, based on the application of mass and 
momentum conservation theories.

2 ANALYTICAL MODEL

In order to find a comprehensive solution for fine particle 
migration within a filter medium, the filter layer is divided into 
many elements. The geometrical and hydraulic conditions at each 
filter element are mathematically modelled, based on flow 
continuity and the laws of mass and momentum conservation. 
Subsequently, the movement of particles into and out of the filter 
elements is investigated.

2.1 Geo-hydraulic Aspects

It is assumed that only the particles having a diameter less than 
the minimum equivalent pore diameter of the filter are potentially 
erodible. The minimum equivalent pore diameter (dmjn) is based 
on the porosity (n), equivalent diameter of grains and the grain 
size distribution curve (Vafai, 1996; Kovacs, 1981). It is 
assumed that when the applied hydraulic gradient exceeds a 
‘critical’ value characteristic of the soil element, at that location, 
the fine particles are considered to be eroded by the seepage 
force. By establishing equilibrium between the external forces

acting on a particle within a pore channel of elemental length 81, 

which is inclined at an angle a  to the horizontal (Fig.l), the 
critical hydraulic gradient is derived as follows:

“ Sl y ,
' ( /A  “ Y »K )tan 0'(A- + Vcos2 a  + K 2 sin2 a )

2 ^ .  

3 « r .

(1)

where, the earth pressure coefficient, K  = tan2 (45° - <p' /2) 

and <f>' = effective friction angle of the granular medium.

K -

Figure 1 Equilibrium of a particle ‘plugged’ in an inclined 

pore channel within a typical element.

2.2 Conservation o f Mass and Momentum

Considering the mass flow rates in and out of a given element of

thickness Az, and the rate of mass accumulation within the

element during a period of At, the principle of mass conservation 
requires the following equations to be satisfied:
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(2 a)

(2 b)

where, u = average velocity of slurry entering element,

Pm< Pw ’ P, = density of slurry, water and soil grains, 
respectively 

= volume of water in each element, and 

vs = total volume soil particles in which the diameter is 

smaller than d ^

The summation of external forces (EF) applied to the volume 

of slurry (vm) ensuring momentum conservation gives:

(3)

Solution of Eqns. (2) and (3) can be carried out conveniently 
using the explicit finite difference method, where the change of 

slurry density in each element within the time interval (At), and 
the velocity of slurry (u) at each element can be determined.

2.3 Evaluation o f Filter Behaviour

The filter behaviour is investigated by monitoring the changes of 
particle size distribution (PSD) curve, porosity and permeability 
of base and filter elements during the filtration period.

(al Particle Size Distribution (PSDI Curve

The particle size distribution curve for each element at any given 
time can be calculated based on the following equations:

<ys ) ;= ( ^  )'•OUl 1 out

W - ( v ,  );J_______out 1

v;

(4a)

(4b)

where: Vs = volume of eroded soil, and total volume of 

soil, respectively

S = percentage of particles having diameters less 
than m̂in

Pj = net volume of soil corresponding to a specific
diameter j divided by the total volume of soil in 
that element (Vs)

Particle size (mm)

Figure 2. Time dependent particle size distribution curve 

of filter element, FE2 for effective filter model.

A numerical example is illustrated in Fig. 2, where the 
thickness of each soil element is 25 mm. The initial PSD of filter 
(t=0) is shown as a reference. A ‘tail’ of fine particles is 
established showing the retention of base particles (Cu < 3.5; dss 
= 0.11mm) in the pores of an effective filter. For ineffective 
filters, this ‘tail’ of fine particles is short lived or non-existent, 
irrespective of the base soil gradation curve.

(b) Porosity

Assuming full saturation of elements and considering the total

volume of element to be VT, the porosity (n) of ith element at a 
given time is calculated by the following equation:

(»),=
(V J,

(Vr),
( 5 )

Figure 3 illustrates the variation of porosity with time. The 
erosion of base particles (BE1) is indicated by a rapid increase in 
porosity. The effective filter elements show an initially decreasing 
porosity as eroded particles occupy the filter pores, but quickly 
attain a steady state (FE1 and FE2: Fig. 3).
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Figure 3. Variation of porosity for base soil and filter element 

with time.

let Permeability

The coefficient of permeability of the granular filter is predicted 
on the basis of the PSD curve, with reference to the specific 
particle sizes: Ds, Dio and D 15 . In the analytical model, two 
alternative permeability-grain size criteria are considered, in 
which the particle sizes in mm, and the coefficient of permeability 
(k) in cm/sec are given as follows:

(i) k = 0.35 (D15) 2 ; Sherard et al. (1984) (6 )

and (ii) k = 1.02 (D5D10 ) 0  93 ; Indraratna et al. (1996) (7)

Figure 4 shows the variation of permeability with time for 
effective and ineffective filter elements. For the same base soil 
properties (d|j5 = 0.11 mm; Cu < 3.5), the initial porosity of the 
ineffective filter (n0  =35%) was specified at a higher value than 
that of the effective filter (n0  =25%). The behaviour of effective 
filter is demonstrated by the continuously decreasing permeability 
(FE1 and FE2) associated with the retention of base particles. 
The filter element FE1 (adjacent to the base soil) which retains 
most of the eroded fines indicates a more pronounced reduction 
in permeability than FE2. In contrast, the ineffective filter having 
a higher initial permeability shows limited retention of base 
particles until the first 2 hours or so. However, its inability to 
retain these fine base particles is reflected by a subsequent 
increase in permeability (eg. top curve, FE1: Fig. 4), irrespective 
of its initial PSD at t=0.
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Figure 4. Comparison of time dependent effective and ineffective permeability of filter elements

3 LABORATORY VERIFICATION OF MODEL

In order to verify the analytical model, a filtration apparatus (150 
mm diameter) with piezometric points was constructed with side 
seals to prevent boundary erosion. In this section, the laboratory 
behaviour of an effective filter is compared with the model 
predictions. Predictions are based on the division of the base soil- 
filter system into a total of eight 25mm thick elements (ie. four 
elements for each material zone). The uniform base soil (Cu = 

3.3) consisted of pulverised silica (cohesionless). Clean river 
sand was used as the filter material. The initial porosities of the 
base and filter materials were 19.5% and 35.4%, respectively, 
after being subjected to slight compaction under mild vibration. 
This filter material could be classified as a uniform fine-medium 
sand (Cu = 3.1) composed of sub-rounded grains, having an 

initial permeability of 5.5 x 10"5 cm/sec. Figure 5 compares the 
measured effluent flow rate and the model prediction which are in 
agreement for hydraulic gradients of 8 -10.
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Figure 5. Variation of effluent flow rate with time

As shown in Fig.6a, an acceptable match between the 
laboratory and predicted particle size distribution (PSD) curves 
for BE1 is evident, although the predictions tend to over-estimate 
the erosion of the finer fractions. The element BE2 indicates less 
erosion, and the model prediction is accurate in comparison with 
the measurements. In contrast, BE3 does not indicate any 
significant erosion implying a perfect balance between eroded and 
retained particles; hence, its PSD (not shown) almost coincides 
with the initial (t=0) PSD curve. The base element BE4 adjacent 
to the filter face seems to lose more of its mid-range particles (dj5 

- d4o), in comparison with BE2. The model prediction for BE4 
and its laboratory curve almost coincide, hence, represented by a 
single (averaged) line in Fig. 6a.

The filter elements FE3 and FE4 are almost unchanged from 
the initial PSD curve, because, the retention of eroded particles is 
undertaken only by the overlying filter elements, FE1 and FE2. 
Therefore, only the behaviour of FE1 and FE2 is shown in Fig. 
6b. The model prediction for FE1 underestimates the smallest
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Figure 6. Comparison of model predictions with laboratory 

measurements for (a) base soil and (b) filter elements

fraction of retained particles, but it is in good agreement with the 
laboratory data for particle sizes exceeding dj5. The discrepancy 
between the predicted and measured curves is less significant for 
FE2.

4 MODEL PREDICTION VERSUS EMPIRICAL CRITERIA

In this section, the analytical model predictions are compared 
with the available well-known empirical criteria as summarised in 
Table 1. With regard to D i5 /dg5  (retention ratio) and D i5 /d i5
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Table 1: Comparison of Empirical Filter Criteria with Analytical Model Predictions

References Base soil Retention ratio 

Di5/d85

Permeability ratio 
D15/d15

Mid-size ratio 

D50A150

Type of filter material

Terzaghi and Peck 

(1967)

Cu < 2 < 4 < 4 - uniform sand

US Army (1971) Cu < 6 <5 5 -2 0 <25 sand (different gradations)

USBR (1963)
Cu = 3-4 - - < 10 

<5
uniform fine sand 

uniform coarse sand

Cu >4 - 6 -1 8 9 -3 0 graded fine sand (angular grains)

- 12-40 12-58 graded, fine to silty sand (subrounded)

Sherard et al (1984)

Sherard & Dunnigan 
(1985)

sandy silts and 
clays; 

fine silts and 
clays; 

silty and clayey 
sands

< 5
(conservative) 

< 9 (average)

<4

- -

uniform sand and gravel (alluvial) 

subrounded to rounded

Analytical Model 
(current study)

Cu < 6 <5 5 - 18 < 9 Cohesionless filters 
(various gradations)

Cu = 6 - 20 < 5 10-35 10-41

Note: Base soils are fine sand (cohesionless) unless stated otherwise; Cu is the uniformity coefficient; if Cu > 6, soil is well-graded.

(permeability ratio) associated with uniform base soil, the 
analytical predictions are in excellent agreement with US Army 
(1971). In relation to the model, Terzaghi and Peck (1967) 
recommendations are slightly conservative. For well-graded base 
soil, the optimum D 15 /d 15  ratio predicted by the model agrees 
within reasonable limits with the USBR recommendations. For 
the mid-range particle size ratios (Dso/dso) corresponding to the 
uniform fine sands, the model predictions (< 9) are in good 
agreement with USBR (< 10), but deviate substantially from the 
US Army recommendation based on graded filters (< 25). The 
comparison between the model results and USBR for well- 
graded sand is also acceptable, although it is noted that the USBR 
recommends a more conservative mid-range ratio for uniform 
coarse sand (< 5).

For sandy silts and clays, the recommendations of Sherard et 
al. (1984) are certainly in accordance with the model predictions. 
However, for fine silts and clays where cohesion is significant, 
the retention ratio can be increased (Sherard and Dunnigan, 
1985). In the analytical model, if the cohesion of the base soil is 
ignored, then the predictions become conservative when applied 
to cohesive clays. For cohesionless base soils, the comparison 
between the analytical and empirical criteria suggests that the 
retention ratio (Di5/d85) is the most reliable, when applied to 
granular filter design.

5 CONCLUSIONS

An analytical model to predict the effectiveness of granular filters 
has been presented, where the model considers a critical 
hydraulic gradient based on the limit equilibrium method. For 
small particles, this critical hydraulic gradient can be exceeded 
even under mild hydraulic pressures, implying that in reality, 
some erosion of base particles is inevitable. The process of 
particle migration is studied using the principles of mass and 
momentum conservation. By dividing the base soil and filter 
domains to a number of elements, the migration of particles 
within a discretised system could be investigated, using a finite 
difference scheme.

The change in particle size distribution curve (PSD) with time 
is directly related to the amount of particles eroded from or 
retained within a given element. The development of a fine ‘tail’ 
in the PSD curve of a filter element is an indication of its effective 
retention, whereas the malfunctioning of the filter generally 
signifies an abrupt increase in permeability at any time during its 
operation, following a steady flow period. The ability to retain 
some base particles initially to promote self-filtration is a function 
of the filter porosity or the minimum equivalent pore diameter. 
Laboratory tests conducted on fine silica particles verified the 
analytical model to an acceptable degree of accuracy.

The analytical model described in the paper can be applied to 
both cohesive and cohesionless base soils. For a cohesionless 
base material, the analytical model and the well-known empirical 
criteria are in good agreement, particularly with regard to the 
retention ratio, Di5/d85- For cohesive base soils, although 
Sherard and Dunnigan (1985) recommendations can also be 
employed, unlike the analytical approach, these empirical ratios 
cannot provide estimates of effluent flow rates and the extent of 
particle erosion with time. In this respect, the analytical model 
can be considered as a powerful tool in granular filter design.
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