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Modeling the yielding behaviour of natural soft clays
Modélisation de la limite élastique des argiles molles naturelles

T.A.Newson - Geomechanics Group, The University of Western Australia, W.A., Australia

ABSTRACT: This paper proposes the use of a constitutive model ANPETAL for describing the stress-strain behaviour of natural soft
clays. The model has an empirical yield locus rotated around the K, consolidation line and a non-associated plastic potential function. It is
demonstrated that it can predict yield envelopes for materials with a wide range of friction angles. Preliminary assessment of the model has
been by comparison with laboratory data from an investigation on a sensitive cemented natural clay. The results correlate reasonably well
with the observed data and significantly closer than similar predictions made using another anisotropic model.

RESUME: Cet article propose d’utiliser une loi de comportement constitutive ANPETAL pour décrire le comportement en contrainte-
déformation d’une argile molle naturelle. La loi de comportement a une courbe de chargement empirique qui est orientée autour de la ligne
K, de consolidation anisotrope et une fonction de potentielle plastique non associée. Il a été demontré que cette loi peut prédire des
enveloppes de chargement pour des matériaux avec une grande gamme d’angles de frottement. Les premiéres vérifications de la loi de
comportement ont été faites par comparaison avec les résultats de laboratoire obtenus par des essais sur une argile naturelle sensitive et
cimentée. Les résultats obtenus correspondent assez bien a ceux observés et sont significativement plus proches que des prédictions
similaires faites en utilisant une autre loi de comportement anisotrope.

1 INTRF)DUCTIOI\.I . ) o on the composition, anisotropy and stress history of the material.
The evaluation of the yielding behaviour of soft clay deposits is It has been found that the yield envelopes for these soils tend to
particularly important with regfird to the design of structures that display more symmetry around the K, consolidation line in plane
are foundt?d on these materials. As the. clay goes from.an stress space (s:t), rather than axisymmetric stress space (q:p').
overconsolidated state to a normally consolidated state, there is a However, the development of constitutive models for the
d'ran.latlc reduction in the stiffness response, which can cause description of the yielding behaviour of anisotropic clays has
significant settlements and even structural failure. Therefore the tended to adhere to the notion that symmetry in axisymmetric
identification of stress paths that lead to yielding behaviour is stress space exists (e.g. Banerjee and Stipho, 1978; Whittle
critical. This is accomplished by the identification of yield 1993;. Dafalias, 1987). Consequently, the yield envelopes used to
envelopes, that separate elastic stress states from plastic stress describe the yield behaviour of natural clays are not necessarily

states. To date the yield envelopes of some 50 natural soft clays : : ;
. . . . the most appropriate (particularly at low stress ratios). It has been
have been determined (Diaz-Rodriguez, 1992), from countries all PPTOP ® y )

over the world.

The classical theory of plasticity (Hill, 1957) has provided a
fundamental description of the stress-strain behaviour of soft
clays. The pioneering work of Drucker et al. (1957) served to
introduce the notion that a convex stress envelope can be used to
describe the yielding behaviour of lightly overconsolidated clays.
Whilst it has been revealed experimentally that stress cycles
within the elastic domain of many clays display some plastic
straining, the simple concept of yielding is still widely used. The
combination of simplicity and accuracy of 'cap' models (and their
derivatives) has ensured their continued success as predictive
tools.

noted recently, that as yet there is no unified model to describe
the yield behaviour of most natural soft clays, Diaz-Rodriguez et
al. (1992).

The purpose of this paper is to propose a model based on
critical state concepts that more accurately describes the yield
behaviour of natural clays. In common with the original family of
critical state models, the proposed constitutive relationship
requires only a minimum number of parameters, which can all be
found using standard laboratory tests.

2 MODEL FORMULATION
The earliest elasto-plastic models used to describe the The proposed model (ANPETAL) is based on the critical state

constitutive behaviour of soils assumed that the material displayed concept for soils, Schofield and Wroth (1968). The major
structural isotropy (Schofield and Wroth, 1968). The effects of features are an empl.ncal )'ICIC.i locus, W'ltl"! a non-{lssocnated f.lo?v
the anisotropic structural fabric of natural clays were considered rule and an isotropic ha.rdemng. rule.. Prior to yield the soil is
to be secondary to a fundamental description of the yield modelled using small strain non-linearity.

behaviour. However the natural formation of clay in horizontal

layers of large lateral extent, results in a material displaying an 2.1 Elasticity behaviour

inherent' anisotropic structural fabric. A particular fabric Experimental observations indicate that the shear modulus G is
arrangement is developed and preferred orientations of particles proportional to the mean normal effective stress p', e.g. Allman
occurs, affecting the stress-strain behaviour in different directions. and Atkinson (1992). It has been postulated that at small strains

(i.e. for overconsolidated stress states) the shear modulus is a

Laboratory investigations by many groups of researchers . . i
function of mean normal effective stress, p', overconsolidation

have revealed the significant influence of anisotropic formation

stresses and subsequent ‘'induced' anisotropic stresses on clay ratio (OCR) and shear strain, €;. A typical stiffness-strain curve
stress-strain behaviour. Yield envelopes for many soft clays have for a clay soil is shown in Figure 1. At very small strains (phase I)
been found to be similar in shape, with their location dependent the tangent shear modulus of soil is thought to be constant, Gpax,
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for a given OCR and p', up to a deviatoric strain of approximately
107, Beyond a shear strain of 10” and up to approximately 10'2,
the shear modulus gradually decreases according to a logarithmic
function (phase II). Finally the soil reaches the yield surface and
the shear modulus decreases further, although at this stage the
behaviour is dominated by plastic straining and the magnitude of
the shear modulus is less important. The following equations have
been suggested by Bolton et al., (1994) for the modelling of
phases I and II of the shear modulus-strain curve. The constant
shear modulus at very small strains Gpax, can be calculated from:

Gmax = A.p™ OCR™ (1)
where A, no and mo are soil parameters derived from triaxial
tests. A similar relationship has been assumed for the behaviour in
the range of shear strain between e = 107 to 10'2, namely:
G=Bp™.OCR™¢, )
where B, n, m and r are soil parameters similar to those given for

equation (1). Only three simple triaxial tests are required, using
small strain measurement, to find the above parameters.

The behaviour in the elastic domain of the proposed model
is calculated using the equations (3) and (4), and the shear
modulus, G, is assumed to vary according to equations (1) and
(2). The incremental elastic shear strain can be found from:

dq
3G

¢
des =

3

where des’ is the incremental elastic shear strain, and dq the
incremental change in deviatoric stress.

The incremental elastic volumetric strain is calculated from
equation (4), which is derived from the relationship for a swelling
line:

e _ K (

dev’ = ERETS] -dp @

where de,° is the incremental elastic volumetric strain, x is the
slope of the swelling line in e:Inp' space, €, is the void ratio at the
beginning of the increment and p' is the mean normal effective
stress.
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Figure 1. Typical stiffness-strain relationship for
a clay soil
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2.2 Yield and failure

Comparisons of yield envelopes of recently deposited (post
glacial) clays from the literature have been made by both Graham
et al. (1988), and Diaz-Rodriguez et al. (1992). All of these
displayed stress-strain behaviour that could be expressed in the
form of unique yield envelopes, normalised with respect to in-situ
consolidation pressure, oy;. The comparisons indicated some
variation in the shape of these envelopes and it was postulated
that this was due to differences in mineralogy and in in-situ OCR
values of the clays. Graham et al. (1988) attempted to reduce this
variability by further normalising q using M=6sin¢"/(3-sin¢") and p'
by (1+2K,)/3. This did produce a concentration of the data,
particularly in the q direction, but some variation remained in the
region of low normalised p' values. However, the yield envelopes
were sufficiently close to postulate the existence of a unified
envelope that models the majority of these data. Graham et al.
(1988) also concluded that the symmetry of yield envelopes
around the K, consolidation line that is observed in s:t' plots is
generally not observed in q:p' plots of the same data.

The current study has attempted to provide a model that
can describe the yielding behaviour of a wide range of natural soft
clays. The yield envelope of the proposed mode! (ANPETAL) is
assumed to be the rotated and distorted shape shown in Figure
(2). Although the envelope is orientated around the K,
consolidation line, it can be seen that it is not symmetrical about
this axis. The expression for this yield function is:

F(0)=(q - 1o.p)* + J(e).pz.ln(ﬂpﬂ)2 ()

where T, defines the rotation of the yield locus, (Mo = q¢/po), Po'
is a hardening parameter defining the size of the yield locus and
J(0) is a function controlling the stress ratio q/p' at critical state
dependent upon the Lode angle ©.

Constitutive models developed for the description of the
yielding behaviour of anisotropic clays have tended to assume
that symmetry in axisymmetric stress space exists (e.g. Dafalias,
1987). The observations of Graham et al. (1988) indicate that this
is not the case for yield envelopes of natural clays. Figure (2)
shows a comparison between the proposed model (ANPETAL),
the model of Dafalias and the observed yield points for Winnipeg
clay (Graham et al.,, 1983). On the compression side of the K,
consolidation line, both yield envelopes are similar and correlate

Observed
yield point

: 127" ‘1.4
\ ANPETAL
Dafalias S
0.6 T envelope
-0.8

P'/Po

Figure 2. Comparison of Dafalias model, ANPETAL
and observed yield envelopes for Winnipeg clay,
(after Graham et al., 1983)



reasonably well with the observed data. However, below the K,
consolidation line the Dafalias yield envelope is far less accurate,
as is particularly evident at low stress ratios. The ANPETAL
yield envelope produces a much better correlation with the
observed data in this region. The equation for the Dafalias (1987)
yield envelope is shown below in equation (6); note that a Mohr-
Coulomb failure surface has been assumed for both models, thus

Me = 3.MJ/(3+Mo).
FO)= (q - no.P)? + p(' R )M? - 12) (6)

where M takes the value of M. in compression and M, in
extension.

The value of friction angle of Winnipeg clay is ¢'=17.5° (see
Figure 2), which is quite low for a clay soil. The majority of clays
fall in the range of 23° to 30% however, the literature shows that
yield envelopes have been identified for clays with ¢' values
varying from 17.5° to 43° Figures 3(a) to 3(c) show the yield
envelopes predicted by ANPETAL for Ottawa clay (Mitchell and
Wong, 1975), Bothkennar clay (Smith et al., 1992) and Mexico
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Figure 3(a). Comparison of ANPETAL model and
observed yield envelopes for Ottawa clay
(after Mitchell and Wong, 1975)
M=1.4
M,=0.68
£
=g
1.2 1{5
M.=0.95
P'/po

Figure 3(b). Comparison of ANPETAL model and
observed yield envelopes for Bothkennar clay
(after Smith et al., 1992)

q/p.

p'/po

Figure 3(c). Comparison of ANPETAL model and
observed yield envelopes for Mexico City clay
(after Diaz-Rodriguez et al., 1992)

City clay (Diaz-Rodriguez et al., 1992), with values of ¢' of 27°,
34° and 43° respectively. In each case, the comparisons with the
observed data points show reasonably good correlations, and
certainly more accurate than those of currently available
constitutive models.

The function J() is defined using the following expression:

1) = (#) +(b-a).sin(6) ™
where a = M¢(M:-no), b = M(Me1m0), M, and M, are the ratios

of g/p' at critical state in triaxial compression and extension
respectively.

The yield envelope of ANPETAL is plotted using the
reduced deviatoric stress tensor (g-nep') in normalised stress
space in Figure 4. This shows the variation of the yield envelope
shape with Lode angle (i.e. the effect of the intermediate principal
stress, 02). The model is constrained to fit to the Mohr-Coulomb
failure surface, but could just as easily be constrained to fit the
von-Mises failure surface by assuming M;=M_ in the function J(0)
above. Application of this model is not necessarily limited to
structural anisotropy from K, consolidation, although this would
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Figure 4. Variation of yield envelope with Lode
angle, for Winnipeg clay



be the most common application in engineering practice. Different
forms of anisotropy can be accommodated by changing the value
of the parameter 1, to the appropriate constant stress ratio during
consolidation.

It is evident from measurements of plastic strain increment
vectors (e.g. Graham et al., 1983; Wong and Mitchell, 1975) that
the normality condition does not apply to some natural clays.
Thus the ANPETAL model assumes the following non-associated
flow rule, for the prediction of incremental plastic strains:

des _ (@o-m

def n(n-ao)-J'(6)

o

®

where 7 is the current ratio q/p', desf and de.P are the plastic
incremental shear and volumetric strains respectively. The
parameter o, defines the rotation of the plastic potential surface
in stress space. If o, takes the same value as 1, then the model
assumes that plastic flow is associated. The parameter J'(0) is
defined in the same fashion as J(6) in equation (7), except n, is
substituted by the value of o,

To ensure simplicity of the current model formulation the
yield envelope is assumed to harden in a purely isotropic fashion,
with no rotational or kinematic hardening occurring during plastic
straining. However, the results shown in Section 3 seem to
indicate that this may be unnecessary due to the shape of the yield
envelope and any subsequent stress reversal behaviour may be
accommodated using changes to the behaviour assumed in the
elastic domain.

2.3 Anisotropic state boundary surface

The corresponding stable state boundary surface for the proposed
model is given by the equation:

I( [2.(C-e-Alnp) J
=+ s
n -.VI(J(O)-" * - }w +nn, ©®)
where T is the reference volume for the critical state line, e is the
void ratio, A and k are the slopes of the normal consolidation and
swelling lines in e:Inp' space and v has the value (M-n,,)zll(e).

It can be seen that this expression is very similar to that
proposed by Atkinson et al (1987) for anisotropically
consolidated Speswhite kaolin clay. The form of the surface is
similar to that of the original Cam Clay models, but is rotated
around the K, consolidation axis. The relation between the
critical state parameters is given by:

N =T+ (Ax).y/2 (10)

This shows that the reference volume for the current normal
consolidation line (N) is a function of both the mineralogy of the
clay and the current anisotropy. This has been observed
experimentally, where the values of N for isotropic and
anisotropic structural fabrics for the same material are different,
(e.g. Atkinson et al,, 1987).

3 EVALUATION OF MODEL

3.1 Predictions of the behaviour of Ottawa clay

Mitchell and Wong (1975) conducted an extensive laboratory
investigation on undisturbed block samples of a post-glacial clay
from South of the Rideau River in Ottawa, Canada. This deposit
is typical of sensitive cemented clays from the Champlain Sea area
of Eastern Canada. Experimentally observed yield points from this
investigation are shown in Figure 3(a). Part of the assessment of
the ANPETAL model has been by predicting the results of
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Figure 5. Constant stress ratio probes on Ottawa
clay, with ANPETAL and Dafalias yield envelopes

laboratory stress path tests, such as those in the above
investigation. Part of the process of identifying the yield envelope
for the Ottawa clay involved conducting constant stress ratio
probes, such as those shown in Figure 5 (n=0.55 and n=-0.23) .
Figure 5 also shows the yield envelopes predicted by the
ANPETAL and Dafalias models for Ottawa clay.

The critical state parameters assumed for this material are
A=0.23, x=0.03, I'=2.58, M=1.1 and M.~=0.8. Observations
made of plastic strain increment vectors for this clay indicated
that the normality condition was not obeyed. Figure 6 shows the
stress ratio against observed incremental strain ratio (des"/de,P)
This is shown with the flow rule of the Dafalias model and the
proposed model, with a,=0. For this case the flow rule (equation
8) devolves to that proposed by Ohmaki (1979) for isotropic
reconstituted clay and takes a similar form to that suggested by
Mitchell and Wong (1975). Figure 6 shows that a much better
correlation is obtained with the ANPETAL flow rule than with
the Dafalias flow rule, suggesting that the plastic potential surface
is much broader than assumed by the Dafalias model. At high
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Figure 6. Observed stress ratio-dilatancy for
Ottawa clay, with Dafalias and ANPETAL predictions
for comparison



stress ratios both models are less accurate, indicating that plastic
shear strains would be over predicted in these regions.

In the absence of data, the parameters for the non-linear
small strain equations (1) and (2) have been assumed to be the
same as those for Speswhite kaolin clay, (Viggiani, 1992). These
were found from isotropic compression and swelling triaxial tests.
Bender elements were used on the sides of the samples to
measure the small strain behaviour. The following values have
been assumed: A=1964, no=0.65, mo=0.2, B=0.71, n=08,
m=0.23 and r=-0.65. Both models (Dafalias and ANPETAL) are
assumed to have small strain non-linearity within the yield
envelope.

The results of predictions of the constant stress ratio probes
shown in Figure 5, are shown in Figures 7(a) and 7(b). Figure
7(a) shows a compressive stress probe conducted at a constant
ratio n of 0.55. This value is thought to be close to that for K,
consolidation. Predictions of the stress-strain behaviour have been
made using the ANPETAL (shown with a solid line) and Dafalias
(shown with a dotted line) models. The observed stress-strain
behaviour is shown with the square symbols in Figure 7(a).

Comparison of the experimental results and the predictions
indicates that both models predict the yield point accurately,
which is purely due to the rotation of the two models about this
Ko consolidation axis. Both models predict a softer initial
response than was observed in the laboratory tests, which is
probably due to the cementation of the soil particles. Since the
test was conducted at a constant stress ratio, the stress-strain
curve should continue with the same gradient, once yielding has
occurred. This is seen in both of the predicted stress-strain
curves. However, the gradient of the ANPETAL prediction is
much closer to the experimental data, which is due to a more
appropriate shape for the plastic potential surface in the region of
the yield envelope.

Figure 7(b) shows an extension stress probe conducted at a
constant ratio n of -0.23. Again, predictions of the stress-strain
behaviour have been made using the ANPETAL (shown with a
solid line) and Dafalias (shown with a dotted line) models, with
purely isotropic hardening. An additional stress-strain curve
shown with a dashed line, is the Dafalias model prediction
assuming combined rotational and isotropic hardening. The
prediction shown in Figure 7(a) assumes no rotational hardening
of the Dafalias model will occur, since the model is already

orientated around the K, consolidation line.
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Figure 7(a). Predictions of constant stress ratio
compression test on Ottawa clay
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Figure 7(b). Predictions of constant stress ratio
extension test on Ottawa clay

The ANPETAL model prediction of the stress-strain curve
correlates reasonably well. However, the Dafalias model
predictions are both very inaccurate. The narrowness of the yield
envelope in the region below the K, consolidation line ensures
that yielding is predicted to occur well before the stress ratio
observed in the laboratory tests. Also, the shape of the plastic
potential surface is less appropriate and these two aspects
combine to produce over predictions of shear strain. The
rotational hardening of the Dafalias surface was assumed to
reduce the axis of orientation to a constant stress ratio m, of
0.275, but this did not have any appreciable effects on the
predicted stress-strain behaviour. It is noteworthy that the
observed stress-strain curve shows a changing gradient, which
may indicate some form of rotational hardening of the plastic
potential surface during this stress probe. This was also observed
by Lewin (1973) during constant stress probes on an initially
anisotropic clay.

3.2 Discussion of resulis

Many soft natural clays have been affected by post-depositional
processes that impart the material with special features, such as
high sensitivity or brittleness. These can be grouped into stress
and chemical history, time related changes and fabric changes.
This leads to the type of behaviour demonstrated by materials
such as Bothkennar clay (Smith et al, 1992) that displays a
progressive breakdown in the initial structure following stressing
beyond the initial bounding envelope. The concept of this
transition between sedimentary and intrinsic states was introduced
by Burland (1990).

During the development of the model, there has been a
determined effort to retain some degree of simplicity, whilst still
attempting to accurately describe the characteristics of natural
soft clay yielding behaviour. Despite the inclusion of non-linear
small strain theory in the elastic domain, the initial stress-strain
response predicted is not particularly accurate. This aspect of the
model requires further study, although this would be at the
expense of further complication of the model. Indeed, in the
previous section linear isotropic elasticity may have been equally
as accurate for modelling the response of Ottawa clay in the
previous section.

However, the prediction of the stresses at yield has been
demonstrated to be quite accurate. When compared to other
models, especially at low stress ratios, the predictions show
marked improvements. The proposed yield envelope has been
demonstrated to predict yield envelopes of materials with a wide



range of friction angles. This becomes increasingly difficult with
models such as that proposed by Dafalias, since the envelopes
tend to become very narrow at high friction angles. Thus the
response to stress probes in the region below the K, consolidation
line becomes more and more extreme. Thus the model can be
seen as either a representation of a geologically young soft clay,
that has not experienced the effects of post-depositional
processes or the initial bounding envelope of an geologically older
clay, where the ‘yield’ behaviour is caused by the breakdown of
the fabric, such as, the breaking of cementation bonds in Ottawa
clay.

4 CONCLUSIONS

This paper has proposed the use of the ANPETAL constitutive
model for describing the stress-strain behaviour of natural soft
clays. The following points can be summarised from the study
presented herein:

¢ A constitutive model, known as the ANPETAL model, has
been developed which has an empirical yield locus rotated
around the K, consolidation line and a non-associated plastic
potential function. It has been demonstrated that predictions
using this model correlate reasonably well with the results of
laboratory test data and significantly closer than similar
predictions made using the model developed by Dafalias.

e The proposed model has been demonstrated to accurately
predict yield envelopes of materials with a wide range of
friction angles. The model can be seen as either a
representation of a geologically young clay or the initial
bounding envelope of a geologically older clay that has
experienced the effects of post-depositional processes.
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