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Numerical analysis of stress-strain inhomogeneities in a triaxial test specimen 

Analyse numerique des heterogeneites de contrainte-deformation d’un echantillon d’essai triaxial

Daichao Sheng, Bo W esterberg, Hans M attsson & Kennet Axelsson -  Department o f C ivil & Mining  Engineering , L u le i University

o f Technology, Sweden

A B S T R A C T : Inh o m o g en e itie s  caused  by end restrain t and in suffic ien t d ra inage  during  conventional com pression  triaxia l tests are analyzed  

by a num erical m ethod . A fin ite  e lem en t m odel is p resen ted  to sim ulate  the testing  procedure. T he soil-p laten  in teraction  is rep resen ted  by 

con tact e lem en ts  w hich  allow  frictional s lid ing  betw een  co n tac ting  nodes. T he soil m ass is represen ted  by the m odified  C am  clay  m odel. 

C oupled  h y d ro -m echan ica l analyses are carried  out in o rd er to sim ulate  both d ra ined  and undra ined  tests. T he d istribu tions o f  stresses and 

strains in the specim en  fo r d ifferen t end  co nd itions are com pared  w ith the ideal case w here no end  restrain t exists, in o rd er to find  rep re ­

sentative m easu ring  positions in the  sam ple . D ifferen t rates o f  axial strain  are tested  in o rd er to study the inhom ogeneities caused  by in su f­

ficient d ra in ag e  du ring  d ra ined  tests. S im u la ted  resu lts show  that both end restrain t and insuffic ien t d ra inage  can  cau se  the barrel shape 

deform ation  o f  the  specim en . S tress-stra in  and streng th  p roperties based  on global m easurem ents are not a good rep resen ta tion  o f  true soil 

b ehav iour w hen en d  restra in t o r in su ffic ien t d ra inage  is present.

R E SU M E : L es hetero g en e ites  causees p ar l ’en trave des ex trem ites e t un d ra inage  insuffisan t pendan t un essai de com press ion  triax ia l con- 

ventionnel son t ana ly sees avec  une  m ethode num erique. U n m odele d ’e lem ents fin is est p resen te  pour sim u ler la p rocedure  de l ’essai. L ’in- 

leraction en tre  le sol e t le support est rep resen tee  par des elem en ts de contact. L a m asse du sol est represen tee par le C am  clay  m odele 

m odifie. D es analyses hydro m ecan iq u es coup lees son t m enees afin de sim uler a la fois des essa is d ra ines e t non draines. L a d istribu tion  des 

con tra in tes e t des defo rm atio n s dans l ’ep rouvette  pour d ifferen tes conditions lim ites est com paree  avec le cas ideal ou il n ’y a pas d ’en trave , 

afin de tro u v er des po sitio n s de m esu re  rep resen ta tives dans l ’eprouvette . D ifferen ts n iveaux  de deform ation  axiale  son t testes afin d ’e tud ier 

les he tero g en e ites  cau sees p ar un d ra inage  in su ffisan t pendan t des essais d raines. Les resu lta ts sim ules m ontren t q u ’a  la fois l ’en trave  des 

ex trem ites e t un d ra inage  in su ffisan t p euven t cau ser la deform ation  en form e de tonneaux  de l ’eprouvette . L es p rop rie tes des co n tra in te- 

deform ation  e t de  resis tan ce  basees su r des m esures g lobales ne donnent pas une bonne represen tation  du com portem en t du sol q u and  le 

drainage e s t in su ffisan t ou lo rsque les ex trem ites son t entravees.

1. IN T R O D U C T IO N

Il is no doubt that the triaxial com pression  test is presently  the m ost 

w idely used  p rocedure  fo r de term in ing  strength  and stress-strain  

p roperties o f  soils. In such a test, a cylindrical soil specim en is su b ­

jec ted  to an axial com pression  stress (Ja and  a radial p ressure stress 

<3r  T h e  soil specim en  is assum ed to deform  un iform ly during  the 

test so  that the  in form ation  ob ta ined  from  the test represents the 

true m aterial behav io u r o f  a sing le  soil e lem ent. In addition it is as­

sum ed that the  axial stress Oa represen ts one o f  the three principal 

stresses and  the radial stress a r represen ts the o ther tw o equal p rin ­

cipal stresses. T h e  axial strain , w hich  is assum ed to be one o f  the 

principal stra ins, is usually  determ ined  based on the m easured  axial 

d isp lacem ent. T he radial strain  can  be e ither determ ined  according 

to the radial d isp lacem en t w hich  is d ifficu lt to m easure, o r m ore 

sim ply ca lcu la ted  from  the m easured  volum e change and axial d is­

placem ent based  on the assum ption  o f  un ifo rm  deform ation . It is 

thus very c lea r that the un ifo rm ity  o f  deform ation  o f  the specim en 

is an essen tial part for the triaxial test concept.

H ow ever it is not often the case that a  triaxial specim en deform s 

uniform ly during  the test. N on-un iform ity  can be caused by e.g. end 

restraint, insuffic ient d rainage, m em brane effects and se lf  weight. 

The question  com es up: how  m uch effect does such non-uniform ity 

have on the strength  and stress-strain  properties? D ifferent research­

ers have com e to d ifferen t conclusions and a general review  of the 

m atter can  be found in L ee (1978). H ere only a few im portant con­

clusions are outlined. A ccord ing  to L ee (1978), T aylor in early 

1940’s concluded  that reliab le  results could  be obtained w ith soil 

specim ens hav ing  regu lar ends p rovided its length / to diam eter d  ra­

tio I/d  w as in the range o f  1.5-3.0. B ishop and G reen (1965) show ed, 

by com paring  lubricated  and non-lubricated  ends, that the end fric­

tion had not m uch influence on the m easured  internal friction angle 

of sand sam ples. A ccord ing  to the experim ental w ork by Lee ( 1978) 

the end restrain t cou ld  have a significant influence on the undrained 

shear strength  o f  sand, but ju s t slight effects on the drained strength 

and on the internal friction angle. T he undrained strength o f  a dense

sand tested with lubricated ends w as about 20%  greater than that 

with regular ends. Lee attributed this difference to the d ifferent 

changes o f pore pressures at failure.

T he non-un ifo rm ity  in iso trop ically  norm ally  conso lida ted  clay 

specim ens caused  by insufficien t d ra inage  in d ra ined  tests w as 

stud ied  num erically  by C arter (1982). H e show ed  that m arked  

non-un iform ity  cou ld  occur, d epend ing  on the re la tionsh ip  b e ­

tw een  the rate o f  axial strain , the c la y ’s p erm eab ility  and the d ra in ­

age conditions at boundaries. It w as also  show n that the s treng th  

o f  the clay  decreases as the rate o f  axial strain  increases.

In this paper, w e w ill focus our atten tion  on the s tress-stra in  in ­

h om ogeneities in a triaxial specim en  caused  by end  restra in t in 

both drained  and undra ined  tests and by in sufficien t d ra inage  in 

d ra ined  tests. T he soil specim en  is a sligh tly  overconso lid a ted  

Sw edish  clay , w hich  accord ing  to L ee (1978) shou ld  show  little 

effec t o f  end  restrain t in undra ined  tests. T he p rob lem  w ill be s tu d ­

ied by m eans o f  num erical sim ulation .

2. F IN IT E  E L E M E N T  M O D E L

2 .1 Constitutive mod el o f  the so il

T o sim ulate  the soil behav iour in a triax ia l test w e first need a re­

alistic co nstitu tive  m odel for the soil. Such a m odel shou ld  ac­

count for the im portan t featu res o f  soil behav iour. D uring  the last 

years the m odified  C am  clay m odel has been consid ered  to be a 

s im ple and rep resen ta tive  one for cohesive soils. T he m odel is d e ­

sc ribed  by an e llip tic  y ield  function  in the p  -  q  (m ean effec tive  

stress-dev ia to r stress) p lane, an associa ted  flow  ru le to define  the 

p lastic  strain  rate, a critical sta te  w here  u n restric ted , purely  d ev ia ­

toric , p lastic  flow  o f the soil skeleton  occurs u nder constan t e ffe c ­

tive stress, and a strain  harden ing  theory that de te rm in es the size 

o f  the y ie ld  surface accord ing  to the p lastic  vo lum etric  strain . D e­

tailed  descrip tion  o f the m odel can be found  e lsew here  e.g. R oscoe 

and B urland  (1968), W ood  (1990), and  A B A Q U S  (1995).
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Figure 1 Finite element representation of the triaxial specimen.

Since a soil is a multi-phase medium, deformation of the soil is of­

ten accompanied by development of excess pore pressure. The 

pore pressure change is governed by the continuity equation which 

is coupled to the equilibrium equation through the rate of volume 

change and the effective stress theory. This is also the theoretical 

base of soil consolidation. The theory of coupled Biot-type consol­

idation can be found in e.g. Small et al. (1976).

2.2 Soil-platen interaction

The end platens can be treated as rigid bodies and the soil speci­

men as a deformable body. The nodes at the top and bottom sur­

faces of the specimen are in contact with the rigid platen surfaces 

and special contact elements are introduced at both the deformable 

surface and the rigid surface. Between two contacting nodes fric­

tional sliding of finite amplitude is allowed and any positive pres­

sure can be transmitted. At each integration step these elements 

construct measures o f relative shear sliding. These kinematic 

measures are then used to introduce surface interaction theories. 

Three different conditions of contact are considered:

1. Perfectly smooth contact (SC), i.e. no friction between the 

specimen and the end platens.

2. Frictional contact (FC), with a soil-platen friction angle 20°.

3. Completely rough contact (RC), no sliding at contacting sur­

faces is allowed.

The contact o f the first type represents enlarged lubricated end 

platens, the second type enlarged rough end platens, and the third 

type rough or smooth end platens which have the same diameter 

as the specimen and are sealed together with the specimen by a 

rubber membrane.

2.3 Test conditions and material parameters

In order to focus attention on the causes and effects of non-uni­

formities in triaxial specimens, it is decided to reduce the number 

of other variables as much as possible. Parameters such as the soil 

properties, the length to diameter ratio of the specimen, the type of 

element, the initial stresses, the consolidation pressure, the stop 

value of the global axial strain, are kept constant. In addition, full 

saturation of the specimen is assumed. The consolidation phase is 

not considered.

A half o f a triaxial specimen in x-y plane, 0.025 m in radius and

0 . 1 m in height, is discretized into 10 0  8 -node axis-symmetric bi­

quadratic elements with pore pressure as the third degree of free­

dom at comer nodes, Fig. 1. The y axis is the one of symmetry. The 

top and bottom boundaries are in contact with two rigid surfaces 

which are only allowed to have vertical movement. In a drained 

test, the top and bottom of the specimen are drained boundaries. 

The right boundary is subjected to a constant cell pressure of 100 

kPa which is equal to the isotropic initial stress. Triaxial compres­

sion is conducted by controlling the rate and the total value o f ver­

tical movement o f the top rigid surface. In the case when the effects 

of end restraint are of interest, a total vertical movement o f 0.05 m
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Figure 2 Shear stress (in kPa) in the drained tests (t ,̂ is 

symmetric in value but differs in sign against the middle plane).

is carried out during 1 0 0  days ( 8 . 6 4 1 0 6 seconds). This corre­

sponds to an axial strain of 5 0 %  and a strain rate o f  5 . 7 9 1 0 '8 s '1. 

In the case when the effects o f the strain rate are o f interest, the 

same amount o f vertical movement is carried out during different 

time periods, representing different rates o f axial strain.

The tested soil is the Norrkoping clay (Westerberg, 1 9 9 5 )  with 

properties as follows: the initial void ratio e = 2 . 5 ,  the slope of the 

critical state line M =  1 . 2  in a p '  - q  diagram (corresponding to an in­

ternal friction angle <(>' = 3 0 ° ) ,  the slope of the normal compression 

line in a In p '  -e p (Ep : volumetric strain) diagram X = 0 .2 ,  the slope 

of the unloading and reloading line in a In/ ? 1 -z„ diagram k = 0 .0 2 , 

the Poisson ratio |X = 0 .3 6 ,  the initial preconsolidation pressure p ' a 

=  1 2 0  kPa, and the permeability k=2 1 0 "9 m/s.

2.4 Global measures o f stress and strain

Local stress paths and stress-strain curves will be studied at certain 

points within the specimen, e.g. the centre point O, the surface 

points A at the middle height and B at the 33/40 height, Fig. 1. In 

addition, global measures of stresses and strains, comparable with 

laboratory measurements, will be used. The global axial stress oa is 

either the applied axial stress to the specimen (the contact pressure 

transferred from the rigid platens), or the equivalent global axial 

stress (the axial force acting on the top platen divided by the current 

cross-sectional area at the position of the lower right node of the el­

ement where point B is defined; this area is approximately the area 

of the volumetrically equivalent right cylinder). In this paper the 

former is referred to as the applied global stress measure (AGSM)

5.7

b) FC, ea=10% c) RC, ea=10%

f) RC, ea=25%
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Figure 3 Effective axial stress o 'a (in kPa) in the drained tests. Figure 4 Effective radial stress o 'r (in kPa) in the drained tests.

and the latter equivalent global stress measure (EGSM). The glo­

bal deviator stress q is the difference between the global axial 

stress oa and the applied cell pressure a r  The global mean stress 

p is equal to (aa+2or)/3. The global pore pressure u in drained 

tests is always assumed to be zero, even if the local u is not zero in 

the cases of insufficient drainage. In undrained tests the local u is 

uniform and the global u is equal to the local u. The global axial 

strain is equal to the vertical movement of the top platen, divided 

by the initial height o f the specimen.

3. NUMERICAL RESULTS & DISCUSSION

3.1 Effects o f end restraint

In Fig. 2, the distribution of the shear stress x ^  in the drained tests is 

shown at three axial strains and for three end conditions. For the 

smooth contact, Figs. 2a, 2d, 2g, no shear stress develops in the x-y 
plane, which means that the axial and radial stresses are indeed the 

principal stresses. In the cases of frictional and rough contact, the 

shear stress develops from the end edge into the specimen in a X- 

shape and increases with increasing axial strain. Significant shear 

stress Tjy also develops along the lateral surface of the cylindrical 

specimen. At larger strains the soil specimen deforms in pronounced 

barrel shapes, Figs. 2h, 2i. More restrained ends lead to higher shear 

stress at the end edges and more concentrated displacement in the 

middle part (Fig. 2e, 2h compared with 2f, 2i, respectively).

The occurrence of the shear stress x ^  inevitably causes non-uni- 

form axial and radial stresses within the specimen, which is dem­

onstrated in Figs 3 and 4. The maximum effective axial and radial

stresses take place near the end edges. In the centre of the speci­

men where is zero and the principal stresses are indeed orien­

tated in the axial and radial directions, the effective axial and 

radial stresses at the end of the tests with end restraint are higher 

than those in the ideal case (Figs. 3h-i and Figs. 4h-i compared 

with Fig. 3g and Fig. 4g respectively). However, at axial strain 

levels lower than 1 0 %, the non-uniformities in axial and radial 

stresses are not pronounced.

The stress paths for the drained tests are shown in Fig. 5. The 

local stress paths at B, Fig. 1, reach the same critical state position, 

independent o f the end conditions. The stress path at point O first 

follows the same drained path to the critical state line (CSL) and 

then moves up, i.e. hardens, along the CSL. This is presumably be­

cause this point reaches the CSL earlier than the other points in the 

specimen, but unrestricted, pure deviatoric plastic deformation at 

this point is not possible until the surrounding points have reached 

the CSL. The global stress paths with end restraint do not end at 

the CSL, which leads to either overestimation (AGSM) or under­

estimation (EGSM) of the drained strength, Fig. 6 .

In the undrained tests with end restraint, the specimen deforms 

in similar patterns as in the drained tests but lower maximum shear 

stresses x ^  develop, Fig. 7. The non-uniformities in the axial and 

radial stresses (not shown in the paper) are also similar to those in 

the drained tests but less pronounced. The pore pressure is uniform 

in the specimen for all the three types o f end conditions.

The total volume change in an undrained test is zero. However 

the local volume changes will not be zero if  the specimen does not 

deform uniformly. With end restraint, some part o f the specimen 

is expected to compress whereas some part has to swell in order to 

keep the total volume constant. This is verified in Fig. 8 , where the

b) FC, ea=10%

e) FC, ea=25% f) RC, ea=25%

i) RC, ea=50%

c) RC, ea=10%

f) RC, ea=25%

g) SC, ea=50% h) FC, ea=50% i) RC, ea=50%

■ ■ ■ ■ ■
■ ■ ■ ■ I
■ r o o j .

a) SC, £a=10%

11001

d) SC, ea=25%

1100 iS
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Figure 5 Stress paths in p'-q plane for drained tests. Figure 9 Stress paths in p -q  plane for undrained tests.
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Figure 6  Deviator stress versus axial strain for drained tests. Figure 10 Deviator stress versus axial strain for undrained tests.
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Figure 7 Shear stress at the end of the undrained tests.
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Figure 8  Local volumetric strain £p within undrained specimens 

(C: volume decrease, E: volume increase, N: no volume change).

contours of local volumetric strains are shown. In the cases of fric­

tional and rough contact, Fig. 8 b-c, volume decreases near the end 

edges and around the centre (area marked with C), but increases in 

the outer area of the middle part (area marked with E).

u= 0

u=15 k

■ u=0j k =2.6 kPal

£,i=0.5 e„=0.32 £ „ = 0 .5

a) ea=5.79T0 (s ) b) ea= 5 .7910 ';> (s '1) c) efl=5 .79-10° (s '1)

Figure 11 Effects o f strain rate Ea on deformation and pore 

pressure distributions.

200 -

(2 150
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.........e=5.79 10‘6 s" , point B

- ♦  ♦ •  e= 5 .7910 '7 s’ , point B

------- e= 5 .7910 '8 s' , uniform

--------e= 5 .7910 '3 s' point O

_ o  o o e= 5 .7 9 1 0 ‘5 s' , AGSM

Figure 12 Effects o f strain rate £a on stress paths in drained tests.
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Figure 13 Effects of strain rate t a on stress-strain curves.

In Fig. 9, the stress paths at point O and A, after having reached 

the CSL, undergo respectively hardening and softening along the 

CSL, in the cases o f the frictional and rough contact. This is be­

cause of the non-uniform volume changes caused by the boundary 

conditions. In a saturated soil a volume decrease means increase 

in effective stresses such as at point O, and vice versa as at point 

A. The stress path at point B stays stationary after having reached 

the CSL because the point lies just on the boundary where no vol­

ume change occurs. The global stress paths moves over the CSL 

for the AGSM and under the CSL for the EGSM, which leads to 

overestimation of the undrained strength for the AGSM and un­

derestimation for the EGSM, Fig. 10.

3.2 Effects o f strain rate during drained tests

To effectively study the non-uniformities caused by insufficient 

drainage in drained tests, we eliminate the effects of end restraint 

here, by assuming perfectly smooth contact between the specimen 

and the end platens. All parameters and test conditions are kept the 

same as described in section 2.3, except that the same amount of 

axial strain is carried out within different time periods, corre­

sponding to different strain rates i a .

In Fig. 11, it is observed that the specimen deforms uniformly 

when e a =5.79 TO" 8  (s_1), whereas in case e a =5.79 10' 5  (s_1) the 

specimen deforms in a barrel shape as with end restraint. The bar- 

rel-shape deformation under the high strain rate is due to the non- 

uniform distribution of the pore pressure within the specimen, i.e. 

drained near the ends but undrained in the middle part. The soil in 

the middle part is weaker and has little volume change. Therefore 

larger radial extension is expected to take place in the middle part 

than near the ends where the soil consolidates. It is also observed 

that the excess pore pressure in the middle part dissipates from out­

side to inside as the test continues. At the end of the test the speci­

men behaves like drained at all surfaces, Fig. 1 lc.

The initial undrained behaviour under high strain rates is also 

shown in the stress path diagram Fig. 12. The stress paths at point 

B behaves initially undrained, then drained with increasing effec­

tive stresses in both axial and radial directions, and finally ends at 

almost the same critical state position as in the completely drained 

case. At point O, the stress path first follows the undrained to the 

critical state line, then a drained path along the CSL due to pore 

pressure dissipation. The global stress paths or the stress-strain 

curves under the high strain rate are not in a good agreement with 

the actual local stress paths or stress-strain curves within the spec­

imen, Fig. 12-13.

4. CONCLUSIONS

In this paper, a numerical analysis o f non-uniformities in a triaxial 

specimen caused by end restraint and insufficient drainage has been 

carried out. It has been shown that both end restraint in drained and 

undrained tests and insufficient drainage in drained tests can cause 

non-uniform deformation of the specimen in barrel shape at large 

strains. The non-uniformities in stresses and strains increase with

increasing axial strain. The effects of such non-uniformities on stress- 

strain and strength properties of the soil depend on how and at what 

strain level these parameters are measured and estimated in triaxial 

tests. The conventional way of using global stress and strain meas­

ures does not represent the true material behaviour of one single soil 

element. The stress state at the centre of the specimen is also affect­

ed by the non-uniformities. According to this study the best repre­

sentation position for the stress path and the stress-strain curve is 

located at the 33/40 height of the lateral surface of the specimen.

It has also been observed that the critical state where pure de­

viatoric plastic deformation occurs under constant effective 

stresses will not be possible for certain positions within a non- 

uniformly deformed specimen. A stress path along, but not exactly 

on, the critical state line (CSL) may take place under the following  

circumstances:

I. In a drained test with a high strain rate, the soil at the centre of 

specimen may first reach its undrained strength and then hard­

ens along the CSL due to pore pressure dissipation.

II. In an undrained test with end restraint, non-uniform local vol­

ume changes cause increases and decreases of effective stresses 

which may lead to hardening and softening along the CSL.

III. More generally in a non-uniformly deformed specimen, hard­

ening along the CSL may occur at the positions where the 

stress path has reached the CSL earlier than the other part of 

the specimen.

Experimental observations of stress paths along failure lines can 

be found in literature. As shown in this study, such a stress path 

may be caused by non-uniform deformation of the specimen, but 

is not a true material behaviour of one single soil element at the 

constitutive level. Therefore we should be very cautious in devel­

oping new soil models to simulate such an experimental observa­

tion, unless we are sure it is a true material behaviour.

Another implication from this study is that boundary effects 

should be accounted for in calibration of parameters in constitu­

tive models. The conventional calibration method based on opti­

mization at constitutive level does not, however, take into 

consideration those boundary effects. On the other hand, optimi­

zation at the finite element level where the test is viewed as a 

boundary value problem, should result in a better estimation of 

model parameters, though this is computationally more expensive, 

Macari-Pasqualino, et al. (1994).

Although the results obtained from this study pertain to only 

one clay at one void ratio, the observations are not obviously soil 

specific and thus should apply to soils o f other types.

5. REFERENCES

ABAQUS, Theory manual version 5.5, Hibbitt, Karlsson & 

Sorensen Inc., 1995.

Bishop, A.W. and G.E. Green 1965, The influences o f  end 

restraint on the compression strength of a cohesionless soil, 

Geotechnique, 15 (3), 243-266.

Carter, J.P. 1982, Prediction of the non-homogeneous behaviour 

of clay in triaxial test, Geotechnique 32 (1), 55-58.

Lade, P.V. 1982, Localization effects in triaxial tests on sand, 

Proc. of Int. Union Of Theoretical and Applied Mechanics, 
Symp. on Deformation and Failure of Granular Materials 
(PA. Vermeer and H.J. Luger, eds), Delft, 461-472.

Lee, K.L. 1978, End restraint effects on undrained static triaxial 

strength of sand, J of Geotech. Eng. Div., ASCE, 104, 687-703. 

Macari-Pasqualino, E.J., K. Runesson and S. Sture 1994, Re­

sponse o f granular materials under low effective stresses, J of 

Geotech. Eng., ASCE, 120 (7), 1252-1268.

Roscoe, K.H. and J.B. Burland 1968, On the generalised stress- 

strain behaviour of ‘wet’ clay, in J.Heyman and F.A. Leckie 

(eds.), Engineering plasticity, Cambridge University Press. 

Small, J.C., J.R. Brooker and E.H. Davis 1976, Elasto-plastic 

consolidation of soil, Int. J. Solids Struct., 12 (4), 431-448. 

Westerberg, B. 1995, Lerors mekaniska egenskaper (Mechanical 
properties o f clays). Licentiate thesis 1995:02L, LuleS Univer­

sity of Technology (in Swedish).

Wood, D.M. 1990, Soil behaviour and critical state soil mechan­

ics, Cambridge University Press.

407


