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Solution of some problems in nonlinear soil mechanics 

Solution de quelques problemes de la mecanique non-lineaire du sol

S.A. Elsoufiev -  D e pa rtm e nt o f S trength o f M ateria ls, O dessa S tate  Aca de m y o f C ivil E ngine e ring a nd Architecture , U kra ine

ABSTRACT: On the base of constitutive equations that take into account a nonlinear unsteady 
creep and damage (the development of materials' internal defects) together with criteria of 
maximum shearing stress and infinite elongation rate the ultimate states of structures are 
found.Among them wedges pressed by rigid plates or one-side vertical load are considered. A 
problem of cracks and plastic zones propagation near ends of a stamp are investigated too.

RESUME: Sur la base des e'quatlon reologigue en tenant compte de la non-linearite, d'endog- 
gement (1 *evolution interne des defauts de la structure du materiel) et de criteres de 
oontraint de cisaillement maximale et de 1 *infinite de la vitesse de la deformation lind'- 
aire, se definissent par les etats limites des constructions. Parmi eux il y a des dalles 
oblique presse' et incline sous l’influence d'une charge verticale, les frissure et zo­
nes plastique qui sont des extremites stampe'.

1.INTRODUCTION

As destruction and deformation often go to­
gether the first may be taken into aooount 
in the constitutive law. The introduction 
in it true stresses and strains allows to 
consider the geometrical non-linearity etc. 
So,on the base of some mechanioal ideas and 
tests results the following Theological law 
is introduoed

<Me )e =fl(t)am_1 [fl .(a -a )+0k(a - a ) ] .  (1)
• q l  o q  J l k  K i J

Here orthotropy directions i, j, k coinoide 
with main axes;the creep characteristics ft, 
m, a are a function of time t,an exponent

® q

of a hardening law and an equivalent stress 
that takes into account the influence of 
stress state type, p (s=i,d,k) are anisot- 

■
ropy factors,for an isotropio material they 
are equal 0 ,5 . Function of equivalent e

“  q

strain takes into account a damage that in­
duces the growth of material's volume, the 
third parts of creep curves, the fall of 
critical strains and time,and other effect. 
The experiments show that (1) is valid at a 
monotonous loading while the equivalent 
strain does not diminish.At stepwise or in­
terrupted stress change law (1 ) may be used 
for the parts in whioh an equivalent stress 
is not less than on the ones before it if 
the time is calculated from the beginning 
of a new loading. The correlation of (1) 
with test data is better for more unsteady 
creep. When influence of time is negligible 
expression (1 ) turns to be the constitutive 
equations of plasticity theory generalized 
here (Elsoufiev 1982).

2. MAIN EQUATIONS

In cylindrical coordinates r, Q (Figure 1) 
the stresses satisfy static laws

that can be rewritten in a form

de
a + dr(rd0

d(ar-aQ)

td ? (5 d f ( l*2T ))= 0 (3)

The stresses are linked with strains by 
the equation similar to (1 ) that oan be 
given for the oase of a plane deformation 
of a transversally isotropic body as (El­
soufiev, Nesterova 1995)

s=4Cd(t)^-1er, r=u(t)Y^"1y (re=\/^+?2 ).(4)

Here , s U ( t )  is linked with Q

and 4> is omitted while the investigastion 
of stress-strain state is provided. Strains 
may be oomputed aocording to formulae

du du0 . ua du
- , r E fl=u + ■ « -, y = r -r - ( - - )  + (5)r dr ’̂ " ^ d e  * '“■l'drv r; T rde 

The constant volume er+ =0 and compati­

bility conditions may be represented as

d  - r »_d t __ d / 3  u  d % _ d  , d v s

dr(rur)_ d0 ,rdr(rdr(r ed ^  d0a ~dr(rde)-

It is interesting to notice an analogy bet­
ween the latter expression and (3 ) if we 
replaoe by r and y by o - oQ.
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3.A WEDGE PRESSED BY INCLINED RIGID PLATES

For an ideal plastio body Nadai (1931) sup­
posed T=T(0 )_and_using the yielding oondi-

tlon l =0.5/sa+4Ta= t . (6 )
“  y I

where z^ is maximum shearing stress, he re­

ceived from (3) the first order differenti­
al equation for the problem of a mass oomp- 
ressed by the plates. Sokolovski (1969) in­
troduced new variable ip=<p(9) (0 <tp<Ji/4 ) as

(7)t=tylsin2tp, s=2 Tyisin2 tp

and got solution for a mass pressed through 
immovable plates from whioh using eqiation

-1+a
| cre(X,r)dr=-pl 

we derive formula

Tyl=p (2n [ (a/l +1 ) In (l/a+1 ) +0 . 5 ln^T - 1 ])

Diagrams Tc/p=<J>(X) at l/a=4, 9 are given in 
Figure 2 by dotted lines

t
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Figure 2.Diagrams t =f(X)

Let plates move parallely to their initi­
al position (dashed lines in Figure 1) with 
a displacement V(X)=V.Then according to hy­
pothesis ue=V(6 ) °

j m  . 1 ,(9 ).(9 )
r r2

where f=V"+V, then from (4) at ji=1,w=G and 
the second law (2 ) we find the stresses.Pu­
tting them into the first static expression 
we get on an equality,one part of which de­
pends on 0 ,and another-on r (dependence on 
t is hinted).So,they must be equal to a co­
nstant that should be found from condition 
V(X) = 0 (Sokolovski 1969). It gives U= 
D(cos20-cos2X) and consequently stresses

t=G(-2sin28+^sin0),afl=A-2--cos2X,a =afl-4--. 
P2 r  rz r2

Here constants A, G, D should be found from 
(8 ) and similar static equations

PX _2 1 +a
J a (a,0 )cos0d0 =O, t(r, X)dr= 0 (1 0 )

- I  r I

So,in the common case for the biggest x

value (see (6 )) at r=a, 6=0 (if X>n/4) we 
compute t =p(1-cos2 X)/B where

B=I+ifiln2X- ?2s!i
3 | + 1  (2 +|)ln(|- +1 )

Diagrams te=f(X) at l/a=4 and 9 are given

in Figure 2 by solid lines.
Besides this common solution it is inte­

resting to study 2 simplier options:C=0 (a 
compulsory flow of the material between im­
movable plates) and D=0 (the plates move at 
negligible compulsory flow) as follows

maxte=p(1-cos2X)(1+|sin2 X- (1 1 )

maxte=ptanX[fln(i+1 )- \  - 5 Î X)T1 (1 2 )

Diagrams maxte=f(X) at l/a=4, 9 are given

in Figure 2 by dashed and solid with points 
lines respectively.
As was told before the results for these 

two oases ooinoide for an ideal plastio bo­
dy ( ^ - 0 ) . On the other hand, they are near 
to the rigorous solution at 1 and oase D= 
=0 gives safer results. It allows to seek 
more oommon solution for simplier options, 
and first of all for the second case.
Elsoufiev (1994) derived the solution for 

the movable plates at negligible compulsory 
flow that gives

mnvr — r_1 rsin(g-1 )X , sin(g+1 )Xl
e- mf? 2 sInX 0-1—  + ” 0 + 1--- ] "

_ irf=pT^a+ 1 ^ 1 1 ]cos2 X} 1, (1 3 )

where p = /J iT 2 -W ) . At n=1 it reduces to (12). 
Diagrams maxte=f(X) are given in Figure 2

by lines with triangles.The analysis of the 
Figure shows that this option prediots more 
safe solution,than the option for immovable 
plates. These analytical results allow to 
find the critical strains & time aooording 
to the oriterion of infinite elongation's 
rate (Carlsson 1965) that was generalized 
by Elsoufiev (1978) for quasi-brittle mate­
rials. In dangerous point r=a, d=X we find

£J<=̂ /a,<i)(t#)= (ea/2 fi)maxr . (14)

Now we oonsider the case when only a oom- 
pulsory flow takes place (a model of a vol- 
oano), and here formulae (9 ) are valid at 
V=0. From (4) we find ye=g(0)/r2. Similar

to (7) we use the represetation

er=0 .5 ?ecos2 tf>, y = yesin2 tp (15)

and put it into the compatibility equation 
that for the problem is y=dee/d0. It gives

|g(gcos2tp)+2gsin2 <|i=0 . (1 6 )

From static equation (3) and following from 

(4) expression t -g w(t)r we derive

~f+2( 1-2 M)gg(g,i0 0s2t(!)+4 M( 1-Ji)f=0 . (17)

where f=g^sin2 tp.

It is interesting to oonsider some parti­
cular cases. At m=1 we have gsin2u> =Dsin20, 
and we find solution (11). At (i=0.5 we de­
rive from (17) /gsin2t/i=Hsin0, and then from 
(lo) - the differential equation

dy/dff=(1+cot0 cot2y)/(1+cota2t/>) (18)
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that should be integrated at boundary con­
ditions ip(0)=0,tp(X)=Jl/4. Sokolovski (1969) 
presented the results for O<0<JC/4. Diagrams 
fu=tn(©) for different X received by integra­
tion of (18) with the help of finite diffe- 
renoe method are given in Fig.3. Using the 
teohnique above for m=1 we find

H e r e  ^

J=jsin2;0/(sin2<p)d0.

Figure 3.Diagrams rp=rp(Q) for {1=0.5

Diagrams maxi =<#> (X) are given in Figure 2

by lines with squares.
In the oommon oase after solving together 

(1 6 ), (17) we get on a nonlinear differen­
tial equation of the seoond order that is 
not concretisized in Sokolovski (1969).How­
ever he gave diagrams tp=<p(0) for some X<40° 
at (i=1/3. After the derivation of the equa­
tion and replacement d0/dtp=$ we receive

55 - ( 1 + ?j - ) * + j j - * a - 0  (2 0 )

where tp=/i+( 1-{l)cosa2w. The equation should 
be solved together with boundary condition 
$=1 at t(j=n/4 which follows from (16). Then 
from expression d0 /dtp=$ at border demands 
0(n/4)=Xt 0(O)=O function tp=tp(9) can be de­
termined. The second of the conditions is 
needed to exclude the pecularity at w=Ji/4 
in (2 0 ) as follows:O.5cot2tpd4>/4>dip= ($-1 ) ({14>- 
-1-{l). Now we have from (9) and (15)

U=-gCos2tp,jg=gsin2t{),yjg=-2tan2v. (21)

Integration of the last equation at bounda­
ry demand U(X)=0 gives U.U'and g(6 ). After 
that we find from (4) t, s.and from (2 )-<J0, 
(J as well as an equality

r

T*U <1 p . =_ u ( t ) 4 (j (1  - { i ) J g^sin2tpd0+g^ [ sin2tp+ 

+2<50 +1 -2 {l)cos2 ip] (2 2 )

both parts of which must be equal to a con­
stant that may be computed as all values in 
it are known. So, in function F(r) we have 
only one constant that oan be reoeived as 
well as another one (after integration of 
(2 1 ) from static laws (8 ), (1 0 ).

4.A SLOPE UNDER VERTICAL LOAD

In this oase static (2) and compatibility 
equations are (Figire 4)

, daft de
jg +  a r - a 0 = o , - a | +2 T = o . j g  = ,  + c .  (2 3 )

where 0 is a oonstant. The elastio solution 
of the problem is well-known, and it gives 
for t expression

B

tQ=gp/(I-2cos20cos2XJ7ZsIn2X-2Xcos2XT. (24)

If X>J[/4 the first residual strains ap­
pear at 0=0 where according to (24)

Py1=2Ty1 (2Xcos2X-sin2X)(2oos2X -1)_1. (25)

After that a plastic zone expands from the 
axis.and an ultimate state takes place when 
elastic angles AOB, COD are equal to lt/4 at

pu= 2 Tyl(2X+1-Jt/2 ). (26)

In the case of a hardening material we 
use formulae for strains and stresses of 
the previous chapter.Putting them into (23) 
we have expressions

(yQoos2 tp) '=2 yQsin2 tp+C, (y^sin2 tp)' +2 y{fcos2tp= 0
c U o 6

after making in whioh the necessary opera­
tions we find the second order differential 
equation that is not concretusized in Soko­
lovski 1 9 6 9 .Replacing in it d0/dtp=-4> we re­
ceive the first order differential equation

+ 1 -  f )  (2 7 )

where ¥=l-( 1-ji)sinzi/j.In the book mentioned 
results for {1=1/3, ©<it/4 are given (see e. 
g.dashed line in Figure 5 for x /p=f(X)). 
Solid line refers to (24) for 0=0?

Figure 5.Diagrams x /p=f(X)
e

We integrated (27) by finite difference 
method at boundary condition 4>(0)=1. Then 
we integrated expression d0/dtp=-4> at border 
demand $(0)=X. Another condition 0(Jl/4)=O 
allows to choose ratio (1-$)/tan2 tp in point 
i>(0) = 1.The results are represented in Figu­
re 6 by dotted and dashed lines for {1 = 1/3
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and 2/3 respectively. Solid lines refer to 
case {1=1 .

Here n=m+1, and the rigorous solution is

f=-

When funotion ip=ip(8) is known -value may

be received from the equation following of 
(24) and boundary conditions a#(0 )=-p/ 2 and 
<JgU)=--p as follows

dr rX

t'ae+2 Ŝe +1 )cot2v-o, p=4^ t^sin2tpd0 (28)

that in combination gives law for mazt^ aa 

p=4maxt sin2tpexp(-2|( 1+jjjjj)cot2tpd0 )d0 . (29)

0 0

Computations show that for {1=2/3 and (i=1/3 
diagrams t /p=f(X) are near to the solid

lines in Figure 5. It can be explained by 
the absence of (i in (29) and the vicinity 
of curves at the same \  in Figure 6 (for \= 
=n/ 4 and n/ 2 they coincide theoretically). 
It allows to use the solid line for practi­
cal calculations. In particular, using the 
criterion of infinite elongation rate (El­
soufiev 1978) and exponential function <f> in 
equations of (1 ) type we have according to 
(4 ) on axis 0 = 0 £0=£r=O,y=2 ei and (a=const)

1 t. = l l / a , u ( t t )=X e<x/2li.

In a similar way the problem of a wedge de­
formation under a moment in its top may be 
studied as well as a combination of a force 
P there and the load p as in this chapter.

5.PROPAGATION OF CRACKS AND PLASTIC ZONES

The method above introduoed can be applied 
to other problems. For example in Elsoufiev 
1 9 9 5 the task of propagation of cracks and 
plastic zones in stamps ends is considered. 
In the case of a longitudinal shear for the 
both problems differential equation was got

f '"+[ 1 +m (m -1) ^  \ - 1 -------=0 (30 )
{(m+1 )f'}2+mf2 (m-M) 2 

where f is linked with displacement u and 
and tangential stress (with the begin­

ning of coordinate system in the end of the 
crack or stamp) by expressions

u=flnkmr1/n((^f)a+f’2)“i1f'.r0=I^r'1̂ nf.(31)

{(na.4pa.n/)"+(na+1) (na+4p) *2man/y1''2",

where ✓ =Vn2+4p2 ,p=tan(C-J£).
In the crack case f(l[)=0, f(0) = 1.and C=0,

D=mm''n/n. The analysis shows that with the 
growth of m the component r tends to 0

r
and condition t =const is near to a oircle,

touching the crack's end outside it. All 
these confirm the elastic-plastic solution 
proposed by Rice 1968. The K-value may be 
computed from the condition that integral 
J=dE/dl does not depend on the integration 
path. Here

f^1
dE=^J ae(r,0)u(dl--r,J[)dr.

In the case of the stamp the procedure 
remains the same. Equation (30) and its so­
lution are valid too.In this case boundary 
conditions f(0)=0, f(n)=1 give C=Jt and the 
same D-value as above.It means that in pre­
vious results we must replace 0 by angle n-  
6 . So, with the growth of m plastic zone 
in the form near to a circle moves under 
the stamp and Xq - component tends to zero.
All that confirms the solution derived in 
Elsoufiev 1995-
In the same manner the problem of crack 

and plastic zone propagation in tension-co- 
mpression and transversal shear may be in­
investigated.

6 .CONCLUSION

It is hardly possible to find a single con­
stitutive law for all the soils. Here we 
take into account the main mechanical fea­
ture of an.earth-its non-linearity that may 
be revealed almost from the beginning of a 
loading.As we use the hypothesis of the im- 
compressibility we consider such soils as 
clays, frozen masses etc.
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