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A multiscale theory for consolidation of swelling clay soils 

Une theorie a plusieurs echelles pour la consolidation de sols argileux conflants

M.A. Murad -  LNCC/CNPq , Rio de Janeiro, Brazil 

L.S. Bennethum -C e n te r  (or Comp. Math., University o f Colorado-Denver, Colo., USA 

John H. Cushman -  Center for App lied Math, Purd ue University, USA

A b stract; A thermodynamical theory of swelling clay soils which incorporates physico-chemical 

effects and adsorbed water flow is proposed. At the macroscale the clay platelets and the adsorbed 

water are homogenized in the spirit of hybrid mixture theory (HMT). This framework yields a rigorous 

derivation of some modified effective stress principles for clays which account for physico-chemical 

effects. A modified form of Darcy’s law for the adsorbed water flow is also derived.

1 Introduction

S w elling  c lay  so ils c o n s is tin g  o f a n  a ssem b lag e  o f  c lu s te rs  o f 

h y d ro u s  a l lu m in iu m  a n d  m a g n e s iu m  s ilic a te s  w ith  a n  ex­

p a n d in g  lay e r  la t t ic e  a re  w id e ly  d is t r ib u te d  in  th e  e a r th ’s 

c ru s t .  T h e ir  b e h a v io r  is  o f  p a ra m o u n t im p o rta n c e  in  a lm o s t 

a ll a s p e c ts  o f  life, w h ere  th e y  a re  re sp o n s ib le  fo r m a n y  reac ­

tio n s  a n d  p rocesses. F o r ex a m p le , c o m p a c te d  clays su c h  as 

b e n to n i te  h av e  b e e n  e x te n s iv e ly  u se d  to  im p e d e  th e  m ove­

m e n t o f  w a te r  th ro u g h  c rack s  a n d  fissures. T h e y  p la y  a  

c r i t ic a l  ro le  in  v a r io u s  h ig h  w as te  iso la tio n  scen erio s such  

a s  b a r r ie r s  fo r c o m m e rc ia l la n d  fills. S w elling  c lay s also  

p la y  a  c r i t ic a l  ro le  in  th e  c o n so lid a tio n  a n d  fa ilu re  o f  fo u n ­

d a tio n s , h ig h w ay s a n d  run w ay s.

S in ce  T e rz a g h i [16] a n d  B io t [2] firs t p ro p o se d  lin e a r  

p o ro e la s t ic  m o d e ls  fo r d e fo rm a b le  m e d ia , th e  c r ite r io n  fo r 

r u p tu re  a n d  fa ilu re  o f  so ils h a s  b e e n  b a se d  o n  th e  c o n cep t 

o f  effec tive  s tre s s . I t  h a s  b e e n  e x p e r im e n ta lly  verified  t h a t  

th e  c la ss ica l T e rz a g h i effective s tre s s  p r in c ip le  a c c u ra te ly  

d e sc rib e s  c o a rse -g ra in e d  so ils su c h  as sa n d s , s il ts  a n d  low 

a n d  m e d iu m  p la s tic  c lay s su c h  a s  k a o lin ite  o r  illite . H ow ­

ever, in  i t s  c la ss ica l fo rm  i t  h a s  b e e n  fo u n d  to  be  in a d e q u a te  

fo r e x p la in in g  d e fo rm a tio n  o f  sw elling  c lays, in  p a r t ic u la r  

a c tiv e  p la s tic  c lay s  su c h  a s  b e n to n ite  a n d  m o n tm o rillo n ite

[10],[15]. T h e  re a so n  is t h a t  th e  c lassica l effective s tre s s  

p r in c ip le  a s su m e s  n o  o th e r  fo rces e x c e p t th e  effective s tre s s  

a n d  p o re  p re ssu re  a re  p re se n t. T h e  ex is te n ce  o f  p h y sico ­

ch e m ic a l fo rces w ith in  a n d  b e tw een  th e  clay  p a r tic le s  a re  

ex c lu d ed . I t  h a s  b e e n  show n  t h a t  in te rp a r t ic le  fo rces a r is ­

in g  f ro m  p h y sic o -ch em ica l m ec h a n ism s a re  o f  p a ra m o u n t 

im p o r ta n c e  fo r a c tiv e  c lays. R esea rch e rs  hav e  h e u r is ti-  

ca lly  m o d ified  T e rz a g h i’s effective s tre s s  p r in c ip le  to  ac­

c o u n t fo r th e  p h y sic o -ch em ica l forces a n d  co n seq u en tly  d if­

fe re n t m e c h a n is tic  p ic tu re s  o f  th e  v ario u s  s tre s se s  have  been  

d e r iv e d  [14],[10]).

T h e  n a tu r e  o f  th e  p h y sic o -ch em ica l forces re m a in s  co n ­

tro v e rs ia l. In  c o n tr a s t  to  th e  effective s tre s s , n e t a ttra c tiv e (A )-  

rep u ls iv e (R )  fo rces b e tw een  th e  c lay  p a r t ic le s  do  n o t  d e ­

p e n d  u p o n  d ire c t  c o n ta c t .  T h e y  hav e  a t  le a s t th re e  com ­

p o n e n ts : th e  V an  d e r  W alls a t t r a c t io n ,  e le c tro s ta t ic  (o r os­

m o tic )  re p u ls io n  a n d  su rfa c e  h y d ra tio n  (a  s t r u c tu r a l  com ­

p o n e n t) . T h e  e le c tro s ta t ic  c o m p o n e n t a r ise s  fro m  th e  elec­

tro  n e g a t iv i ty  o f  n a tu r a l  sm e c tite s . T h e  h y d ro p h ilic  s t r u c ­

tu r e  o f th e  p la te le ts  m a n ife s t s h o r t  ra n g e  h y d ra tio n  forces 

b e tw een  th e  m in e ra ls  a n d  w a te r . In  th e  case  o f  c lay  a n d  

m a n y  o th e r  h y d ro p h ilic  co llo id a l p a r tic le s , h y d ra tio n  forces 

a re  b e liev ed  to  a r ise  fro m  th e  h y d ro p h ilic  c h a ra c te r  o f  th e  

m in e ra l su rfaces  [9], I t  h a s  b e e n  a rg u e d  b y  Low  a n d  co- 

w o rk ers  [11], D e r ja g u in  a n d  co-w orkers [5] a n d  Israe lach v ili 

a n d  co -w orkers [9] t h a t  fo r in te rs tic ie s  sm a lle r  th a n  30A , 

th e  s t r u c tu r a l  h y d ra tio n  fo rces p la y  a  c ru c ia l ru le  in  sw elling .

M o re  specifica lly , th e se  a u th o r s  hav e  a d v o c a te d  t h a t  for 

sm a ll in te r la m e lla r  sp a ces th e  d iffuse  d o u b le  lay e r forces 

p la y  a  n eg lig ib le  ro le  in  sw elling  a n d  a re  to o  w eak  to  ex­

p la in  th e  a n o m a lo u s  b e h a v io r  o f th e  a d s o rb e d  w ate r.

H y b rid  m ix tu re  th eo ry , H M T  [7] c o n s is ts  o f  c lassica l 

m ix tu re  th e o ry  a p p lie d  to  a  m u lt ip h a se  sy s te m  w ith  vol­

u m e  av e ra g e d  b a la n c e  e q u a tio n s . A n  av erag e  valu e  fo r each  

p h a se  p ro p e r ty  is e s ta b lis h e d  a t  every  p o in t  in  th e  m ix tu re , 

fo rm in g  M  c o e x is tin g  c o n tin u a  a t  each  p o in t. C o n s ti tu ­

tiv e  e q u a tio n s  a re  d e v e lo p ed  o n  th e  av erag ed  sca le  a n d  a re  

s u b je c t  to  c o n s tra in ts  p laced  by  th e  e n tro p y  in e q u a lity  [4]. 

In  e a r lie r  p a p e rs  [1, 12, 13] th e  a u th o rs  have  ex ten s iv e ly  

a p p lie d  H M T  to  im p ro v e  th e  u n d e rs ta n d in g  o f  flow a n d  

d e fo rm a tio n  in  sw elling  sy s te m s  su ch  a s  s m e c titic  clays. 

W ith in  th e  fram ew o rk  o f  th e  H M T , o u r  goal is to  p ro v id e  

a  n a tu r a l  th e rm o d y n a m ic a l  d efin itio n  fo r physico -ch em ica l 

fo rces w ith in  th e  c lay  p a r tic le s . T h is  is  a c c o m p lish ed  by 

a d o p tin g  a  p ro p e r  th e o ry  o f  c o n s titu t io n  w h ich  in c lu d es ap ­

p ro p r ia te  in te rn a l  v a r ia b le s  n eed ed  to  c a p tu re  th e  sw elling  

c h a ra c te r  o f  th e  sy s te m . In  p a r t ic u la r ,  th e  a p p ro a c h  devel­

o p e d  h e re in  p ro v id es  a  th e rm o d y n a m ic a l b as is  fo r th e  ro le 

h y d ra t io n  fo rces p la y  on  th e  c o n so lid a tio n  o f  a  sw elling  

c lay  so il a n d  a lso  e x p la in s  som e m o d ified  effective s tre s s  

p r in c ip le s  w h ich  a c c o u n t fo r h y d ra tio n  forces d iscu ssed  in

[14],[10]. In  a d d i t io n  by  t r e a t in g  th e  a d s o rb e d  w a te r  a s  a  

p h a se  d iffe re n t fro m  th e  c lay  m in e ra ls  we g e t a  novel fo rm  

o f D a rc y ’s law , w h ich  governs th e  av e rag ed  a d s o rb e d  w a te r  

flow. T h is  fo rm  invo lves a n  a d d it io n a l  in te ra c tio n  p o te n tia l  

g ra d ie n t  a c c o u n tin g  fo r th e  a d s o rp tiv e  c h a ra c te r  o f th e  clay  

p la te le ts .  W ith in  th e  c u r re n t  fram ew o rk , w e c a n  overcom e 

so m e l im ita t io n s  o f  th e  w orks o f  L a m b e  [10] a n d  H ueckel [8] 

w h ere  th e  a d s o rb e d  w a te r  is o ften  c o n s id e red  " im m o b ile ” 

w a te r  a n d  c o n s id e re d  p a r t  o f  th e  so lid  p h ase  w ith  on ly  one 

to ta l  p a r t ic le  s tre s s  a s su m e d  eq u a l in  th e  p la te le ts  a n d  ad ­

so rb e d  w a te r

2 C onstitutive R elations for the Swelling Clay Par­

ticles

In  th is  se c tio n  w e p re se n t th e  c o n s titu t iv e  a s su m p tio n s  a n d  

c o n s titu t iv e  th e o ry  fo r a  tw o -p h ase  sy s te m  co m p o sed  of 

c la y -p la te le ts  a n d  a d s o rb e d  w a te r  (c lay  p a r tic le s ) . T h e  

av erag e  b a la n c e  law s c a n  b e  fo u n d  in  [7]. A t th is  scale  

th e  c lay  p a r t ic le s  a re  v iew ed  a s  tw o liq u id -so lid  c o ex is tin g  

co n tin u a . T h e  clay  sy s te m s  we have in  m in d  a re  sm e c tite  

sw elling  c lay s  su c h  as m o n tm o rillo n ite . T h is  sy s te m  m ay  

sw ell u n d e r  h y d ra tio n  a n d  s h r in k  u n d e r  d es icca tio n . W e 

a ssu m e  th e  m a cro sco p ic  m e d iu m  is n o n -h e a t  co n d u c tin g  

a n d  th e  m acro sco p ic  flu id  is n on-v iscous . T h e  b e h a v io r  o f 

th e  sy s te m  is th e n  d ic ta te d  by th e  fo llow ing  in d e p e n d e n t 

v a riab les:
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w h ere  T  is th e  te m p e ra tu re , p i a n d  p , a re  th e  av erag ed  

d e n s itie s  o f  th e  a d s o rb e d  w a te r  a n d  clay  m in e ra ls , <f>j th e  

v o lu m e  fra c tio n , V|,s is th e  m ass-av e rag e  ve lo c ity  o f th e  

a d s o rb e d  w a te r  re la tiv e  to  th e  so lid  p h a se  a n d  E ,  is th e  

av e ra g e d  s t r a in  te n s o r  o f  th e  so lid  p h ase  g iven  by  2E ,  =  

F j F , —I  w ith  F ,  d e n o tin g  th e  d e fo rm a tio n  g ra d ie n t (E rin -  

gen  [6]). T h e  n o v e lty  in  th e  abo v e  se t  o f  in d e p e n d e n t v a ri­

ab le s  is  th e  in c lu s io n  o f  0 j a n d  V 0 j w h ich  allow s for th e  

m e d iu m  to  sw ell a t  th e  av e rag ed  sca le  [13],[12]).

I t  is u s u a lly  p o s tu la te d  t h a t  th e  H e lm h o ltz  free energ ies 

of th e  p h a s e s  A a (a  =  (, s d e n o te s  th e  liq u id  a n d  so lid  

p h ase , re sp e c tiv e ly )  d e p e n d  o n ly  on  a  s u b s e t o f th e  s e t  o f 

in d e p e n d e n t v a riab le s . F or th e  sy s te m  u n d e r  c o n s id e ra tio n  

w e p o s tu la te  th e  fo llow ing  d ep e n d e n c e  o f th e  H e lm h o ltz  

free en e rg ie s  as

A , =  A , ( T , p „ E , )  (2 .2)

A , =  A C T , p (, </>,)• (2.3)

N o te  t h a t  A i d e p e n d s  on  0 i in  (2 .3 ). T h is  d ep e n d e n c e  is 

m o tiv a te d  by  th e  e x p e r im e n ta l o b se rv a tio n s  o f  Low [11] 

re la t in g  th e  b e h a v io r  o f  th e  a d s o rb e d  w a te r  to  th e  p la te le t  

s e p a ra tio n .

F o r s im p lic ity , co n s id e r  th e  iso th e rm a l case  w h ere  te m ­

p e r a tu re  g ra d ie n ts  a n d  h e a t  fluxes a re  a b se n t. L e t d a , t a 

a n d  7}q ( q  =  I, s) d e n o te , re sp e c tiv e ly  th e  sy m m e tr ic  p a r t  

o f  th e  g ra d ie n t  o f  velocity , av erag ed  s tre s s  te n s o r  a n d  en ­

tro p y  o f th e  a -p h a s e . T o  o b ta in  a  c o n s titu t iv e  th e o ry  fo r 

th e  sw ellin g  c lay  p a r tic le s  we ex p lo it  th e  e n tro p y  in e q u a lity

[7],[12]

T> Ph Pii -Eji <t>ii V0i, wi,, (2.1)

+ 0 Qt r ( t a d o) -  wi,, • T i  >  0

w h ere  A  is th e  r a te  o f n e t  e n tro p y  p ro d u c tio n , D a/ D t  d e ­

n o te s  th e  m a te r ia l  t im e  d e r iv a tiv e  fo llow ing th e  a -p h a s e  

a n d  T |  re p re se n ts  th e  n e t  g a in  o f m o m e n tu m  o f th e  a d ­

so rb e d  w a te r  f ro m  th e  so lid  p h a se  a ris in g  in  th e  m o m e n tu m  

e q u a tio n ,

^ p Q^ T  -  d iv (0 o t o ) =  T  „ (a  =  l,a )  (2.4)

w h ere  g ra v ity  effec ts hav e  b een  n eg lec ted . To ex p lo it  th e  

r e s tr ic t io n s  p la c e d  by  th e  e n tro p y  in e q u a lity  o n  th e  con ­

s t i tu t iv e  th e o ry  we a p p ly  th e  C o le m a n  a n d  N oll m e th o d

[4]. W ith in  th is  fram ew o rk  th e  to ta l  d e riv a tiv es  o f  th e  

free en erg ies  a re  re w r i t te n  in  te rm s  o f  p a r t ia l  d e riv a tiv es  

u s in g  th e  c h a in  ru le  a n d  th e  fu n c tio n a l fo rm s p o s tu la te d  

in  (2 .2 )-(2 .3 ) . D e n o tin g  th e  v o lu m e  fra c tio n  o f th e  so lid  

p h a se  by 0 ,  =  1 -  0 i a n d  th e  th e rm o d y n a m ic  p re ss u re ,o f  

th e  a - p h a s e  by  pa =  p ^ (d Aa/d p a ) a n d  u sin g  th e  r e la tio n  

D aE t / D t  =  F ^ d sF ,  (E r in g e n  [6]), th e  e n tro p y  in e q u a lity  

can  b e  r e w r i t te n  a s  [12]

TA V '  A ( d A °  j .  ^ D ‘ TT A  =  £ - 0QpQ l — + „ Q I —

Q =  l,j \  /

+  0 |tr  ((t| +  P i/)d |)

+  0 j t r  ( ( t s +  p sI  — t * )d , )

-  V,,, • (0IP.V0I -  P |V 0 , +  T |)

-  - P i + P * )

>  0

w here

t '  =  p’F‘l k Fl  P'  =  P' W ,  ( 2 5 )

d e n o te  re sp e c tiv e ly  th e  effective s tre s s  te n s o r  a n d  th e  hy ­

d ra t io n  p re ssu re  [12]. T h e  ab ove re la tio n  p ro v id es a n  a l te r ­

n a tiv e  th e rm o d y n a m ic a l  d e fin itio n  fo r th e  effective s tre s s

te n s o r  t ' .  F o r ex a m p le , fo r a  lin e a r  iso tro p ic  e la s tic  so lid  

w ith  a  g iv en  p a ir  o f  L am e c o n s ta n ts  {A,, p .,} th e  H e lm h o ltz  

free en e rg y  o f th e  so lid  p h a s e  h a s  th e  q u a d ra tic  fo rm

P. A ,  =  ^ ( t r E , ) 2 +  / i . t r  E ] ,

w hich  w h en  c o m b in e d  w ith  (2 .5) im p lie s  t h a t  t '  is g iven  as 

in  th e  c la ss ica l B io t th e o ry  [2]

t ea =  A5tr£ 7 s +  2p.at i E , .

T h e  new  q u a n t i ty  in h e re n t  to  sw elling  p o ro u s  m e d ia  is th e  

h y d ra tio n  p re ss u re  p .  [12],[13]. I t  a p p e a rs  b ecau se  w e have 

p o s tu la te d  th e  d e p e n d e n c y  o f  A i o n  0 |.  T h is  d ep e n d e n c y  

is th e  key  p o in t  o f  th is  w ork  sin ce  i t  d is tin g u is h e s  o u r  th e ­

o ry  fro m  o th e r  th e rm o d y n a m ic a l  th e o r ie s  fo r g ra n u la r  n o n ­

sw elling  p o ro u s  m e d ia  [7],

W e now  lin e a r iz e  th e  e n tro p y  in e q u a lity  a b o u t  eq u ilib ­

r iu m  to  d e riv e  n e a r  e q u ilib riu m  re su lts . W e choose  to  lin ­

e a r iz e  o n ly  a b o u t  th e  o n e  v a r ia b le  w h ich  gives a  p o sitiv e  

q u a d ra t ic  fo rm  in  th e  e n tro p y  in eq u a lity . So fo r ex a m p le , if 

z is a  v a r ia b le  o f  th e  s e t  {v i,s , D „ f a / D i )  w h ich  v an ish es a t  

e q u ilib riu m  a n d  /  is  th e  coeffic ien t o f  z  w ith in  th e  e n tro p y  

in e q u a lity , th e  l in e a r iz a tio n  p ro c e d u re  g ives an  a p p ro x im a ­

tio n  fo r th e  n e a r -e q u ilib r iu m  valu e  o f  /  as , / n eq ~  fe q + C z ,  

w h ere  C  is  th e  l in e a r iz a tio n  c o n s ta n t .  In  a d d it io n , A is a  

l in e a r  fu n c tio n  o f  th e  r a te s  o f  ch an g e  { D , T / D t ,  d t a n d  

d ,}  w h ich  a re  n e ith e r  d e p e n d e n t (c o n s titu tiv e )  n o r  in d e ­

p e n d e n t. H en ce  to  sa tis fy  th e  e n tro p y  in e q u a lity  fo r a ll 

p o ss ib le  p ro cesses, th e  coeffic ien ts o f  th e se  v a ria b le s  m u s t 

b e  id e n tic a lly  zero . N o te  t h a t  D,< j> i/Dt is n o t  in c lu d e d  in  

th is  l a t t e r  s e t  b u t  a s su m e d  to  b e  a  c o n s titu t iv e  v a riab le . In  

o rd e r  to  hav e  th e  sa m e  n u m b e r  o f  e q u a tio n s  as u n k n o w n s 

a n  a d d i t io n a l  e q u a tio n  m u s t  b e  a d d e d  to  th e  sy s te m . T h is  

is a  ty p ic a l  c lo su re  issu e  d isc u sse d  in  [3]. W e p o s tu la te  t h a t

D,< f> i/Dt is a  d e p e n d e n t v a ria b le  w ith  d e p e n d e n c e  g iven  in  

te rm s  o f  a  v o lu m e f ra c tio n  to p o lo g ic a l law  [3]. In  a p p ly ­

in g  th e  a b o v e  p ro c e d u re , th e  e n tro p y  in e q u a lity  y ie ld s th e  

fo llow ing  re la t io n s

£  e Qp Q +  r,a j  =  0 (2 .6)

0 j i i  =  - 0 i p i /  (2 .7)

+  t c, (2 .8) 

0 ip , V 0 i  -  p iV 0 i  +  T i  =  - i l iW i, ,  (2 .9)

Pi -  P . =  <PiP. +  (2-10)

w h ere  R i a n d  p,, a re  m a te r ia l  coeffic ien ts a r is in g  f ro m  th e  

l in e a r iz a tio n  p ro c e d u re .

3  M o d i f i e d  E f f e c t iv e  S t r e s s  P r i n c i p l e

E q u a t io n  (2 .6) is  a  c la ssica l re s u lt  s ta t in g  t h a t  e n tro p y  an d  

te m p e r a tu re  a re  d u a l  v a riab le s . E q u a tio n  (2 .10) is  c ru c ia l 

in  th e  p re s e n t  fo rm u la tio n . T o  ex p lo it  i t s  p h y sic a l sig ­

n ific an ce  le t  u s  in tro d u c e  th e  to ta l  p a r t ic le  s tre s s  ten so r 

t  =  <j>,t, +  0 (t | .  B y  a d d in g  (2 .7) a n d  (2.8) a n d  u s in g  (2.10) 

we o b ta in

t  +  Pi +  =  Z  +  P ' M t l  ■ (3 1 )

T h e  ab o v e  re s u lt  p ro v id e s  im p o r ta n t  in fo rm a tio n  re la te d  to  

th e  s tre s s  a n a ly s is  o f  th e  sw elling  p a r tic le s . F or s im p lic ity  

co n s id e r  th e  e q u ilib r iu m  case  (Z ? ,0 i /D t  =  0). F ir s t  n o te  

t h a t  i f  w e p o s tu la te  t h a t  th e  free  en erg y  o f  th e  a d s o rb e d  

w a te r  A i is in d e p e n d e n t o f  0 j, a s  in  th e  case  o f  a  n o n ­

sw elling  g ra n u la r  m e d iu m , th e n  p .  =  0, a n d  a t  e q u ilib riu m  

(3 .1) red u ces  to  th e  fo rm

t+P ,J  = t;. (3.2)
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In  c la ss ica l so il m ech an ics (3 .2) is reco g n ized  a s  th e  T erza - 

g h i’s effec tive  s tre s s  p r in c ip le  fo r non -sw ellin g  g ra n u la r  m e­

d ia  w ith  pi a n d  t \  n o rm a lly  b e in g  re fe rred  to  a s  p o re  p re s­

su re  (o r b u lk  p h a s e  p re ssu re )  a n d  th e  effective s tre s s  te n ­

so r. T h e  m o d ified  effective s tre s s  p r in c ip le  (3 .1) fo r sw elling  

m e d ia  h a s  th e  a d d it io n a l  te rm , p.tj>i<j>,I. In  c o n tra s t  w ith  

co a rse -g ra in e d  so ils w h ere  s tre s s  m ech an ism s a re  p r im a r ­

ily  c o n tro lle d  by  th e  c o n ta c t  s tre sses  t ' ,  for sw elling  clays 

su ch  a s  m o n tm o ril lo n ite  th e  a d d it io n a l  s tre s s  co m p o n e n t 

p,<j>i<t>,I g overns th e  d e fo rm a tio n  o f  sw elling  p a r tic le s . C lea rly  

th is  a d d i t io n a l  in t ra -p a r t ic le  s tre s s  re su lt in g  fro m  th e  p re s­

ence  o f  a d s o rb e d  w a te r  w ith in  th e  p a r tic le s  is o f  p hysico ­

ch em ica l n a tu r e  a n d  c a n  b e  v iew ed  a s  a  s tre s s  s t r u c tu r a l  

c o m p o n e n t a r is in g  fro m  su rface  h y d ra tio n . E q  (3.1) re­

sem b les in  fo rm  so m e m o d ified  effective s tre s s  p rin c ip le s  

fo r c lay s  [14] o r  [10]. H is to rica lly , p h y sico -ch em ica l forces 

h av e  h e u r is t ic a l ly  b een  m o d e le d  a t  th e  m acro sca le  th ro u g h  

th e  a d d i t io n  o f  a  te rm  in  th e  T e rz a g h i’s p rin c ip le  w hich  

in c o rp o ra te s  th e  n e t  rep u ls iv e  ( R I )  a n d  a t t r a c t iv e  ( A I )  

fo rces b e tw e e n  p a r tic le s . T h is  s tre s s  is c o m m o n ly  d e n o te d  

by  (R  — A ) I  (see [14],[10]). E q u a tio n  (3.1) is th e  firs t ra t io ­

n a l a t t e m p t  to  e x te n d  th e  m o d ified  T e rz a g h i’s p r in c ip le  a n d  

to  th e  p a r t i t io n  o f  p a r t ic le  s tre s s  in to  i ts  a d s o rb e d  w a te r , 

effective m a tr ix , a n d  p h y sic o -ch em ica l s tre s s  co m p o n en ts .

4  M o d i f i e d  D a r c y ’s  L a w  f o r  t h e  A d s o r b e d  W a t e r

F lo w

D efin ing  th e  p e rm e a b il i ty  te n s o r  o f  th e  clay  p a r tic le s  as 

K i  =  (Afilj-1 th e n  e lim in a tin g  T i  in  (2 .9) u s in g  th e  m o ­

m e n tu m  e q u a tio n  (2 .4 ), u s in g  (2.7) a n d  n e g le c tin g  in e r t ia l  

e ffec ts w e o b ta in  D a rc y ’s law  for th e  a d s o rb e d  w a te r

4 > i v =  - K , (V p , +  p .V(j> i) , (4.1)

In  a d d i t io n  to  a  p re ss u re  g ra d ie n t , th e  abo v e  fo rm  o f D a rc y ’s 

law  c o n ta in s  a  g ra d ie n t  o f  a  g en e ra lized  in te ra c tio n  p o te n ­

t ia l  w h ich  a c c o u n ts  fo r sw elling . T h e  a p p e a ra n c e  o f  th is  

a d d it io n a l  te rm  is c o n s is te n t w ith  th e  fa c t t h a t  vo lum e 

f ra c tio n  g ra d ie n ts  p ro v id e  a  p o te n tia l  for a d s o rb e d  w a te r  

flow in  a  sw ellin g  m e d iu m . N o te  t h a t  if  we p o s tu la te  t h a t  

A ,  is in d e p e n d e n t o f  tj>i, th e n  p ,  =  0 a n d  (4.1) red u ces  to  

th e  c la ss ica l fo rm  o f D a rc y ’s law .

5  V i s c o e l a s t i c  B e h a v i o r

T h e  m o d ifie d  effective s tre s s  p r in c ip le  (3 .1) a lso  p ro v id es 

im p o r ta n t  in fo rm a tio n  re g a rd in g  th e  c o n s titu t iv e  b e h a v io r  

o f  th e  sw ellin g  p a r t ic le s  n e a r  e q u ilib riu m . N o te  t h a t  th o u g h  

th e  so lid  is co n s id e red  e la s tic , th e  a p p e a ra n c e  o f  th e  r e ta r ­

d a t io n  te rm  fi.4> ,D 34 ii /D t  in  (3 .1) le a d s  to  v isc o e la s tic  b e ­

h a v io r  fo r th e  v o lu m e tric  s tresses . T h e  coeffic ient f i .  m ay  

b e  th o u g h t  o f  a s  a  r e ta rd a tio n  fa c to r  w hich  am o n g  o th e r  

effects, a c c o u n ts  fo r th e  re -o rd e r in g  o f  th e  a d s o rb e d  w a te r  

m o lecu les a s  th e y  a re  d is tu rb e d , i.e . a n  en tro p ic  effect. If  

th is  is  th e  o n ly  so u rce  o f r e ta rd a tio n ,  th e n  i t  follow s t h a t  for 

a  g ra n u la r  m e d ia , p.. ss 0 , s in ce  th e re  is very  l i t t le  o rd e rin g  

o f  th e  liq u id  p h a s e  in  su c h  a  m ed iu m .

6 C o n c lu s i o n s

A  h y b r id  m ix tu re  th e o ry  for sw elling  clay  so ils w as p re ­

se n te d . C la y  m in e ra ls  a n d  a d s o rb e d  w a te r  w ere t r e a te d  as 

d is t in c t  p h a s e s  in  o rd e r  to  c a p tu re  sw elling  a t  th e  p a r tic le  

level a n d  p h y sic o -ch em ica l effects. T h is  phy sico -ch em ica l 

c o m p o n e n t h a s  a  th e rm o d y n a m ic a l  d efin itio n  in  te rm s  of 

ch a n g e  o f  th e  free  en e rg y  o f  th e  a d s o rb e d  flu id  w ith  re sp e c t 

to  th e  v o lu m e  fra c tio n . S om e n o ta b le  consequences o f  th e  

th e o ry  d e v e lo p e d  h e re in  a re  t h a t  i t  p ro v id es a  r a t io n a l  b a ­

sis fo r so m e  h e u r is tic a lly  m o d ified  effective s tre s s  p rin c ip le s  

fo r s m e c tite  c lays. In  a d d it io n  a  m o d ified  fo rm  o f D a rc y ’s 

law  w as d e r iv e d  fo r th e  a d s o rb e d  w a te r  flow.

A c k n o w l e d g m e n t s .  T h is  w ork  w as su p p o r te d  b y  th e  

U S A R O /E n v iro n m e n ta l  S ciences a n d  E n g in e e rin g  u n d e r  

c o n tra c t  D A A L  03-90-G -0074  a n d  th e  A rm y  E n g in e e rin g

W a te rw ay s E x p e r im e n ta l  S ta t io n  u n d e r  c o n tra c t  D A C A 39-

95-K -0056 .
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