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A dilatancy approach for the bearing capacity of sands 

Usage de la dilitation pour déterminer la capacité portante des sables

S.W. Perkins -  Department of Civil Engineering, Montana State University, Bozeman, Mont., USA 
C. R. Madson -  Chandler Geotechnical Inc., Bozeman, Mont., USA

ABSTRACT : Existing classical solutions commonly used in practice for the bearing capacity of shallow foundations on granular soils predict 
a linear increase in bearing capacity with footing width and depth of embedment. Historical and recent experimental data have shown this 
relationship to be non-linear. The practical consequence of this observation is typically an unconservative prediction of bearing capacity. 
A new solution is proposed which accounts for this observation. This solution relies on empirical dilatancy equations proposed by Bolton 

(1986) to describe the dependence o f the soil's friction angle on normal stress and the phenomenon o f progressive failure. The solution is 

easily implemented in practice, with the required material properties consisting of the soil's relative density, constant volume friction angle, 
dry unit weight and moisture content. Detailed triaxial strength data are not required. The solution is shown to work well for a variety of 

centrifuge and full-scale foundation experiments on different sands.

RESUME: Les solutions classiques utilisées dans la pratique pour la détermination de la capacité portante des fondations superficielles 

reposant sur des sols granulaires prévoient un accroissement linéaire de la portance avec la largeur de la fondation et avec la profondeur 

d’encastrement. Des données expérimentales historiques et récentes ont montré que ces relations ne sont pas linéaires. Les conséquences 

pratiques de cette constation sont que la portance prévue est alors surestimée. Une nouvelle solution est proposée qui prend en compte ces 

observations. Elle repose sur les équations empiriques de dilatance proposées par Bolton (1986). Ces relations expriment la dépendance de 

l’angle de frottement interne avec la contrainte normale ainsi que le phénomène de rupture progressive. La méthode peut facilement être mise 

en oeuvre dans la pratique, à partir des caractéristiques du sol comprenant la densité relative, l’angle de frottement interne à volume constant, 
le poids volumique et la teneur en eau. Les résultats complets d’un essai triaxial ne sont pas nécessaires. On montre que cette méthode donne 

de bons résultats pour une large gamme d’essais de chargement de fondations réalisés sur modèles centrifugés et sur ouvrages en grandeur 

réelle.

1 INTRODUCTION

Commonly used solutions for the estimation of bearing capacity of 

shallow foundations resting on non-cohesive granular soil were 

developed based on the results o f small-scale foundation 

experiments (Meyerhof, 1963; de Beer, 1965; Vesic, 1973). Large 

scale tests at the time indicated the inability o f these solutions to 

predict actual field behavior (Muhs, 1963). Centrifuge experiments 
conducted over the past 20 years have demonstrated similar 

discrepancies (Yamaguchi et al. 1976; Ovesen, 1975; Kimura et al., 
1985; Kutter et al., 1988; Pu and Ko, 1988; Larsen & Ovesen, 
1989; Kusakabe et al., 1991; Aiban & Znidarcic, 1995). The 

majority of the solutions developed as a result o f these centrifuge 

studies have been difficult to implement in practice due to the 

difficulty of obtaining the required material strength parameters.
Recently, several large-scale shallow foundation experiments 

have been conducted, providing additional data upon which a 

design method may be based (Kusakabe et al., 1992, Briaud and 

Gibbens, 1994). These new data, along with the advancement of 

concepts related to the description of the strength-dilatancy 

behavior of granular soils (Bolton, 1986) has, in part, led to the 

reexamination of the bearing capacity problem. The goal of this re
examination was to devise a solution that provides for more 

accurate predictions o f bearing capacity within a framework that 
embraces the facets o f modem concepts of strength and dilatancy 

of sands, while being easier to implement in practice with respect 
to the acquisition of material properties. The outcome is a solution 

requiring only a description of the soil’s relative density, constant 
volume friction angle, dry unit weight and moisture content. The 

solution is simple with respect to the collection of soil properties, 
yet powerful in its ability to predict observed phenomena.

2 EXPE R IM EN T A L  OBSERV A TIO N S

In practice, the equation commonly used for the estimation of the 

bearing capacity o f a shallow foundation on granular soil is

1u„=cNc+̂ N q+̂ BN-> 0 )

where c is the cohesion, typically taken as zero for granular soils, 
q is the surcharge existing at the footing base, y is the effective soil 
unit weight, B is the footing width, and Nc. Nr  and Ny are bearing 

capacity factors expressed as a function o f the soil’s friction angle. 
Golder (1941) observed that bearing capacity does not, in general, 
increase linearly with footing width or surcharge pressure, as 

predicted in Equation 1. This observation is shown in Figure 1, 

where bearing capacity has been normalized by the term l/2yB (= 

Ny) and plotted against footing width for test results from one 

recent full-scale test series (Briaud and Gibbens, 1994) and two 

recent centrifuge test series (Kusakabe et al., 1991 and Pu and Ko, 
1988). The centrifuge tests were all surface footings, while the full- 
scale tests were conducted at different depths of embedment. De 

Beer (1965) plotted bearing capacity data in a similar fashion and 

showed the same trend. Equation 1 implies that the normalized 

bearing capacity is constant for a soil with a given friction angle, 
whereas Figure 1 demonstrates that there is an appreciable effect of 
scale on bearing capacity.

De Beer (1965) described this scale effect as being due to the 

non-linear strength behavior of the soil. Non-linear material 
behavior results in a secant measure of the friction angle being 

greater (or greater Ny) for smaller footing widths or smaller depths 
of embedment, where the mean normal stress confinement is less. 
Muhs (1963) examined small and full-scale data and indicated that 
accounting for the effect o f non-linear material behavior was not 
sufficient to account for discrepancies observed between
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Figure 1. Normalized Bearing Capacity Versus Footing Width

experiment and prediction. The explanation o f progressive failure 

was offered to account for these differences.
Yamaguchi et al. (1976) experimentally demonstrated this 

effect by conducting radiograph studies o f centrifuge foundation 

models. The phenomenon of progressive failure describes the 

process by which shearing resistance is first mobilized in the soil 
at points closest to the footing edge and gradually progresses out 
and through the surrounding soil. The consequence of this 

observation is that the peak load carrying capacity of the 

foundation may result from only a percentage of the soil mass 

contributing a shearing resistance dictated by the peak friction 

angle, while the remaining regions offer a resistance more closely 

dependent on the residual or constant volume friction angle. 
Physical observations indicate that the degree of progressive failure 

increases with footing size and embedment depth. From the above 

discussion it is seen that scale effects are heavily dependent on the 

relative density, effective stress confinement and ensuing dilational 
characteristics o f the sand. A solution which accounts for these 

scale effects must have dilatancy concepts as its basis.
A number of studies have proposed solutions which account for 

the non-linear nature of the soil’s strength envelope. The majority 

o f these solutions require a description of the shape of the strength 

envelope that in turn requires extensive triaxial testing of 

undisturbed samples. This requirement is restrictive for the 

practicing engineer. To the author’s knowledge, solutions have not 
been proposed which account for the effect o f progressive failure.

3 PR O PO SE D  SO LU TIO N

The solution proposed in this paper accounts for the effects o f non
linear material behavior and progressive failure within the context 
of a classical bearing capacity solution. Friction angles for use in 

the solution are determined from the empirical dilatancy equations 

proposed by Bolton (1986): The relative dilatancy index contained 

in Bolton’s equation is used to describe the magnitude of 

progressive failure anticipated as bearing capacity is reached. The 

solution requires a knowledge of the sand’s relative density, 
constant volume friction angle, dry unit weight and moisture 

content. The constant volume friction angle can be readily 

determined using disturbed samples.

3.1 Non-Linear Material Behavior

The dépendance of the soil’s friction angle on the mean normal 
stress confinement is accounted for through the use of equations 

proposed by Bolton (1986). Equation 2 provides a means of 

predicting the peak friction angle, <prtak, knowing the constant 
volume friction angle o f the soil, <f>„, a coefficient, A ’ describing 

conditions ranging from axisymmetry to plane strain, and the 

relative dilatancy index, IR .

/ R=/D(10-ln p ')-l (3)

The relative dilatancy index is determined from the equation

where ID is the relative density o f the soil and p  ' is the mean normal 
stress confinement for the application of interest 
(p '= !/3(o‘,+ o’2+0 ’,)). The coefficients 10 and 1 were empirically 

established by Bolton (1986) and shown to provide the best match 

° f  <PP,at with variations in p  ’ and lD. The coefficient A ’ was 
suggested by Bolton to be equal to 5 for conditions o f plane strain 

and 3 for conditions of axisymmetry. For shallow foundation 

applications, it is proposed that A ' be related to the ratio of footing 

length to width by the equation

1 L

31 B
(4)

such that A ' equals 5 when L/B=7 and A ’ equals 3 when L/B=l.
The relative dilatancy index, I„, provides a description of the 

rate o f dilation at peak strength for a material at a given relative 

density and subject to a given mean normal stress confinement. As 
IR increases, so does the dilational component o f strength, as seen 

in Equation 2, where this additional friction angle component is 
measured relative to the soil’s constant volume friction angle. 
Equations 2-4 provide a simple means o f determining the peak 

friction angle for use in a bearing capacity equation knowing <p0 
and /„.

To use Equations 2-4, however, it is necessary to know the 
average, mean normal effective stress, p  ’, pertaining to the soil 
beneath the footing being analyzed. It is expected that p ' would 

depend mainly on the pressure placed on the footing when bearing 

capacity is reached. Meyerhof (1950), de Beer (1965), Perkins 
(1995) and Perkins and Madson (1995) proposed relationships for 
the ratio o f p '  to the ultimate bearing capacity. Each relationships 
was expressed as a function of the soil’s peak friction angle and 

implicitly assumed conditions o f plane strain. Intuitively, it is 
expected that this mean normal stress ratio would increase as 
conditions of axisymmetry are approached. This might be 
expected due to the higher rates of dilation in plane strain and the 
resulting higher peak friction angles. For sake of simplicity, it is 
proposed that the ratio p  be taken as a linear function of
L/B, reflecting the dependence on the footing strain restraint 
condition. This ratio is taken as 8 % at L/B= 1 and 4 % at L/B=l. 
and assumed to vary linearly between these two extremes, giving 

the relationship

* ult -peak

0 .5 2 - 0 .0 4 - (5)

This relationship appears to be justified by examining the four 
relationships described above. For friction angles ranging from 35- 
55° the constant values o f 4 and 8 % appear to be reasonable 

approximations of the various trends.
An ultimate bearing capacity corresponding to the peak friction 

angle is determined by using the classical bearing capacity solution 

given in Equation 1. Since the strength envelope is expressed 

solely in terms of the secant friction angle, the cohesion term in 

Equation 1 is discarded. The bearing capacity factor, Nr  is 
determined from the expression proposed by Vesic (1973), namely

N  -tan^nM+^jexp"1“"4, (6)

(b t =d> *A ' i
» peak  • cv R (2)

whereas Ny is determined from the equation formulated by Chen 

(1975) as given by Perkins (1995a).
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=^tanÇ tanÇexp| ~ ta n 4 ) | -1
371, 3sin<}>cos<t>

2(1 +8sin2cJ>)( 1 -sin<|))

lanÇ - C° ^  I expi -^tan(J)| +tanl; c° t(̂  +1 (7)

where, Ç=it/4+4>/2

This more cumbersome expression for Ny has been used over other 

expressions because of the absence of empirical modifications to 

Equation 7. Commonly used expressions for N1 have been 

empirically modified by the results o f small-scale experiments, 
which introduce an unwanted bias into the solution process. 
Equation 7 is based on purely theoretical grounds.

Well known shape and depth factors have not been, and are not 
intended to be used in Equation 1. The influence o f foundation 

shape on the soil’s mobilized friction angle is implicit to equations 

2-4. The solution has been calibrated against data where the depth 

of embedment is less than the footing width. While the solution is 

appropriate for deeper depths of embedment, it is advised that the 

solution be limited to these conditions until compared against other 

data involving deeper depths o f embedment.
Since Nq and N.t are functions o f the peak friction angle, which 

is in turn a function of quUiXah the solution o f Equation 1 is seen to 

be iterative, meaning a value of p  ’ must be assumed to start the 

iterative solution and must be checked at the end of the iteration 

until convergence is met. Details o f this process are provided in 

the summary section of this paper.
The above solution was applied to over 70 full-scale and 

centrifuge model foundation experiments reported in the literature. 
In general, it was found that the resulting predictions were well in 

excess of the experimentally determined bearing capacity. This is 

due to the effect o f progressive failure.

3.2 Progressive Failure

Progressive failure is accounted for by the development of an index 

of progressive failure, IPF, which is expressed as a function o f the 

relative dilatancy index, IR, determined from Equation 3. This 

relationship is shown in Figure 2. This index is equal to 1 when 

progressive failure is absent and occurs when IR is large. Large 

values of IR imply high rates o f dilatancy and correspond to 

situations where the footing width and embedment depth are small, 
meaning confinement is low, and/or relative density is high. On 

the other hand, IPy approaches zero as IR approaches zero. Small 
values of IR imply zero dilatancy, or shearing at constant volume, 
which corresponds to large footing widths, greater depths of 

embedment, and/or low relative density.
The index o f progressive failure determined from Figure 2 by 

knowing IR from Equation 3 is used in the equation below to 

predict a bearing capacity which then accounts for each scale effect.

Q u it “p r e d ic te d ^ u l t  - p e a k  ^  u lt  - c v (8)

In Equation 8, qu l is the bearing capacity determined from 

Equation 1 using the soil’s constant volume friction angle. Thus it 
is seen that /„, provides a description of the proximity of the actual 
bearing capacity to the capacity when progressive failure is absent 

) and when progressive failure is acute (q^,^,).

Figure 2 and Equation 8 were developed by examining how the 

experimental value o f bearing capacity for the 70 experiments 

mentioned above compared to predicted values o f q and q^,^,. 

The index of progressive failure was calculated from Equation 8 for 

each experiment, where q„i,.p„jICKj  was replaced by the experimental 
value. The curves shown in Figure 2 were the best fit lines to the

Figure 2. Index of Progressive Failure Vs. Relative Dilatancy 

Index

data. The solution was checked against additional data not used in 

the calibration procedure and was found to perform satisfactorily.

4 SU M M A R Y  O F SOLUTION APPRO ACH

The proposed solution consists o f the following steps.

1. For the site specific soil in question, a representative value of 

unit weight ( y ), relative density (!„) and constant volume 

friction angle (<p„) is determined. A selection of the unit 
weight should follow considerations made for the presence of 

a water table. Establishing the volume (i.e. depth and lateral 
extent) o f the soil requiring consideration for these average 

values should follow existing rules of thumb and an 

individual’s engineering judgement. Determination of </>„ can 

be done in one of several ways. The technique involving the 

least uncertainty would be to collect a disturbed, representative 

sample, recompact this sample at a relative density of 

approximately 50 % and perform a drained triaxial 
compression test at a moderate to high level o f confinement. 
Only one shear test is required. Alternatively, the same 

sample could be tested in a direct shear device. With 

sufficient regional experience, it is possible that knowing the 

mineralogy of various regional sand deposits, tp„ could be 

estimated based on this information and experience. Bolton 

(1986) suggests that creating a dry heap of the sand and 

measuring its angle o f repose might be sufficient for 

determining The authors have found this simple 

technique to be surprisingly accurate. The techniques listed 

above are in order of increasing uncertainty, where it is 

expected that the factor of safety applied would be increased 

accordingly.
2. Establish the geometry and embedment depth of the footing to 

be analyzed (i.e. B, L and Dj).

3. Assume a value of p ’ appropriate for the conditions in 1 and 

2. For most situations, an initial guess o f 500 kPa appears to 

be reasonable.
4. Calculate the strain restraint condition, A ', IR, and <pptai using 

Equations 4, 3 and 2, respectively.
5. Calculate q„,,_peilt using Equations 1 and 6 and 7, with the 

value of <p̂  determined in step 4 used in Equations 6 and 7.
6. Calculate the ratio p  '/qul,.p,.ai using the assumed value of p  ’ in 

step 3.
7. Calculate the ratio p  required from Equation 5.
8. If the two ratios from steps 6 and 7 do not match within a 

given tolerance (a tolerance of 0.01 is more than adequate), 
repeat steps 3-6, taking the assumed value ofp ' needed in step 

3 as the value calculated from step 7, until convergence is 

reached.
9. Calculate quh.cv using tp„ determined in step 1.
10. Determine ¡n  from Figure 2. A band has been sketched on 

Figure 2 which represents a range of IPh values that may be
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selected for a particular value of IR. It is recommended that 
the dashed best fit line be used for design. Selecting values of  

below the dashed line would result in conservative 

estimates o f bearing capacity.
11. Calculate the predicted bearing capacity accounting for the 

scale effects due to non linear material behavior and 

progressive failure from Equation 8.

5 D ESIG N  EXA M PLE

Data from two studies are used to illustrate the use and accuracy 

o f the design solution. A full-scale test reported by Briaud and 

Gibbens (1994) and a centrifuge model test reported by Kusakabe 

et al. (1991) are described below. For the full-scale test by Briaud 

and Gibbens, the following input parameters were used: B=L=2.49 

m, yd= 15.4 kN/m3, co=0 %, 7,,,=18.9 kN/m\ 7„=55 %, <p„=31 °, 

embedment depth = 0.772 m, depth to the water table = 4.9 m. The 

solution described above required seven iterations. The solution’s 
predicted bearing capacity from step 11 was 1069 kPa, while the 

peak and constant volume bearing capacity was 2021 and 925 kPa, 
respectively. The peak friction angle from step 4 used to calculate 

the peak capacity was 4>peak=36A°, while IR and /,,,, were 1.7 and

0.128, respectively. The experimentally measured bearing capacity 

reported by Briaud and Gibbens was 1062 kPa and was taken at a 

ratio o f settlement o f footing width of 0.05, as were all results not 
displaying a pronounced peak.

For the centrifuge model experiment reported by Kusakabe et 
al. (1991) the following input was used: B=L=1.8 m, yd=16.5 

kN/m3, (o=0 %, ID=% 1.8 %, <^„=36°, surface footing, no water table 

present. The predicted, peak and constant volume capacity were 

1636, 4452, and 1191 kPa, respectively. The peak friction angle 

was ^ = 4 3 .1 ° ,  while IR and Ip,. were 2.37 and 0.137, respectively. 

The experimental capacity was 1705 kPa.

6 C O N C LU SIO N

A solution has been proposed for the bearing capacity of shallow 

foundations resting on granular soils which accounts for scale 

effects due to non-linear material behavior and progressive failure. 
The solution is easily implemented in practice. It is felt that the 

solution will offer a cost savings over current methods of practice 

due to the ease in which material properties are obtained, while 

yielding superior predictions of bearing capacity. The solution has 
been calibrated against field data and is believed to be accurate 

over a broad range of footing sizes and configurations, and soil 
conditions.
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