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Systematic backanalysis in tunnel excavation problems as a monitoring technique 

M6thode de controle de I’excavation des tunnels par analyse inverse systematique

A. Ledesma & E. Romero -  Technical U nive rsity o f C atalunya, Barcelona, Spain

ABSTRACT: The paper describes a methodology to perform geotechnical backanalysis in a systematic manner. The procedure can be 

used to estimate soil parameters from field instrumentation records which can be compared with previous site investigation information 

and can be useful as a monitoring technique in underground excavations. The methodology is defined within a statistical framework 

coupled with the finite element method. A practical application of the procedure to a real case involving the excavation of a tunnel for 

the Barcelona subway network extension is also presented.

RESUME: L'article presente une methodologie pour realiser l'analyse a rebours geotechnique d'une maniere systematique. La methode 

peut etre utilisee pour estimer les parametres du sol a partir de mesures d'instrumentation 'in  situ ' qui peuvent etre comparees avec des 

informations de campagnes de reconnaissance anterieures. Elle peut etre utile comme systeme de controle des excavations souterraines. 

La methodologie est definie dans un cadre statistique couple avec des elements finis. Une application pratique de la methode sur le cas 

reel de l'excavation d'un tunnel pour un prolongement du reseau metropolitain de Barcelone est de plus presentee.

1 IN T R O D U C T IO N

In geotechnical engineering, ‘backanalysis’ or ‘inverse 
analysis’ is of frequent use for the estim ation of soil or rock 

properties, but usually it is performed in an ‘ad-hoc’ manner. 
More often , backanalysis is carried out to explain soil or 
rock failures but it is not normally considered as a usual 

technique to characterize m aterial properties in a system atic  
procedure. On the other hand, it is usual to control tunnel 
excavation problem s by m eans of field instrum entation, in 

such a way that inform ation on soil/rock displacem ents 

produced by tunnelling are usually recorded. Thus field 
instrum entation has becom e a traditional procedure to 
m onitorize the behaviour of the whole excavation. It is then  

reasonable to apply geotechnical backanalysis to the ‘in s itu ’ 

m easurem ents. M oreover, m odern optim ization techniques 

coupled w ith numerical analyses (i.e. finite elem ent m ethod) 

have proved to be effective in defining a general framework 
to perform geotechnical backanalysis in a system atic manner 

(Arai et al, 1984; Gioda and Sakurai, 1987). Therefore, 

m easured soil displacem ents due to the excavation process 
becom e the input data for a backanalysis that is useful 

for tunnelling control. Also, information provided by the 
m easurem ents from the first stages of the excavation, can be 
used to update the values of the parameters of soil or rock, 
and to assist in design m odifications.

In this paper, a general formulation to perform geotechnical 

backanalysis within a m axim um  likelihood approach is used. 

The formulation results in a m inim ization of a function  

which depends on the differences between measured values 

and com puted displacem ents. A fixed m odel is assum ed  

throughout this analysis (m odel identificaction formulations 

are outside the scope of this paper). T he best soil/rock  

param eters are those that m inim ize these differences. As the  

form ulation is defined in probabilistic term s, inform ation on 
the reliability of the parameters identified as well as the error 
propagation of field m easurem ents on the parameters can be 

estim ated. In this way, inform ation on the fulfilment of the  
predictions is readily obtained, and if im portant differences 
are found, the results provided by the process can help to 

decide a change in the excavation process or in the tunnel 

design.

T he m athem atical m inim ization is coupled with the finite 
elem ent m ethod, which is used to solve the standar direct 
problem . T hat gives to the procedure a wide range of 
applications to actual excavation problems. Finally, a real 

exam ple involving the control of the excavation of a tunnel 
for the Barcelona subway network extension is presented.

2 BASIC FORM ULATION

A determ inistic m odel, M ,  relating variables that can be 

m easured (i.e. soil displacem ents), x, and a set of parameters, 

p, is assumed: x  = M ( p ) .  Usually the m odel includes the  

geom etry of the problem  and the constitutive laws of the

m aterials involved. M easurements are represented by x *, and 
then differences between m easurem ents and predictions of the 

m odel (x*  — x)  are considered as an error, that can be defined 

in a probabilistic manner.

The best estim ation of the param eters is then found by 
m axim izing the likelihood, L  , of a hypothesis, p, given a set 

of error m easurem ents, defined as (Edwards, 1972):

L  =  k f ( x / p )  (1)

where f ( x / p )  is the conditional probability of x* given a 

set of param eters, p, and k is a proportionality constant. 

This probability can be assum ed as multivariate Gaussian. 

Also, m axim izing (1) is equivalent to minimize the function  

S  =  - 2 I n i  , and the ‘objective function’ to be minimized  
becomes:

S  =  (x* -  x ) i C x ~ 1(x* — x ) +  ln\C_x \ +  m /n(2ir) -  2Ink  (2)

where C i  is the covariance m atrix which contains the error 
structure o f the m easurem ents. Assum ing that the error 

structure is fixed, only the first term  in (2) must be minimized. 

The structure of the covariance m atrix will depend on the 
instrum ent used for m easurem ent purposes. For instance, 
when m easuring soil displacem ents with an inclinometer  

device, horizontal m ovem ents at a particular point are 
referred to displacem ents on previous points, and therefore 

error m easurem ents are not independent. Expressions for Cx  

for different geotechnical devices used in field instrum entation  

have been derived elsewhere (Ledesm a et al, 1996a).

If m easurem ents are independent and their errors have the 

sam e variance, then Cx  =  crl_, where I  is the identity m atrix. 
In this case, the function to be minimized takes the form:

J  =  (z* -  ®)<(®* -  z )  (3)

which is equivalent to a “least -  squares” criterion. Note  

that J  in (3) is a function on the parameters. Thus, the
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param eters that m inim ize J  give the best estim ation within  
the likelihood framework, and therefore, are assum ed as 

solution of the backanalysis problem. This formulation can 
be generalized to include prior inform ation on the parameters 

in the identification procedure (Ledesm a et al, 1996b).

M inim ization of (2) or (3) can be performed by m eans of 

any suitable algorithm . As function J  is nonlinear on the 
param eters, the m inim um  is reached by m eans of an iterative  
procedure. For this type of functions, the use of the Gauss 

-  N ew ton algorithm  (Tarantola, 1987) has been proved to be 

efficient and it has been used in this work. It is based on an 

expansion of the objective function into a Taylor series, and 
gives the value of the increm ent of param eters, A p , in each 

iteration:

A E = ( A t QJ. ~ 1A y 1A ta c ~ 1M  (4)

where A x  =  (x * -  x ) and the m atrix

d x

A ~dj>
(5)

is called sensitivity m atrix. If the number of m easurem ents is 
m  and the number of param eters is n , the size of this m atrix  
is m  x n.

In general G auss-Newton algorithm  tends to exhibit a 
rapid convergence in this kind of problem s, although it can 

be unstable som etim es. In those cases, an improvement 
of the algorithm  proposed by Levenberg and Marquardt 

(M arquardt, 1963) can be used, in which (4) is changed into:

A p = ( A * £ *  l A  +  1 A x (6 )

where n  is an arbitrary real number. If \l  —> 0, the G auss- 
New ton procedure is obtained. As fi increases, the parameters 

correction provided by (6) becom es smaller and tends towards 

the gradient direction of the objective funtion.

3 FIN IT E  ELEM ENT APPRO ACH

In order to allow the application of the identification  

procedure outlined above to practical geotechnical problem s, 
it is im portant to couple the formulation with a powerful 
analysis technique. Thus the finite elem ent M ethod has 

been considered as m ain tool to solve the direct problem. 
T hen, a coupling between finite elem ent com putations and 

equation (6) is needed. In fact, com putation of the sensitivity  

m atrix, A ,  according to (5) is the m ain requirement of the 

identification procedure. This can be achieved by derivation 
of the general expression obtained in a finite elem ent analysis:

K x  =  f (7)

where K_ is the global stiffness m atrix, i  is the vector of nodal 
displacem ents and /  is the nodal forces vector. By derivation 

of (7), the sensitivity m atrix can be obtained as:

d x

4 A PPLICA TIO N TO A TUN NEL EXCAVATION 

PRO BLEM

A practical application of this backanalysis m ethodology is 
presented. The exam ple refers to a real tunnel from the 
Barcelona subway network extension, excavated during 1993. 

T he area corresponds to the geological contact between the 

Besoa deltaic zone (gravel and silty sands) and the Barcelona 

plane deposits (red clay with calcareous inclusions). The 

tunnel was m echanically excavated under a jet -  grouting top 
in a few stages.

The finite elem ent program used to solve the direct problem  
reproduced the staged excavation and the soil improvement 

due to jet -  grouting. Figure 1 shows a detailed m esh close 
to the tunnelling area used in the analysis. Only half of 
the geom etry was analyzed due to sym m etry. Note that 
each stage corresponds to different geom etries and different 
properties of the m aterials involved. Program  IC FEP was 

used in the analysis. A lthough only two dim ensional elem ents 
are available, the code includes som e useful features as step 

analyses and construction/excavation m odelling. Therefore, 

an im portant effort was devoted to the correct sim ulation of 
all the excavation process.

Figure 2 shows the soil profile and a typical cross section  

with the field instrum entation installed. In the area under

(8) S tage  4 S tage  5

where a constant stiffness m atrix has been assum ed. This is 

valid for linear analyses only. Identification of parameters of 

nonlinear constitutive laws is outside the scope of this paper 

(Ledesm a and Gens, 1997).

Derivation of the stiffness m atrix with respect to the 

param eters is straightforward, as only the m atrix relating 
stresses and strains depends on the param eters, but the 
geom etry rem ains usually constant. Also, the nodal forces 
vector is usually independent on the param eters, except when 

initial stresses and excavation problems are analyzed. In such 
cases, a relation between applied boundary forces and the K 0 

coefficient (horizontal -  vertical effective stress ratio) can be 

obtained, and its derivative can be used in (8) (G ens et al, 

1996).

S tage 1: H e ad ing  je t-g ro u tin g  

S tag e  2: H e ad ing  e xca vatio n  

S tag e 3: S h o tc rete

S ta g e  4: S ide je t-g ro u tin g  an d fin a l h e ad ing  lin ing  

S tag e 5: Ben ch e xca vatio n  a nd s id e w a il co n stru c tio n .

In ve rt e xca va tio n  

S tag e 6: C los in g th e  in vert

Figure 1. Finite elem ent m esh around the tunnel at different 

stages sim ulating excavation or construction of elem ents. 
Black elem ents represent also a change in m aterial properties 

from  one stage to the next, due to soil jet - grouting or to  

shotcrete or lining construction.

S tage  3

1426



a  Surface marks

V

M + l M+l

S 20

10

I

G W L

M + l

3 0 -

-10 -5 0 

V e rtic a l 

d is p la c e m e n t  

(m m )

E x te n s o m e te r  (E ) 

S lid in g  m ic ro m e te r  

an d in c lin o m e te r (M + l)

20 (m ) 

j
Fill

R e d c la y  

w ith  san d  

an d g ra ve l

B ro w n  c la y  

w ith  so m e  

g ra ve l

G ra ve l w ith  

c la y  m a trix

S t iff  g re y  

c la y

I  ° '
c  "10" 
<D
E -20 - 
o>

o5 -30 - 
C/5

Figure 2. Typical soil profile of the excavated area, including  
tunnel cross section. Field instrum entation installed for a 

typical section control is indicated. Also, som e m easured and 
com puted vertical displacem ents for the parameters identified  

are depicted.
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Figure 3. Shear m odulus vs shear strain of red clay with  

sand and gravel obtained in resonant colum n tests from block 

sam ples (em pty sym bols) and from boreholes (filled sym bols). 

Also, results from triaxial tests with inner strain measurement 
from block sam ples are indicated as thick continuous lines. 
Thin continuous lines indicate average values.

study, the red clay layer w ith sand and gravel was m ainly 
involved in the excavation. A surface fill layer was also 

influenced by the process. Their Young m oduli were 
assum ed as fundam ental param eters to be identified from field 

displacem ents. The excavation area was alm ost com pletely 

above the ground water table (G W T , figure 2), and a total 

stress approach was considered in all analyses.

A few instrum ented control sections were installed  

including surface surveying marks, bar extensom eters, sliding 

m icrom eters and inclinom eters. Field instrum entation was

used to  control m ovem ents in nearby buildings, but also to  
control the excavation process itself.

Block sam ples from the tunnel heading and “undisturbed” 
sam ples from  boreholes were used to estim ate the elastic 

m odulus of the red clay involved in the excavation. To 
this end, resonnant colum n tests and triaxial tests with 
internal strain m easurem ent devices were performed on that 

m aterial. Figure 3 shows the shear m odulus as a function of 
shear strain obtained using both  procedures for two confining 
stress values that could be expected for the soil involved 
in the excavation. A good agreement between resonnant 

colum n data and triaxial results corresponding to the block 
sam ple was observed. Resonant colum n results from borehole 
sam ples gave slightly smaller shear m oduli. T hat could

be explained in term s of sam ple disturbance. In this way, 
experim ental results gave an independent measurement of the 
param eter considered in the identification analysis.

Field displacem ents obtained in each control section were 
considered as input data for the backanalysis. In som e cases 
it was possible to assign part of the displacem ents to a 
particular excavation stage. Otherwise, final displacem ents 

were adopted as input data and compared with accum ulated  
com puted displacem ents w ith the finite elem ent program.

As indicated above, elastic m oduli of the fill layer and of 

the red clay w ith sand and gravel layer were considered as 
param eters to be identified. Som e sensitivity analyses showed 

that surface displacem ents were m ainly controlled by this 
param eters. P oisson’s ratio of 0.3 was assigned to the fill 

due to its unsaturation. A value of 0.49 corresponding to 
undrained conditions was adopted for the rest of geologic 
m aterials. The elastic m odulus of the gravel with clay m atrix 

(figure 2) was assum ed to be 200 M Pa, and for the tertiary 

stiff grey clay a value of 300 M Pa was adopted. These values 
were estim ated from previous geotechnical investigations and 

were considered constant in all the analyses.

Initial stresses were also fixed in the sim ulation. K 0 =

0.5 was initially assum ed, as the red clay was normally 

consolidated. In further analysis, the influence of K 0 on 
the results was considered, but its influence on the identified  

param eters was sm all for values between 0.3 to 0.7.

As only two param eters were identified, contours of 

objective function can be depicted. Figure 4 presents 
these contours for one of the analyses performed from 37 
m easurem ents from a control section. E l  and E 2 represent 

the Young m oduli for the fill and the red clay respectively. 
Also, two optim ization paths followed by the Levenberg

-  M arquardt algorithm  have been indicated. It can be 
seen that both paths give the sam e minim um , around the 

parameters: E l  = 1 M P a  (or even less than that), and 

E 2 =  32.5M P a. All analyses gave m eaningless values for 
the fill Young m odulus, E l .  However this result could be 
consistent w ith the fact that the fill layer was not com pacted  

and had already produced settlem ent problems in other 
constructions in the area. On the other hand, the shape 

of the objective function in figure 4, alm ost parallel to E l  
axis, indicates that this param eter is difficult to identify with  
the inform ation provided. Nevertheless, parameter E 2 is well 

defined, and therefore the value obtained could be considered 
as representative of the red clay layer. The shape of objective 
function near the m inim um  can be related with the variance

of the param eters identified (Ledesm a et al, 1996).

Similar values of param eters were obtained for different 

control sections, specially for E2. The fill Young modulus 
was m ore variable, as expected. That was consistent 

with the known geology of the area, but also indicated a 

uniform construction/excavation procedure followed by the 

contractor.

T he value of E 2 = 32 .5M P a  was compared with the results 
from experim ental tests. Shear m odulus equivalent to that 
value has been depicted in figure 3, and corresponds to a 

shear strain between 0.2% and 0.6%. Although it is difficult

to assign a shear strain level to a com plex boundary value 
problem , an average value of shear strain around the tunnel 
can be estim ated from finite elem ent analyses. Using the 

param eters identified, finite elem ent com putations provided 

shear strains around the tunnel between 0.1% and 1%, which 
are consistent w ith the stress -  strain behaviour showed in 

figure 3.

A com parison between som e measured m ovem ents and 

com puted displacem ents using identified parameters is shown  
in figure 2. In general, the procedure gives a sm ooth
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M od ulus  o f  e las tic ity , E 1 (M P a)

Figure 4. Contours of objective function (values in m 2) and 

two different m inim ization paths towards the minim um . E l  
and E 2 are the Young m oduli of the fill layer and the red clay 
w ith sand and gravel layer respectively.

displacem ent profile whereas the real values are more 

concentrated around the tunnel. This is due to the linear 

elastic m odel used in the analysis. A nonlinear m odel would 

be more appropiate in this case and this is part of an ongoing  
research. N ote that even w ith a linear elastic constitutive  

law, the identification problem associated is nonlinear, and 

therefore the extension of the procedure to nonlinear m odels 

requires additional effort.

5 SYSTEM ATIC BACKANALYSIS AS A M ONITORING  

T ECH NIQ U E

Previous sections have shown a procedure to perform  
backanalysis in a quite autom atic way. Once the m odel 

is defined (that includes not only the m aterial constitutive  

law, but also geom etry and boundary conditions), available 

optim ization techniques allow to com pute an estim ation of 
the param eters involved. Also, finite elem ent codes provide 

a flexible tool to sim ulate stage excavations, typical in 

tunnelling operations.
On the other hand, field instrum entation is currently 

installed in tunnel constructions, specially if the N ew  A u stria n  

M ethod  is used. Displacem ents measured during excavation  
are used to control the performance of the process. Therefore, 
it is possible to include this inform ation on the identification  

process, and in this way, additional inform ation on the 
m aterials involved in the excavation can be obtained. That 

is, for each control section, apart from displacem ents, values 
of m aterial param eters are also obtained. Assum ing that 
the geolgy of the area is known, that additional inform ation  

is useful as a m onitoring technique. Indeed, analyzing the 
evolution of param eters identified from m easurem ents for 
each excavation stage or for different control sections, it is 

possible to realize if the excavation process agrees with what 
was considered in the design project. Moreover, new direct 

analyses are continously carried out during the process, so 
changes in the excavation process could be adopted according 

to the results. The whole process is not expensive from  
a com putational point of view, providing that the m odel 

assum ed is not too com plex.

6 CO NCLUDING  REM ARKS

In this paper, a m ethodology to perform backanalysis in

a system atic m anner has been presented. It is based 
on a m axim um  likelihood approach, which allows an 
statistical interpretation of the problem. The procedure 

estim ates m aterial param eters from field displacem ents, 
which m ay be useful in tunnel excavation problem s, where 

soil m ovem ents are usually recorded. The identification  
procedure has been coupled to the finite elem ent m ethod  

and therefore, the features of m odern finite elem ent codes 

like excavation/construction sim ulation can be used in the 

analysis.

A real case concerning the excavation of a tunnel has been 
presented as exam ple of the m ethodology. In this case, 

m easured displacem ents in different control sections provided 
the source of inform ation for the identification analyses. 
Not only the m easured m ovem ents, but also the evolution  
of param eters identified along the tunnel were used as a 

m onitoring technique. In this way, more inform ation is 
obtained from field instrum entation in a system atic manner.

It is to be expected that the additional inform ation provided 
by this m ethodology will prove very useful in dealing with 

the dem anding problem of tunnelling control, including 
excavation perform ance and associated soil settlem ents.
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