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FORMULATION OF STRESS-STRAIN BEHAVIOUR INSIDE THE STATE BOUNDARY 

SURFACE 

FORMULATION DU COMPORTEMENT CONTRAINTE/EFFORT A L’INTERIE UR DES 

LIMITES DE L’ETAT

Seung Ryull Kim T.H. Seah AS. Balasubramaniam

Asian Institute of Technology, Bangkok, Thailand

SYNOPSIS: For the region inside the State Boundary Surface, a Cam Clay (SCHOFIELD and WROTH, 1968) type of yield locus is established 
to calculate plastic volumetric strains on the wet side of the Critical State. The plastic volumetric strains so obtained are used with the flow rule established 
to determine the plastic shear strains due to volumetric yielding inside the State Boundary Surface. The contribution from the constant q yield loci is 
then added to make the full value of the plastic shear strains on the wet side o f the Critical State. Finally, comparisons are made within the State Boundary 
Surface on the wet side o f the Critical State for the pore pressures and strains from the Authors’ Model with experimental observations.
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INTRODUCTION

The plastic volumetric yielding inside the State Boundary Surface 
(SBS) is studied and subsets of volumetric yield loci are proposed which 
contribute positive plastic volumetric strains on the wet side of the 
Critical State Line and dilational volumetric strains on the dry side. In 
identifying such subsets o f volumetric yield loci within the SBS, a 
region or nucleus within which only elastic volumetric strains take place 
is identified. The contributions from such subsets of volumetric yield 
loci within the SBS is in operation with the already established constant 
q yield loci on the wet side and a similar set of distortional yield loci 
on the dry side which are radial in nature but converge to a point on the 
negative p-axis. Such a radial fan o f distortional yield loci converging 
to a point on the negative p-axis can also accommodate the Hvorslev 
failure envelope as the outermost boundary in the (q,p) plot.

Such subsets o f volumetric yield loci are established within the SBS
de

and an expression for the plastic strain increment ratio —  which is 

operative within such yield loci.

SIM PLIFIED  PLA STIC  V O LU M ETR IC  STRAIN CONTOURS 
INSIDE T H E  SBS

The volumetric yielding within the State Boundary Surface (SBS) is 
analysed in this section. The zero plastic volumetric strain points from 
CID type o f triaxial tests lie close to a Cam Clay type of yield locus 
(see Fig. 1). All samples are approximately rigid in plastic dilation in 
the region between the isotropic stress axis and the Cam Clay type of 
yield locus for the CID type o f loading. As the stress states approached 
the SBS, the samples experienced larger plastic volumetric strains. On 
the other hand, samples on the dry side o f the Critical State experienced 
dilation (i.e., negative plastic volumetric strains). These experimental 
observations indicate that the region within the SBS can be divided into 
three zones with respect to plastic volumetric strains.

The plastic volumetric strains are obtained as the difference o f the total 
volumetric strain and the elastic volumetric strain, the latter being 

dependent on the k  value. The patterns of the plastic volumetric strain

contours are somewhat similar to one another about the vertical line 
passing through the Critical State. These patterns o f the volumetric 
strain contours are simplified in Fig.2. Thus, the whole q-p stress space 
can be divided into four zones: three are inside the SBS and the 
remaining one is the normally consolidated region. The simplified 
patterns of the plastic volumetric strain contours and the sub-zones are 
assumed to expand with the expansion of the volumetric yield locus 
which lies on the SBS. In Zone I, plastic volumetric strains are assumed 
to be zero. Plastic dilation takes place in Zone IV, while compressive 
volumetric strains take place in Zone II. It is important to note that the 
contributions from the constant q yield loci are in operation in Zones
I, II, and III, while for Zone IV the shear strains under constant volume 
conditions need to be obtained from a set of radial shear strain contours 
which converge to a point on the negative p-axis.

STRESS-STRAIN BEHAVIOUR IN ZONE I TO  ZONE IV

(i) Zone I (see Fig.2)

In Zone I, the volumetric strain is only elastic, so that

d^ =  T T 7  f  (1)

In Zone I, the plastic distortional strains are given by the constant q 

yield loci as dz,p = <1>‘(T|) d r \ ; where <l>"(r|) indicates that the shear 

strains are dependent uniquely on the stress ratio and obtained from 
Fig.3. The elastic distortional strain is assumed to be zero.

(ii) Zone II (see Fig.2)

In Zone II, it is proposed that plastic volumetric strains take place from 
the shifting o f a Cam Clay type of volumetric yield locus. Expression 
for these plastic volumetric strain in Zone □  is given by Eqn.l.

51



Normalized Mean Normal Stress, P/Pg Fig.3 Shear Strain Contours o f Overconsolidated Samples from

CIU Tests

Fig.l Plastic Volumetric Strain Contours within the State 
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The plastic strain increment ratio is one o f the essential components in 
the formulation of a plastic stress-strain theory. This component also 
plays a significant role in the prediction of strains.
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Simplified Plastic Volumetric Strain Contours within the 
State Boundary Surface and the Strain Zones

(iii) Zone III  (see Fig.2)

For stress states in Zone in, the volumetric and distortional strains are 
given by the Revised Theory of ROSCOE and BURLAND (1968).

(iv) Zone IV (see Fig.2)

Exact expressions for the strains in this zone are not yet formulated.

PLA STIC  STRAIN IN C R EM EN T RA TIO

Therefore, the total volumetric strain is,

Figure 4 illustrates the variation o f | 3 | with respect to | T| | for all the 
compression and extension tests. All values lie on a unique curve with 
acceptable deviations.

dev = (de>T)/SB1 + ( d e j (2)

where (d iv )ISB2 refers to the incremental plastic volumetric strain in

Zone II within the SBS. Also the ratioof [ I • which is the inverse
V Sy/Si 2

plastic dilatancy ratio for Zone II, is known. Therefore, the associated 
plastic distortional strain is.

[diy ; =
Í O (3)

where:

f d O  fM 2 3

ä I ' U-”+;2 J  “if.

I 3 1 =
d i d z ^ d z ^

d ( p ! p . \

(5)

The general expression of the plastic dilatancy ratio within the State 
Boundary Surface in the compression zone is then expressed as:

where the subscript ’2 ’ refers to Zone II. The contribution o f the dis- 
tortional strain from the constant q yield loci is taken 

a s , [ d e j "  =  <X>’Cn) dr\\ thus, the total shear strain incurred in Zone

II is de, = [d e j*  +  [ d e j “  , and can be written as Eqn.4.

de, =
de,,

(d e* )™  + (4)

tij Ï  ( m 1 S Y  M 1 p ' \  

de ,, { 2 t i  J U   ̂ 2 +  T| 2 p . )  (6)

where, Exp(Ti/A/) S p ./p  £
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Fig.4 Variation o f with the Stress Ratio within

the State Boundary Surface

Fig.5 Simplified Plastic Volumetric Strain Contours within the 
State Boundary Surface from CID Tests (Wet Zone)

Eqn. 7 is illustrated in Fig.5. From Eqns. 6 and 7, the following 
incremental forms of the plastic volumetric strain and the shear strain 
for a stress path in Zone II can be obtained as contributed from the Cam 
Clay type o f yield locus inside the SBS.

Values o f —  are neglected inside the elastic nucleus for volumetric

strains. The second term on the right hand side o f Eqn.6 will be involved 
when the stress state reaches the Cam Clay type of yield locus inside 
the SBS and would vanish when the stress state reaches the SBS when 
the volumetric yield locus o f the Modified Theory begin to operate. The 
plastic strain increment ratio for overconsolidated states within the SBS 
as derived above can be usefully employed with the subset of the 
volumetric yield loci inside the SBS to formulate a stress-strain theory 
for lightly overconsolidated clays.

DERIVATION OF THE VOLUMETRIC YIELD LOCI WITHIN 
THE SBS

L 1+« ^  j'M jJ
de.„ =

where. p‘ = e^/C  + 1

V =
(M2- V )

(211)

(9 a)

m

(as in the Modified Theory) (9c)

A simple modification is made in the original yield locus o f the Cam 
Clay Theory for Zone I as follows:

c =  M l(M +1] ) m

q = P ‘M p  In ( p jp )  (7)

where, P* = e^/C  + 1 (7a)

The parameter p‘ is a variable dependent on the plastic volumetric strain 

e ,  (which is in percentage) that takes place on the wet side of the Critical 

State within the SBS. C is a constant equal to 3.5. When is equal to 

zero, Eqn. 7 becomes identical to the volumetric yield loci o f Cam Clay 
Theory. A family o f plastic volumetric strain contours generated with

where is a measure o f the plastic void ratio reduction in the ( e , In p ) 

plot for stress state within the SBS on the wet side o f the Critical State. 
Figure 6 illustrates the relationships among X, Xx  and k  in the ( e , In p ) 

plot. The parameter Xx  is only involved for the stress state between 

points A, and B in this figure since the behaviour between the point A 
and the point A, is assumed to be elastic (i.e., \ x  is equal to k). The 

value of k is the same in the Zones I, II, and III. The value o f obtained 

from the CID tests is 0.146 for stress state in Zone II within the SBS. 
Thus, AA„ is equal to (0.357/0.146) and is equal to 2.45.

0.2 0 .4 G 0.6 0 .8 E„ I

Normalized Mean Normol Stress, P/P#

Cam Cloy Yield Locus

Cam Cloy 

Yield Locus
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Fig.6 Schematic Diagram for the Plastic Volume Change during 
Conventional Drained Compression and the Definition of

Fig.7 OCR-Ci-Tl, Relationship from CID Samples on the Wet 

Zone

Fig .8 Simplified Stress-Strain Relationship for the Samples on 
the Wet Zone

Ho
V

a-

in

6
o
*>®
a

Fig.9 Comparisons between the Predicted Undrained Stress 
Paths and the Experimental Observations from CIU Tests

PR ED IC TIO N  O F  STRAINS FO R L IG H TLY  O V ERCO N SO 
LIDATED CLAYS

The model thus developed for the lightly overconsolidated clays as 
described above is now examined by comparing its predictions with 
experimental observations in this paper. Undrained behavior as well as 
drained behavior are compared and relevant discussions are also made.

U ndrained behavior - The pore pressure parameters C, and Q  were 
introduced for normally and overconsolidated samples in an earlier 
publication. These parameters indicate the slopes of the first and the 
second linear sections of the (u/p„,T\) relationship. The stress ratio at 

the intersection of these segments was defined as T|,. The pore pressure 

developed in these two segments is determined as:

u

Pc

: C ,n (10)

— = ( c 1- c 2)n ,+ c 2Ti
Pc

(11 > 11,) ( 11)

where p0 is pre-shear mean normal stress. These Eqns. 10 and 11 are 
used for the generation o f undrained stress paths as Eqns. 12 and 13.

p  l - C Y n  

p 0 ~  1 - t |/3

p  _  1 (Cj — C1)T|i — C2T] 

Po~  1-11/3
(fo r  Tl^T|,)

(12)

(13)

The pore pressure parameter C, decreased as OCR values increased, 
while the corresponding T), values increased. These relationships for 

CIU type o f loading are presented in Fig.7. Thus, C, and T), values are

Predicted Undroined  

P o ths________

u : ( l C , - C 2 ) r ; t + C 2 >i)P0 ,(>7 

P  . P r e - s h e a r  S tre s s

2 3

Mean Normal S tr e s s ,  P
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Fig. 10b

direcdy determined from this figure if OCR is known. The C2 value is 
constant and can be determined by running an undrained test on a 
normally consolidated sample. Therefore, a family of undrained stress 
paths in the wet zone (OCR < 2.15) can be generated from Fig.7 (related 
to values o f C, and T|,), Q  values and Eqns. 12 and 13. Typical 

stress-strain curve for samples with OCR values of less than 2.15 is -  
shown in Fig.8.

The undrained stress paths predicted using Fig.7 and Eqns. 12 an^ 13 
are compared with the experimental observations in Fig.9. A C2 value 
of 0.75 is used in the calculations. This figure indicates that the approach 
is quite promising as a solution for practical problems. Also, the rela
tions expressed in Eqns. 12 and 13 can be useful components in the 
mathematical formulations of the undrained behavior of lightly 
overconsolidated clays.

D rained behaviour in the wet zone - The stress-strain model formu
lated is now applied to four CID tests having OCR values o f 1.24,1.50, 
1.78 and 2.15. Pender's Model is also applied for all cases. The 
parameter M used for both model calculations is 1.0. Figures 10 and
11 demonstrate the stress-strain relationships for all samples with 
corresponding OCR values. For each sample, the (q,e,) and ( q .e j  

relationships are compared. The points corresponding to Zone II are 
marked in each figure. Predictions made by the Authors’ model agree 
well with the experimental data. Pender’s Model also predict a similar 
order o f strains. However, Pender’s Model tends to deviate from the 
test data as the OCR values are increased.
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CONCLUDING REMARKS

(i) Subsets of volumetric yield loci which contribute positive plastic 
volumetric strain on the wet side of the Critical State Line and 
dilational volumetric yield loci in the dry side and a region within 
which only elastic volumetric strains take place have been pro
posed. Thus, the whole q-p stress space is divided into four zones: 
three (Zones I, II, and IV) are inside the SBS and the remaining 
one (Zone ID) is in the normally consolidated state.

dr.

(ii) Reduction of j 2  with p/p. for constant stress ratio inside the

SBS - The variation of with respect to the stress ratio within

the SBS can be simplified as a linear variation in which the plastic 
dilatancy ratio is only dependent on the value of p/p, for any one 
particular stress ratio. Furthermore, this trend is found to be the 
same for both compression and extension conditions. The slope 
of this simplified relationship approaches infinity as the stress 
ratio is close to zero, while it asymptotically approaches zero as 
T) comes close to M. Equation 5 describes this relationship. Thus, 
the plastic dilatancy ratio at any stress ratio within the SBS can 
be calculated using Eqn. 6.

(iii) Volumetric yield lod ia zoae II - The plastic volumetric yield 
loci are quite similar to the Cam Clay type of yield locus on the 
wet side of the Critical State in Zone II, and they are nesting with 
the volumetric yield locus of the Modified Theory type on the 
SBS (see Fig.l).

(iv) Stress-straln relationships for lightly overconsolidated clays
- The incremental form of stress-strain relationships for plastic 
strains of lightly overconsolidated clays obtained from Eqns. 6 
and 7.

(v) Authors’ model for lightly overconsolidated clays - The
undrained stress paths of lightly overconsolidated clays (OCR < 
2.15) can be successfully generated using the pore pressure 
parameters C,, Q  and T|, obtained from the (ulp0, T|) relationships. 
The predictions using the stress-strain model formulated in this 
chapter agree quite well with the experimental observations for 
clays on the wet side of the Critical State.

The Authors’ Model make successful predictions of pore pressures and 
strains for practical purposes inside the State Boundary Surface (SBS) 
and on the wet side of die Critical State Line.
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