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SYNOPSIS: Due to non linearity o f soil behaviour, shear moduli Gur obtained from unload-reload cycles performed in drained self-boring pressuremeter tests in 

sand do not correspond to the initial shear moduli Gj 0 at the original in situ stress state (a 'v0, o '|,0) the sand.

The paper proposes a method which allows to evaluate Gj 0 from Gur taking into account both the change in stress level due to the expansion of the membrane and 

the decay of Gur with the strain amplitude o f the cycle

A closed form solution is obtained from cavity expansion theory applied to the reloading branch of the UR cycle with the assumption that soil follows a hyperbolic 

stress-strain relationship

Masing (1936) rule is adopted to simulate the reloading branch of the cycle from virgin loading curve

The method has been applied to 35 SBPTs performed both in a large calibration chamber for sand operated at Enel Cris (Milano) and in a natural deposit near Po

river in Italy

The reliability o f  the method has been verified comparing obtained values o f  Gj 0 with small strains shear moduli G0 measured by resonant column tests (RCT) and 

seismic cross-hole tests (CHT).

1. INTRODUCTION

Self-boring pressuremeter tests (SBPT) represent, together with shear wave 

velocity measurements, the most direct method to determine in situ stiffness of 

sands and sandy soils.

According to the cylindrical cavity expansion theory for linear elastic perfectly 

plastic isotropic material, the pressuremeter curve (see fig. 1) should be linear 

in its early part with slope being two times the initial tangent shear modulus 

(Gj 0) o f the sand.

However the initial part o f the pressuremeter curve is very sensitive to any 

small disturbance caused by the insertion o f the probe and it can also be 

affected by compliance effects o f  the strain measuring system (Bellotti et al., 

1989).

A more reliable approach is to derive the "elastic" shear modulus o f the sand 

from small unload-reload (UR) cycles performed at different stages o f the 

expansion test (Wroth, 1982)

Assuming that the soil is perfectly elastic upon UR phase, the slope o f  the cycle 

should be two times the unloading-reloading shear modulus (Gur) o f the sand 

(fig- 1).
However due to the inherent non-linearity o f soil behaviour also at small 

strains, Gur doesn't correspond to the initial shear modulus o f the sand at the 

onginal in situ stress state since it is influenced both by the change in the stress 

level due to the expansion o f the membrane and by the decay with the strain 

amplitude o f the UR cycle

On the other hand the amplitude o f UR cycles cannot be taken as much small 

as possible to avoid errors due to the inaccuracy o f  the strain measuring system 

(Fahey and Jewell, 1990)

Several methods have been proposed for correcting Gur in order to obtain in

situ Gj 0 .

Most o f  them are based on the assumption o f  some average stress and strain 

level existing around the expanding cavity during the UR cycle (Robertson and 

Hughes, 1986; Bellotti et al 1989, Briaud et al. 1983, Fahey 1990).

More recently Byme and Salgado (1990) proposed a  method which takes into 

account the complete distribution o f stresses and strains around the cavity. The 

method couples a linear elastic perfectly plastic closed form solution for the 

loading phase with a non-linear elastic FEM analysis for the unloading stage of 

the expansion test

The approach reported in the paper follows the same pattern as Byme and 

SaJgado (1990) method but it takes into account the reloading stage o f  the UR 

cycle instead o f  the unloading one.

<
o

F1G.1 -  Shear moduli from SBPT tests

Furthermore a closed form solution is adopted instead o f a numerical one 

The reason for considering in the analysis the reloading stage of the cycle 

instead o f  the unloading one is that the latter is generally affected by creep 

effects in soil at shear reversal from plastic to elastic behaviour (fig 2)

Such effects are negligible on reloading when shear reversal happens in a 

predominantly elastic soil.

The proposed method assumes a non-linear elastic hyperbolic stress-strain 

relationship for soil behaviour and adopts Masing (1936) rule to back-figure 

the reloading branch o f the cycle from virgin loading curve (fig. 3)

The initial tangent shear modulus Gi is assumed to vary with the aveiage 

normal effective stress on the horizontal plane (s') according to the expression: 

Gi = k Q ( s T  (I)
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where:

- kQ = modulus number, mainly dependent on sand type and void ratio (e);

- n = modulus exponent; for many soils ranging between 0,4 to 0,5; a value

n = 0,44 has been assumed in this study

a'.+ a'.
(2)

- & r = normal radial effective stress

- o ', = normal circumpherential effective stress

Above definition is consistent with results obtained by Sto koe and Ni (1985) 

on stress dependence of shear wave velocities for horizontally polarized shear 

waves. This implies that in a cross-anisotropic medium Gi should be compared 

with Gj-jj-i representing straining in the horizontal plane instead of GyH wh*ch 

represents straining in the vertical plane.

A closed form solution is obtained integrating on reloading stage the derivative 

equations of cylindrical cavity expansion theory with an initial stress 

distribution derived from the analysis of the loading-unloading phase of the 

expansion test. Such analysis is conducted under the assumption of an isotropic 

linear elastic perfectly plastic material.

Due to non uniform stress field, just prior reloading sand around the cavity 

!behaves like an elastic not homogeneous domain with an initial shear modulus 

Gi varying at every point according to (1).

The final result is an expression which allows to evaluate the value of of 

the tested sand.

In situ initial shear modulus Gj 0 is then calculated through the expression:

O i .o - V & 'o ) "  P )
where:

- s'0 = in situ average normal effective stress on the horizontal plane.

From the definition in (eq. 2):

s'o = a ’ho W
being:

- a'ho = in situ normal effective horizontal stress.

Values of ct'|,0 are inferred from the membrane lift-off pressures (p'0) of the 

pressuremeter tests (fig. I).

The method has been applied to 35 SBPTs, performed both in a large 

calibration chamber (CC) for sand operated at Enel Cris Geotechnical 

Laboratory in Milano and in a natural sand deposit located near Po river in 

Italy.

Rccent carefully conducted resonant column (RC) and static simple shear (SS) 

tests (Teachavorasinksum et al , 1991) have demonstrated that the initial 

tangent modulus (Gj 0) from SST s coincides with small strains (or maximum) 

shear modulus (G0) measured in R C Ts Basing on this evidence, the reliability 

o f the proposed method has been verified comparing Gj 0 evaluated from 

SB PTs with G0 measured through laboratory resonant column tests and 

seismic cross-hole (CH) tests.

Results are presented in chapter 3.

2. DESCRIPTION OF PROPOSED METHOD

Proposed method applies to UR cycles performed during drained SBPTs in 

sand (fig. 1).

Cycles are defined by points A, B and C shown in fig. 2.

More specifically point C defines the instant at which unloading begins, while 

points A and B are used to evaluate the equivalent elastic unload-reload 

modulus (Gur):

^ i P k z P j .
2 E , ~ E .

(5)

where:

- p ' A , p ' B -  effective cavity pressures, at points A and B respectively

- e A, e B = circumpherential cavity strains, at points A and B

respectively.

Evaluation o f efective cavity pressure p' requires the measurement of pore 

pressure (u) at the cavity wall during the expansion test. In a fully drained test 

u = u0 (6)

being

u0 = in situ hydrostatic pore pressure.

It is supposed that the cycle is started sufficiently far from lift-off pressure p'0 

so that a plastic zone exists in the soil surrounding cavity wall.

This implies:

p ' c >(1 +sin p '„ ) a 'ho (7)

being:

- <p' Fs -  angle of shearing resistance of sand in plain strain condition.

Stress distribution around the cavity at point C is inferred from cylindrical 

cavity expansion theory for linear elastic perfectly plastic isotropic material 

(Hughes etal., 1977; Fahey, 1980).

Soil around the cavity is differentiated in two zones:

a) plastic zone: r < Rp

b) elastic zone: r > Rp 

being

- r = radial distance from the center of the cavity

- Rp = outer radius of the plastic zone.

Relevant equations are listed in the following:

a) plastic zone:

s 'c = o'

1 -  sin tf

\ + s in # „  

b) elastic zone

CT’rc = CT'ho 0  + <P rs) (*J

(»)

(9)

( 10)

( 11)

(12)
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being:

Rc = cavity radius, at point C

Rpc = outer radius of the plastic zone, at point C.

Rt. and are evaluated through the following expressions:

= R. ( ‘ + ec )

(a) Initial loading (b) Unloading-reloading

(13)

(14)

where:

R0 = initial cavity radius

ec = circumferential cavity strain, at point C

p 'c = effective cavity pressure, at point C.

Unloading stage is considered sufficiently small to ensure that no reverse 

plasticity occurs.

This implies: FIG.3 -  Maslng (1936) rule (or unloading-reloading

P a > P c ~

2 sin fip
(15)

1 + * " t 'r s
A further assumption is that, on unloading, the soil at any point around the 

cavity behaves as perfectly elastic and follows an approximately vertical stress

path in t, s' plane (t = deviator stress on the horizontal plane; t = —— — ).
2

Latter assumption is rigorously exact for field tests (infinite medium) but it is 

somewhat approximate for CC tests because of the finite dimensions of the 

specimen (Fahey, 1990).

However, taking into account Fahey's (1990) results on the influence of sample 

to probe diameter ratio (Dj/cIq) on the elastic strains of SBPTs in CC, the 

above hypotesis can be considered still appropriate for Enel Cris CC (Dg/d,-, = 

IS). This is especially true if one takes into account the small amplitude of the 

UR cycles considered in the method (shear strain interval Ay = 0.1 to 0.3%). 

Consistently with previous assumptions, the distribution of the average stress 

(s') around the cavity remains unchanged all over the unloading stage. 

Consequently at the end of the unloading stage (point A) the following 

relationships can be written:

y A -  shear strain at point A

T^j f  = maximum (asymptotic) shear stress.

It is assumed:

W  = ¿A-nnf rs <21)
Actual reloading behaviour is simulated from virgin loading curve using 

Masing's (1936) rule which is schematically shown in fig. 3. Basically the rule 

states that any reloading (or unloading) stress-strain curve can be inferred from 

the initial loading curve simply enlarging the scale by a factor of two. 

Consequently stress-strain relationship for reloading stage is still hyperbolic 

and is represented by the following equation:

(22)

■ c r
for r >

(16)

(17)

Just prior reloading, the initial tangent modulus of the sand (Gi) varies at every 

point around the cavity according to (1). Taking into account eqs. (16) and 

(17), the following expressions are derived:

G< = K o { P c • ^ r
for r k R ^  (18)

for r>  Rye- (19)

On reloading sand around the cavity is assumed to behave as a non-linear 

elastic isotropic inhomogeneous material following a hyperbolic stress-stnun 

relationship.

For initial loading (back-bone or skeleton curve, see fig. 3) such relationship 

can be written as follows (Hardin and Dmevich, 1972):

= G,-
r - r . A

where:

t  = shear stress

t a= shear stress at point A

y = shear strain

1- - (20)

For cycles of sufficiently small amplitude, stress and strain distribution around 

the cavity on reloading stage can be evaluated with the assumption of an 

incremental linear elastic soil behaviour.

Cavity expansion theory for linear elastic material gives:

= (23)

r - r A = 2 ( e , - e J (24)

(25)

being

- & r -  radial normal effective stress

- & r A = radial normal effective stress at point A

- Er ~ radial strain

- erA ~ radial strain at point A

- RA = cavity radius at point A 

R a is evaluated with the expression:

R a = R 0( l + eA) (26)

being:

- e A = circumpherential cavity strain at point A.

Substituting (23) and (24) in (22), the hyperbolic stress-strain relationship for 

reloading stage transforms into:
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o', - à , .
3. EVALUATION OF PROPOSED METHOD

2 g [  1 - -  &rA
\  ^  XM A X  ~  T A

(27)

Radial displacements at the cavity wall (u - u A) on reloading stage are 

evaluated by integration of radial strains:

u ~ uA = i “U - e J dr  <2*)

Taking into account (27), with further consideration of (25) and (21), the 

following resolutive equation is obtained for circumpherential strains at the 

cavity wall (e = u/Rq )

Ç l  + Ç l
F, F2

(29)

In (29), C2 is a constant, while C], F[, and F2 are complex functions of p' or e 

whose esplicit expressions are:

C = I  — !_________ —
' 'n | ( l  + c)” ( l + £•<.)'

o ,ho(\ + sin<p,FS)

&ho{\ + sin ç 'f.s )
C ,=

1
I-*-

F1= 2 ( & Jn(\ + ec ) \ l - \ 4 - £ T
2 P c ~ P ,

(30)

(31)

(32)

(33)

being:

(34)

, £ = eg ), allows to evaluate

m = 1 - (1 - kj) n 

Eq. (29), applied to point B of the cycle (p'= p 'B 

the parameter Icq of the tested sand

In situ initial tangent shear modulus G; 0 is then evaluated by (3).

Friction angle tp'ps in previous equations is for plain strain condition Values of 

FS can be evaluated directly from SBPTs using Hughes et al. (1977) 

approach.

Alternatively they can also be determined by correlations with the 

corresponding values measured in triaxial tests (’p 'fx )  1°  this study the 

relationships proposed by Lade and Lee (1976) were adopted:

17° for <jlTX > 34° (35)

Vrs = for ^ „ < 3 4 °  (36)

Furthermore the curvature of the failure envelope of the sand was taken into 

account using Baligh's (1975) approach:

1 d .
tan <p'TX = tan <p\ + tan a -1--------lo g — —

k2. 3 P.

(37)

being:

- & t  = normal effective stress on the failure plane at failure

- , a  = parameters depending on type of soil and relative density

- p a = reference stress; i.e. p a = 98 KPa

Values of cp'0 and a  were obtained from laboratory triaxial tests on 

reconstituted sand samples.

In spite of a general not completely satisfactory correspondence between 

friction angles </>'ps determined with the above two methods, final values of 

Gj 0 were in quite good agreement. This indicates that the proposed method is, 

to some extent, not particularly sensitive to the accuracy of adopted <p'.

The method has been applied to 35 SBPTs, most of which (23 tests) were 

carried out in a large CC for sand oparaled at Enel Cris (Milano) while the 

others (12 tests) were performed at a site located near Viadana (Mantova).

In any SBPT several UR cycles were performed at different stages of the 

loading phase. In overall 100 UR cycles were carried out with strain amplitude 

ranging from 0.1 % to 0.3% These cycles were considered in the present study. 

SBP probe used in the research was a Camkometer Mark VIII manufactured 

by Cambridge in situ

The probe is provided by an expandible membrane 82 mm in diameter and 490 
mm in lenght.

Enel Cris CC is a cylindrical flexible boundary cell housing sand samples 1,2 

m in diameter and 1,5 m in height Specimens are reconstituted by pluvial 
deposition method

Tests were conducted on Ticino sand (TS) which is a uniform medium to 

coarse predominantly quarz sand of fluvial origin. Mineralogical composition 

and physical properties of TS are given by Baldi et al. (1985). TS samples 

were tested at relative densities (DR) ranging from 40% to 90% and with 

different vertical consolidation stresses (o 1̂ )  and stress hystories 

(overconsolidation ratio OCR = 1 to 6). Only dry samples were used. Tests 

were conducted with the probe pre-inserted into the CC before pluviating the 

sand ("ideal installation") (fig. 4). Furthermore during SBPTs samples were 

maintained in stress controlled boundary conditions.

A detailed description of CC SBPTs is reported in Bellotti et al. (1987); 

Bellotti et al. (1989).

Relevant test data can be inferred from these papers

FIG.4 - Schematic outline of ideal installation in CC

SBPTs in situ were conducted on a natural sand deposit located near Po river 

in Italy.

The site consists of a 20 m thick deposit of a relatively clean medium to coarse 

silica sand which is overlain by a 5 m to 7 m stratum of clayey silt.

According to SPT and CPT data, relative density ranges from medium dense to 

dense.

The geotechnical profile at the site is shown in fig. 5.

More detailed information about field SBPTs is reported in Bruzzi et al. 

(1986).

Relevant SBPTs data are summarized in tab. 1.

The realibility of the proposed method was verified comparing the initial 

tangent shear moduli G; 0 determined from SBPTs with small strains shear 

moduli G0 obtained by direct measurements.
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FIG.5 - Geotechnical profile a t Po River site

More specifically the following comparative tests were considered:

a) resonant column tests (RCTs) as for SBPTs in CC;

b) seismic cross-hole tests (CHTs) as for SBPTs in situ.

Results are shown in figs. 6 and 7. It can be seen that the proposed method 

gives Gj 0 values which are in quite good agreement with G0 obtained from 

direct measurements.

Ratio between evaluated and measured shear moduli is restricted in quite 

narrow range and more specifically:

CC SBPTs:

field SBPTs

~G,
= 1.00 ± 0 .13

= 0.86 ±0.18

Observed differences can be explained by the following effects: 

a) in soils exhibiting a cross-anisotripic behaviour, G; 0 determined from 

SBPTs correspond to G jjh  while G0 from RCTs and CHTs are G y n  
values.

Laboratory test data (Sto koe and Ni, 1985; Lee, 1986) indicated that

- ^ -  = 1. 1+ 1.2 
Gvh

b) soil straining during an SBP expansion test up to the UR cycle can destroy 

small cementation or ageing effects usually present in natural deposits. On 

the opposite such effects are preserved by CHTs because shear waves 

adopted in these tests induce very small strains in the propagating soil;

c) soil stressing during an SBP expansion test causes a reduction in void ratio 

(e).

According to Hardin (1978) and Iwasaki et al. (1978) this will result in an 

increase of the initial modulus Gj which should be more correctly 

incorporated in eq. ( 1);

d) Gur from SBPTs reproduce soil behaviour after one cycle straining.

On the opposite RCTs are sensitive to hardening caused by the large 

number of repeated cycles involved in such tests (N > 1000).

For shear strain increments of the same amplitude of SBPTs cycles 

considered in this study (Ay = 0.1% to 0.3%) laboratory data (Ray, 1984)
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indicate that:

G0( N  > 100) 

G„{N = 1)

1.25 to 1.5.

4 CONCLUSIONS

The paper describes a method for evaluating in situ initial tangent shear moduli 

(Gj 0) of sands from UR cycles performed in SBPTs.

The method assumes a non-linear elastic hyperbolic stress-strain relationship 

for soil behaviour and adopts Masing (1936) rule to simulate reloading branch 

of UR cycle from virgin ("backbone") curve.
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Stress distribution in soil just prior reloading is evaluated through cavity 

expansion theory for linear elastic perfectly plastic material with curved Mohr- 

Coulomb failure envelope.
Proposed method has been applied to 35 SBPTs performed both in the Enel 

Cris calibration chamber and in a natural sand deposit located near Po river 

(Italy).
Evaluated Gj 0 were compared with small strains shear moduli (Gq) measured 

by resonant column test and seismic cross-hole tests

Comparison shows a good agreement between evaluated and measured shear 

moduli with ratio ranging from 0.86 to 1.00. Observed differences can be 

explained by effects of cross-anisotropy, ageing or cementation, reduction in 

void ratio during expansion test, single cycle vs repeated cycles behaviour.
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t a b l e  l 

SBPT DATA AT PO RIVER SITE

DcfXh UR Cycle Ç 'h o <*> (PS) p’c £ ( B ) £ ( A ) G (UR) Go (SBP) G o(C H ) Go (SBPyGo (CH)

m N® KPa . KPA % % MPa MPa MPa

7.4 1 5 * 0 36.3 206.7 0.56 0.44 25.0 47.3 42.0 1.12

2 260.4 1.14 1.04 2 7 0 43.8 1.04

8.9 1 68.0 42.1 248.3 0.60 0.51 35.5 60.2 46.5 1.29

2 304.1 0.99 0.89 34.6 57.8 1.24

3 366.3 1.51 1.42 36 7 58.9 1.26

10.4 1 75.1 367 278.6 0.82 0.73 27.9 47.8 60.4 0.79

2 344.4 1,40 1.32 30.3 46.2 0.76

119 1 79.9 36.7 332.0 0.75 0.65 33.0 59.6 63.8 0.93

2 385.1 1.14 1.04 35.9 57.6 0.90

3 429.5 .6 9 1.60 38 4 54.0 0.85

13.4 1 82.7 35.0 607,. 1.01 0.92 56.2 78.4 68.1 1.15

2 722.2 2.0R 1.99 54.3 66 1 0.97

14 8 1 82.5 36.0 508.2 2.66 2 54 40.8 55.7 77.7 0.72

2 604.3 4.35 4.39 45.7 52.5 0.68

3 698.5 621 6.11 43.6 4 9 9 0.64

15.9 1 86.6 34.5 433 8 0.57 0.49 48.4 79.7 81.6 0.98

2 530.2 1.20 1.11 49.2 70.0 0.86

3 596.2 1 85 1.76 49.9 81.6 0.79

17.9 1 88.6 35.8 399.3 0.59 0.53 48.1 .  70.4 89.6 0.78

2 485.6 1.30 1.22 50.3 73.4 0.S3

3 561.2 2.26 2.19 564 75.9 0.84

19.4 1 90.2 35.5 397.8 0.71 0.64 48.0 77.6 98.0 0.79

2 493.5 1.60 1.52 48.0 67.5 0.69

209 I 93.0 37.1 466.4 0.51 0.45 58.8 84.4 102.4 0.82

2 559.7 1.01 0.94 60.7 83.0 0.81

3 645.5 1.71 1.63 62.9 89.0 0.87

22.8 1 1010 34.5 508.2 0.63 0.58 60.0 77.2 115.1 0.67

2 551.3 0 88 0.81 64.5 100.6 0 8 7

3 59 06 1 19 1 13 59.5 78.1 0.68

24.8 1 108.3 34.0 369.9 0.57 0.50 49.0 82.8 105.9 0.78

2 417.0 0.92 0.84 48.6 105.9 0.73

3 461.1 1.38 1.30 44.8 66.0 0.62
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