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SYNOPSIS: An elasto-plastic method based upon Steinbrenner approximation is presented for the calculation of piles. It is shown that it may represent in an 

acceptable way a loading compression test with cycles of loading and unloading.

According to this method, when the maximum load applied is reached the whole shaft is plastified, but the base receives only a 2096 of the whole load and 

a 10% of its estimated capacity.

A tension loading test is described and equations recommended for the calculation of the cracking load.
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INTRODUCTION

The application of Mindlin equations to problems of load transfer along a 

pile was r.tarted by D’Appolonia and Romualdi (1963).

Important steps in this direction have been followed by Salas and Arrechea 

(1965), Thurman and D’Appolonia (1965), Poulos and Davis (1968), 

Mattes and Poulos (1969) and Butterfield and Bannerjee (1971).

Most of these studies refer to piles in an elastic homogeneous continuum. 

The one of D’Appolonia and Romualdi refers to a pile whose point rests 

on an Incompressible medium, and Thurman and D’Appolonia’s 

distinguishes different moduli of Elasticity for shaft and point. The problem 

of an end-bearing pile is fully developed by Poulos and Mattes (1969), with 

some too simplifying assumptions.

Bannerjee and Davis (1978) solve, with an approximate method, the 

problem of a pile in an elastic soil whose modulus of Elasticity increases 

linearly with depth.

The load transfer method can of course be used for a stratified soil (v. Lee, 

1991; Chin and Poulos, 1991), as interaction is not considered, but the 

limitations of the load transfer method have been discussed by Poulos and 

Davis (1980) and Poulos (1989).

A rigorous solution for a two-layer system has been obtained by Lee et al. 

(1987), but only for elastic conditions. The stresses are assumed uniformly 

distributed over the cross-section of the pile.

No doubt the future for the solution of a pile in a stratified soil lies in the 

finite-layer theory (v. Small and Booker, 1984 and 1986), and solutions for 

a pile have been presented by Lee and Small (1991). The method, as 

formulated at present, has some shortcomings as is the assumption of a 

uniform pressure at base and only elastic conditions. Even more, its 

mathematics may be too complicated for some users.

Finally, finite-element methods are powerful! tools, as they allow, e. g. to 

consider the no-tension strength of some soil layers, its true plastic

behaviour stratification, as well as special boundary conditions (v. Chow 

and Smith, 1982; Law, 1982). But still they requiere considerable time for 

data preparation and computation, and it is important to remember that they 

are only approximate methods, which break down in some special 

circunstances or odd dimensions of the elements.

Owing to all this, we believe that there is still room for a simple 

incremental, elasto-plastic continuum method based upon Steinbrenner 

approximation and Mindlin equations. This simplicity is important when the 

analysis is extended to pile groups.

DESCRIPTION O F NEW METHOD

The new method is based upon Steinbrenner approximation (Steinbrenner, 

1934).

Steinbrenner approximation has been used to find the settlement of a pile 

in a soil of finite depth or the settlement produced in a pile by underlying 

layers (v. Poulos and Davis, 1980), but curiously, up to now has not been 

used to study load transfer along a pile.

The method also collects most of the positive features of the methods used 

before, except the effect of heterogeneity in stresses. The hypotheses are 

shortly as follows:

1)The ground is assimilated to a linear-elastic, isotropic, horizontally- 

stratified half-space.

2) The pile material is assumed linear-elastic and homogeneous.

3) It is allowed for the existence of initial stresses, e. g. residual 

stresses in shaft and point produced when driving piles.

4) Unlike the other elasto-plastic methods cited above (v. Davis and Poulos, 

1980) the method is incremental, in the sense that in each step the system 

is solved for an increment of loading. This allows changes in the elastic 

constants in each step.

5) It is allowed for the plastification of the contacts ground-pile.

6) It is assumed that the distribution of the stresses transmitted by the pile 

to the soil corresponds to Mindlin equations for a homogeneous and elas

tic half-space with the Poisson’s ratio corresponding to the point where 

stress appears, notwithstanding the existence of stratification. So plastifi-
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cation is restricted to the contact pile-soil.

This hypothesis may be acceptable, except perhaps, when the ground at 

point is much stiffer than the soil at shaft. In this case, the finite-layer 

theory should be followed, or alternatively the approximate method of 

Poulos and Mattes (1969).

7) The influence of radial stresses at shaft and shear stresses at point 

is neglected which is justified, as described by Poulos and Davis (1980). 

Hypotheses 3 and 4 allow to consider different elastic constants during 

loading, unloading and reloading.

The complete method will be published soon, but we shall only indicate 

that, as done by Butterfied and Bannerjee (1971), the shaft of the pile is 

divided into cylindrical segments and the base into concentric rings, 

whose central circunferences are joined to the soil up to the moment 

when the soil is plastified.

For the pile the flexibility matrix is found directly, instead of deriving 

the stiffness matrix as done by Lee and Small (1991) or Mattes and 

Poulos (1969). That requires less subdivision into segments.

The calculation method is straight without iterations as required in the 

method of Butterfield and Bannerjee (1971) for compressible piles.

The programme automatically finds the load increments necessary for 

plastification at each node. The calculation is extended up to plastifica

tion of the last node or up to the moment when the specified loac) has 

been reached.

The shear stresses at the shaft, normal stresses at the tip, load distribu

tion along the pile and settlement at top at the end of each increment are 

obtained as normal output of the program.

TENSION TEST UP TO FAILURE ON A DRIVEN PILE

The test has been fully described by Candela (1990).

Figure 1 shows the test layout.

Fig. 1. Tension loading test layout.

A reinforced concrete hollow footing with outer dimensions 

5.50x5.50x0.60 m, and an inner hole 1.50x1.50 ra to allow the pass of the 

pile, receives the load of two hydraulic jack, each with a capacity of 4MN.

The load was transmitted from the pile to the reaction beam by four Gewi 

steel bars, with a diameter of 25 mm, each welded to the beam and to one 

of the four 20 mm reinforcement bars of the pile.

The measurement of the displacement at the top of the pile was carried out 

with four dial gauges fastened to a system of rectangular hollow tubes 

welded to two hollow tubes 8 m long separated 10 cm from the footing and 

supported on the ground at 1 m from the end of the concrete. Two dial 

gauges (No. 2 and 3) are used to find the displacement of the top of the 

pile, and the other two (1 and 4) to measure the settlement of the footing, 

which was only 0.27 mm for the maximum load.

The whole system was covered with a canvas for sun protection. The dial 

gauges were read from a theodolite placed at 10 m distaace.

Figure 2 shows the soil profile and characteristics.
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Fig. 2. Soil profile for tension test.

Nb =  Borrow’s blowcount (blows/20 cm) 

q„ = unconfined compressive strength (kPa)

The load displacement curve is represented in figure 3.

The estimated rupture load is 650 kN.

The uplift resistance has been calculated according to Justo (1990), 

basically calculating the shaft resistance in cohesionless soils according to 

Meyerhof, and in cohesive soils according to Woodward.

The uplift resistance is:

Q* = 0. + W, (1)

where:

Q. = shaft resistance

Wp = weight of pile = 28 kN

Q. is 622 kN. As estimated is 400 kN.

We have multiplied the estimated unit skin frictions, q,, by 622/400=1.6 

and represented them in figure 2.

The pile was a Terratest 0.3 m square driven pile with the following 

characteristics:
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f* = 45 MPa

{, =  410 MPa

The tension cracking load was calculated according to the equation:

Pt = U  Ac (1 +np) (2)

where:

=  concrete tension load just before cracking 

f* . =  0 . 6 8 / ^  =  3990 kPa 

Qe = 3990 x 0.0887 (1 +5.25 x 0.0142) =  380 kN

Cracking actually started with a tension load of 422 kN.

Fig. 3. Load-displacement curve in tension.

Figure 3 shows negligible deformations up to a load of 130 kN, and elastic 

behaviour when load reversal is taken up to zero, but with hysteresis 

cycles. Non-linear behaviour starts soon.

Many load-reversal cycles have been made to see if they produced cracking 

of concrete, but, as indicated above, cracking appears above the predicted 

load.

We are having some difficulties to reproduce with the elasto-plastic theory 

stated above the complex behaviour of soil and concrete in tension, 

although several hypothesis respect to residual driving stresses have been 

made.

The predicted allowable tension load would be 400/3 = 133 kN. Under this 

load no cracking was predicted and the displacement is negligible. The

predicted displacement found from the elasto-plastic theory is 0.3 mm. 

The allowable load corresponding to the allowable stress of steel is:

Q, = A ,-^  = 280 kN

The corresponding measured head displacement is 2.2 mm without and 

2.9 mm with load cycles.

COMPRESSION LOADING TESTS

They have been fully described by Sola and Rogel (1989).

They have been carried out on one 850 mm diameter flight auger pile and 

on a group of two 550 mm piles. Owing to lack of space only the first test 

will be described.

Figure 4 shows the test layout.

Fig. 4. Compression loading test layout.

The load was applied with a 5 MN jack. Two crossed reaction beams 4 m 

long were subject by passive anchorages with the bulb (6 to 8 m long), in 

the gravel (v. fig. 5), inclined 15° to the vertical.

Figyre 5 shows the calculation profile.

Figure 6 shows the result of the test and the prediction made with our 

elasto-plastic method, using the Elasticity moduli for loading (E) and 

unloading-reloading (E^)indicated in the figure.

It is interesting to see how the elasto-plastic method is able to reproduce the 

hysteresis cycles and the curvature of the loading curve in an acceptable 

way.
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CONCLUSIONS

Fig. 5. Soil profile for compression test.

Fig. 6. Result o f compression loading test and prediction.

When the maximum load is reached all the shaft is plastified, but the load 

reaching the base is only a 20%.

It has been possible to estimate the cracking load of concrete in a pile 

loading test with the help of equations 2 and 3 with an error of the order 

of 10%.

On the other hand our ability to estimate the uplift load of a tension pile 

might have an error of the order of 35%, which is acceptable if a factor of 

safety of 3 is specified.

Pile loading tests are invaluable tools to study the strength and deformation 

of piles.

The elasto-plastic meth'ed presented may be helpful for the interpretation 

of pile loading tests and prediction of the behaviour of piles.
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