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SYNOPSIS : The paper starts with a number of observations, distilled from a minimum set of requirements that have to be met by any constitutive 

model. Since most published constitutive models do no meet all necessary demands the authors decided to develop a new model: the aims and scope of 
the research and available data base are discussed next in this paper. Afterwards the different features of the stress-strain model presented here are 

discussed into some detail. The model includes both linear and non-linear elastic behaviour for small to intermediate strain changes since stress reversal. 
Plastic strains are calculated from a non-associated flow rule. Stress-path dependency for the flow rule and for the mixed hardening rule are related to 

the specific deformation energy, which acts as a cumulative damage parameter. Finally, the model features a curved failure criterium. The material 
parameters are linked as much as possible to clearly defined soil mechanical and physical quantities. The agreement between calculated predictions and 

experimental results is highlighted in some examples that conclude the paper.
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INTRODUCTION

In the last decades a great number of constitutive laws have been propo
sed by a lot of authors of outstanding reputation. The applicability 

range of such stress-strain models has been subject to large variations, 
covering the granular non-cohesive soils or the cohesive fine grained 

soils. The physical concepts behind these models are diverse, from 

linear-elasticity to quasi-elasticity and pseudo-elasticity and from elaslo- 
plasticity to visco-elasticity or visco-plasticity, etc... In addition, also 

the endochrone theory was applied to constitutive modelling for soils. 
As reported by Scott (1988) the ongoing research results in an even in
creasing degree of complexity as far as the number of parameters is 
concerned. This increase is also reported in Fig. 1. Apart from this, in a 

lot of cases a number of parameters might be ill defined or unsufficien
tly linked to parameters or quantities with a clear physical and/or soil 
mechanical significance.

►

Fig. 1. The increasing number of material parameters (after Scott)

In respect with the observations this paper will review first of all a 

number of guidelines and requirements for a constitutive law, especially 

for granular soil subjected to large shear deformation resulting from 

cyclic and monotonous loading of a soil in general stress-path condi
tions. These guidelines and requirements can be derived from a critical 
review of literature.

Jamiolkowski et al. (1991) summarize that soil behaviour can be indivi
dualized in three zones, depending on the accumulated strain with res

pect to an elastic strain threshold et,e = and a plastic strain thres

hold E( p = 10"3. In this description one has a zone with linear elasti

city, a zone with non-linear elasticity and a zone with pronounced plas
ticity. Their characterisation can be summarized as below :

Zone I corresponds to deformation e < el e = 10"5. In this range, the 

so-called "small-strain” region the soil behaves quasi linear elastic. It 
shows little hysteresis in cyclic loading and there is no stress-path 

dependency.

Zone II corresponds to the intermediate strain range with el e = 10‘5 < 

e  c  0( p = 10~3. In this range the soil behaves non-linear elastic, there is 

hysteresis in cyclic loading as well as stress-path dependend behaviour. 

Zone III with strains 0 > et p = 10"3 corresponds to the "large strain" 

range with pronounced plastic deformation. The stress-strain behaviour 

of soil in this range is fully plastic. It was the aim of the authors to for
mulate a stress-strain model for non-cohesive soils that includes the 

three strain regions and both monotonous and cyclic loading. Conclu
ding from the ideas of Jamiolkowski et al. (1991), as outlined above, 
one needs a constitutive model with two yield surfaces, both subjected 

to a particular hardening rule. A first yield surface will govern the 

transition from linear elastic to non-linear elastic behaviour. The second 

yield surface marks the transition from non-linear elasticity to plasticity.

A number of other requirements follow from the results of the 

Cleveland Workshop on Constitutive Equations for granular non-cohe- 
sive soils (Saada and Bianchini, 1988). From the different models pre
sented there one can conclude that one needs a yield surface that is 

curved, both in the (p',q')-plane and in the deviatoric plane. The 

hardening rule should be of the so-callcd mixed type, affecting both 

position, size and shape of the yield surface as the plastic deformation 

continues. In this way the hardening rule combines the isotropic (size) 
and kinematic (position) hardening rules and adds a third aspect 
(shape). The flow rule for non-cohesive soils should be of the non
associated type, i.e. there is no perpendicularity of the plastic strain 

increment vector to the second yield surface in the constitutive model.

Following from the fundamental research work of Ladanyi (1960) on 

Belgian Mol Sand one can also conclude that the failure surface should 

be curved both in the (p'.q') and in the deviatoric plane. The elastic 

constants’within the model should be depending on density, stress-level 
and strain-level whenever applicable.
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DISCUSSION OF THE EXPERIMENTAL DATABASE ON  

MOL SAND

Before proceeding with the description of the proposed constitutive 
law, this paper will first deal with a short discussion of the available 
test results that were used to analyse the stress-strain behaviour.
The modelling material used within the scope of the research program 
was Mo! Sand, the granular research soil in Belgium since the 1950's. 
Its characteristics are very uniform and are well know. They have been 
published at various occasions, e.g. Thooft (1990). For completeness' 
sake a summary is given in Fig. 2. The most interesting aspect of Mol 
Sand is its composition ; more then 90 % pure quartz sand which 
exclude practically all stress-strain behaviour, due to grain-crushability, 
mineralogical characteristics, etc...
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Fig. 2. Origin and main characteristics for Mol Sand

Resulting from it's popularity in Belgium as a research material, a large 
number of data was available to the authors. The data included a num
ber of unpublished results from triaxial tests and oedometer tests, exe
cuted by the former Belgian Geotechnical Institute, a series of triaxial 
tests performed and reported by Ladanyi (1960) to document the curved 
failure surface of the model sand. Apart from this there were also Reso
nant Column tests, performed by Van Cauteren (1986) and Yoon 
(1991), plain strain test performed by Yoon (1991) and cyclic triaxial 
tests on the liquefaction potential and on the deformability both in ex
tension and in compression, reported by Van Impe (1981).
In addition, a limited number (48) of stress-path controlled triaxial tests 
were performed by Thooft (1991). Starting from K0-consolidated 

samples a slight degree of mechanical overconsolidation was given to 
simulate aging effects or to avoid "baby-soil behaviour". After that soil 
samples were loaded to failure in monotonuus or cyclic loading accor
ding to 3 selected stress-path : conventional triaxial, Ap' = 0 and Aoj = 

0, Aog < 0. Details about the testing apparatus and the tests are descri

bed by Thooft (1992).
All together, one had a large amount of test data, assembled over many 
years for various stress-paths and testing conditions. These data were 
supplementary to each other sufficiently to allow the elaboration of a 

constitutive model, based upon all the data except for the stress-path 
controlled triaxial tests, some of which were used to check the validity 
of the calculation results, as will be explained in a later section of this 
paper.

DESCRIPTION OF THE STRESS-PATH LAW

This section will discuss the different aspects of the constitutive law, 
point by point as it was formulated for Mol Sand by Thooft (1991). At 
the same occasion the physical significance of the material parameters 
and their way of determination will be discussed.

The Linear and Non-linear Elastic Law

One can decompose the elastic and non-linear elastic law into two parts: 
the evolution of the elasticity modulus, bulk modulus, shear modulus, 
etc... and secondly the boundaries of the linear elastic and non-linear 
elastic domains. The latter aspect is discussed in the next subsection of 
this paper, that deals with the yield surface.
The elastic bulk muduls K is defined through :

K = K (p',Aev, e) = K ^f . K^p1) . K2(Aev) . K3(e)

Kfef = 30 MPa (probably dependent on mineralogy, grain size distribu

tion, grain shape,...)

Ki<p’ “ ‘i £ / 2
K2(Aev) = 1 for Aey s  Ey t.e = 10“̂

= 1̂ - g-log2 ( ^ - ) j f o r A e v s e Vit>e

„  , . v (2.973 -e )2  

 ̂ -  (1 + e) 

with:
p' = average sferical effective pressure 

e = void ratio
Acy = cumulative volumetric strain since the last stress reversal.

In order to fully describe the elastic behaviour one has to specify either 
the Poisson coefficient, the elasticity modulus E or the shear modulus 
G. The necessary relations are:

E = 3K( 1 - 2v) G =
3K 1 - 2v 

2 1 + v

The constitutive model described here assumes an soil which has an 
isotropic stress-strain behaviour in the elastic fase, without cross
coupling between shear stress and volumetric strain or volumetric stress 
and shear strain. A constant Poisson coefficient between v = 0.30 and 

v = 0.35 is assumed for drained loading. The value for Kref is easily 

deduced from seismic methods or resonant column tests.

The Yield Surface

According to the ground rules outlined previously two yield surfaces 
have to be defined here, a first marking the transition between linear 

and non-linear elasticity and a second marking the transition between 

non-linear elasticity and plasticity.

To define the latter one cam use the fact that in traditional plasticity the 

onset of plasticity is linked to a threshold level of specific deformation 

energy E = p'.ty + q'.%

Using a similar approach Georgiannou (1987) reports ellipitical con
tours (Fig. 3), a fact that was confirmed for quartz sand by Thooft 
(1991). As a result the second yield surface was given an elliptical 
shape, defined by position parameters (p'c, q y  of its center, an orien

tation parameter ay between the larger elliptical axis and the p'-axis and 

two shape and size parameters a and b, being the length of half of the 

larger and smaller elliptical axes respectively. The original deviatoric 
shape of the second yield surface is circular and changes with the har
dening rule.

The first yield surface is assumed to be sferical with a diameter Ap' 

equal to :

Ap' = K(Aev.p',e) . Ey.t.e = 10'^ ■ K(Aev.p'.e)

which already includes the isotropic component of the hardening rule 

for the first yield surface, which is further also subjected to a kinematic 
hardening rule. The sferical shape of the first yield surface is 

maintained throughout a loading process.
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Flg. 3. Elliptical yield surface (after Georgiannou)

The Hardening Rule

The hardening rule governs the evolution of the second yield surface 
with the ongoing plastic deformation. As mentioned before, the harde
ning rule consists of isotropic, kinematic and shape changing compo
nents, which will be discussed seperately. In addition to the hardening 
rule effect on the deviatone section of the yield surface will be 

discussed.
For the isotropic hardening law component it will be necessary to 
change the size of the ellips, which can be done by changing the axes a 

and b simultaneously. When changing a and b independently one chan
ges size and shape, which satisfies 2 necessary aspects of the hardening 
law. This leads to the equations :

a = aj + a2 10log (j^-)

b = bi + b2 10log(j5j)

The coefficients aj, a2, bj, b2 are material coefficients which are soil 

dependent and density dependent. E is the specific deformation energy 

E = ev.p' + es.q'.

The kinematic hardening condition is derived from geometric considera
tions, by which the yield surface is dragged along with the current 
stress point, as far as the center coordinates (p'c.q'c) and orientation 

angle ay  is concerned.

The deviatone plane section variation of the yield surface is obtained by 

changing the equation for the smaller ellips axis b to :

b = [bi + b2 1° lo g (E « 0)].

[(1+tyK) - (1-tyK) sin 30*] [ ( l+ f ä )  - (1-tyÇ) sin 60*] 

with : n = n (1 - e " ^ ^ o ).

In this equation x  is an extra parameter, whereas 0 is the Lode angle 

and ii, t, and K are explained in the section on the failure surface.

The Non-assoclated Flow Rule

As indicated in the introduction to this paper, the flow rule should be of 
the non-associated type, making an angle between the plastic strain in
crement vector and the normal vector to the yield surface in the stress 
point. This angle ip is linked in the constitutive model to the level of 

specific energy E as follows :

The parameters j and H>2 *** dependent on factors such as soil den

sity, soil structure, soil type and stress level. They can be derived by 
calculating the R values during a test for varying E-values and statistical 
back-calculation afterwards.

The Failure Surface

Following suggestions by Ladanyi (1960) and Baligh (1976) a curved 
failure surface was adopted for the constitutive law. In its most general 
formulation the adopted failure surface can be written as :

yfl^=  M(lJ) l'i g(0)

which in triaxial test loading conditions simplifies to :

q' = M(p') . p'

In the above equations one has :
11' = p' : first stress tensor invariant

J2' = second deviator stress tensor invariant

= V ^ i j  - ôjj.p1 = q' (in triaxial test conditions)

a 1 f -3 V3 
0 = jarc sin | —^—

Starting the evaluation of the unknown factors M(I j )and g(0) with the 

triaxial plane section of the failure surface one finds :

6sin  &

M(P ' ) = 3 - 7 mT ^

with :

tg<të = tg a lm + tg a 2m 10log ( P ^ Ck)

In this equation based on Baligh (1976) the angles a i m and a 2m cont

rol the initial secant friction angle and the curvature of the failure 
surface respectively. They depend upon soil density, soil type and soil 
structure. The parameter p'jc  ̂depends probably on soil type and soil 

structure. However, p ')^  is small (8 kPa) for Mol Sand and can 

therefore be neglected for p'-values superion to 50 kPa.
The deviatoric section of the failure surface is related to the Oudehus 
proposition :

[(l+'tyïC) - ( l - ’tyïC) sin 30] [ ( l+ 'fó )  - ( l - ' f ó )  sin 60]

8(0) =

with : 
qi

K = —  : ratio of compression triaxial strength to extension triaxial
qE

strength 

m = roundness parameter
t, = shape parameter by distinguish triangular and hexagonal shapes.

Fig. 4  shows a comparison between the Mohr-Coulomb criterium, the 
Gudehus criterium and the above equation, as reported before by 
Thooft (1990) and Thooft (1991). It is seen that, depending on the pa
rameters the above equation for g(0) can fit either the Mohr-Coulomb or 

the Gudehus equations, yielding a maximum flexibility. The values of 
K, mand kan be derived by company plane strain tests such as reported 

by Yoon ( 1991) and triaxial test

DISCUSSION OF THE PARAMETERS AND CALCULA
TION EXAMPLE

Based upon the different aspects of the constitutive law one can 
summarize the appearing parameters that have to be determined as 
follows :
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Fig. 4. Comparison between failure criteria

* elastic law : K^f, v

* failure surface : p'ick, tg a ' im, tg a'2m, K, C,, m

* yield surface : initial values fore;^ , Oy 0, pc o, qc 0 , â ,, bQ, eQ

* hardening law : aj, a2, b |, b2, X

* flow rule : ip i , ip2-

Adding up these data results in a total number of material parameters 
of 22. Most of these parameters are also dependent on the relative den
sity of the soil, expressed through a depending with the void ratio e, 
which can increase the material parameters to 34.
The model includes a material memory through the initial values to de
termine the current yield surface. Most material parameters can be easily 
determined from straight forward traditional test interpretation procedu
res. The determination of aj, a2, b j, b2 , and ip2 with e is a time 

consuming and tedious procedure. The determination of K, m and x  

also requires tests other then static and cyclic triaxial tests such as 
hellow cilindrical devices, true triaxial tests, plain strain tests, etc...
As a conclusion a simulation of the lest results of a cyclic triaxial test 
with the constitutive model is included in Fig. 5. It can be seen clearly 
that their is a good accordance between experimental and calculated 
data, which proves the validity of ’he constitutive law, at least in axially 
symmetric loading conditions.
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Deviatoric stress q'(MPa)

Mean effective stress p' (MPa)

Fig. 5. Simulation of test results
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