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SYNOPSIS: Recently simple expressions have been developed for approximating the vertical, horizontal and rocking stiffness of raft foundations of arbitrary 

shape and embedment condition. Expressions have also been developed for the head stiffness of single piles and the interaction factors for pile groups. 

These make it possible to conduct parametric studies to determine the relative stiffness contributions of the raft and piles for a pile-raft foundation if some 

simplifying assumptions are made. The paper compares the magnitude of the different contributions to the overall stiffness of the foundation: pile group, 

raft base and raft sides. It discusses approximate bounds on the stiffness of the raft/basement structure with and without interaction from the underside 

of the raft. The rotational stiffness of basement walls is large so the bounds, with and without the base contribution, are similar. The load sharing bounds 

are found to be most widely separated for the vertical load case.

INTRODUCTION RAFT FOUNDATION STIFFNESS

Foundation design requires consideration of lateral and moment loads, 

which are often dynamic, as well as static gravity loading. In the design 

of multistorey buildings with multilevel basements the question arises as 

to bow much of the applied actions are transferred to the surrounding soil 

through the underside of the foundation and how much is transferred 

through the sides of the embedded part of the foundation. This question 

also arises for foundations consisting of pile-rafts, in this case there is the 

additional question o f the proportion of the load carried by the piles and 

the proportions carried by the underneath and sides of the raft.

In the last decade or so a number of simple formulae have been proposed 

for raft foundation stiffness under vertical and horizontal load and 

moment. In addition these formulae can handle various embedment 

conditions and foundation shapes. They are summarised by Gazetas 

(1991). Furthermore simple formulae have also been developed for the 

stiffness o f single piles and the correction factors for pile group action, 

Gazetas (1991) and Randolf (1981). The formulae for pile behaviour give 

similar results to those which can be obtained from the many charts in 

Poulos and Davis (1980), however they are easier to use as they can be 

evaluated with a spreadsheet or similar software. Thus tools are at hand 

for a parametric study of the manner in which pile-raft foundations 

interact with the soil in which they are embedded. The geometry of the 

problem is set out in Fig. 1.

Another reason for undertaking the work summarised in this paper is to 

check the method suggested by Sugimura (1986) for evaluating the 

proportion of the horizontal load applied to the foundation which is 

transferred to the piles. This publication was prepared with simple 

multistorey framed buildings in mind having a number of levels of 

basement as illustrated in Fig. 1. The basic question addressed by 

Sugimura, how much of the horizontal shear is transferred to the piles, is 

also illustrated in Fig. 1.

For simplicity all the soil profiles investigated assume a constant Young’s 

modulus with depth. Since the origin of the horizontal and moment load 

is earthquake, wind or wave loading, the response of the soil will most 

often occur under undrained conditions so Poisson’s ratio for the soil will 

be taken as 0.5.

Gazetas and his co-workers have developed a set of expressions for the 

vertical, horizontal and rocking stiffness of embedded foundations of 

arbitrary shape and sidewall interaction. Versions of these modified for 

square foundations in a soil with a Poisson’s ratio of 0.5 are presented 

below. The geometry of the foundations is given in Fig. 2.

The stiffness o f an embedded raft can be regarded as consisting of two 

components, one due to the interaction between the base of the raft and 

the underlying soil and the other due to the interaction of between the 

sides of the raft and the surrounding soil. These two stiffness components 

are added to give the overall stiffness of the raft foundation:

K k q c p +  K  s id ew a lls  ( 1 )K embedded raft

The expressions given below make this subdivision. We assume, for 

simplicity, complete interaction over the full periphery and depth of the 

raft boundary (basement walls); the formulae given by Gazetas (1991) can 

handle incomplete sidewall contact

Vertical Stiffness

The vertical stiffness of raft base is given by:

KVh -  1.51 E ,L r (2)

where: Eg is the Young’s modulus of the soil,

Dr is the depth of the raft,

L,. is the length (= breadth) of the foundation. 

The vertical stiffness contribution from complete sidewall contact is:
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Horizontal Stiffness

The horizontal stiffness of the base of the raft is:

K,■Hb
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H: applied horizontal load 

„  Hr: portion carried by raft 

J> Hp: portion carried by piles

Hp

(Hr is split between the 

raft base and sidewalls: 

Hr = Hrfc + H „ .)

Fig. 1 Pile-raft and building configuration considered in the paper.

The horizontal stiffness contribution from the sides of the raft is:

\0.80

K,■Hsw = 1.58 K,■Hb

Rocking Stiffness

The rocking stiffness o f the base of the raft is:

Kflb -  0.30 E ,L r3

The rocking stiffness contribution from the sides of the raft is:
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PILE FOUNDATION DISPLACEMENTS AND ROTATIONS

We look firstly at stiffness and displacement of single piles then consider 

pile groups. The definition diagram for a 2x2 pile group, which applies 

to a single pile as well, is given in Fig. 3.

Single Piles - Vertical stiffness

The vertical stiffness of a single floating pile in a deep layer of uniform 

elastic soil given by Gazetas (1991) is:

Kv  = 1.9Es DS£067K ' b (8)

where: K is the ratio of the pile to soil Young’s modulus, Ep/TES,

S£ is the length to diameter ratio of the pile (L/D), 

and b is y£/K,

Single Piles - Lateral displacements

The lateral response of a pile to shear and moment loading at the head 

is usually given in terms of flexibility coefficients. For an elastic pile 

embedded in an elastic soil and loaded at the pile head the displacements 

at the ground line are given by:

u -  ^ « H  ♦ fuMM (9)

» ■ * W M (10)

where: u is the pile head horizontal displacement,

B is the pile head rotation,

H is the applied horizontal load,

M is the applied moment, 

and fuH, fuM> fgjj, f^M are flexibility coefficients; =  fuM.

The flexibility coefficients are functions of the ratio of the Young’s moduli 

o f the pile and soil, the Poisson’s ratio and Young’s modulus of the soil, 

and the pile diameter. For a long pile they are independent of length.

For a soil profile having constant Young’s modulus with depth the 

flexibility coefficients are given by Davies and Budhu (1986):

1.3 K - 0.18

fuM -  •ieH -

E„D
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E .D 2 
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E .D 3
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These equations are valid only if the length of the pile is greater than a 

certain critical value, known as the active length, when this is true the 

lateral deformations and rotations are concentrated near the pile head. 

All the calculations discussed in this paper are for long piles.

For fixed head conditions Davies and Budhu give the following 

expressions for the pile head displacement:

0.80 K ' 018
= f ra  HuF -  tpH FH

E„D
(12)

Fig. 3 Definition diagram for a 2x2 pile-raft (with no base contact) 

foundation.
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The fixing moment is found from:

M f  = - I m fH D  , IMF = 0.24 K 027 (13)

If the pile head stiffness matrix is required it can be obtained by inversion 

of the matrix of flexibility coefficients.

Pile Group Behaviour

When the soil layer is modelled as a continuous medium the 

displacements spread outwards from a loaded pile and interact with 

adjacent piles. This means that a pile will be displaced under the load it 

carries as well as from the load on adjacent piles. Interaction factors, 

take account this effect The general definition given by Poulos and Davis 

(1980) is:

_ Movement caused by unit load on an adjacent pile

Movement of the pile under unit load ( ^ )

The displacement of a vertically loaded pile group is then:

Wu = w.
E ( Vj % )
j=l

(15)

where:

and

wi

Vj

%

N

is the settlement of a single pile under unit load 

= 1/Ky (isolated pile)*
is the vertical load carried by the jth pile,

is the vertical interaction factor between piles k

and j (av = 1 when k =  j),

is the number of piles in the group.

Randolf and Wroth (1979) provide a simple means for estimating 

interaction factors between incompressible piles. They developed 

expressions for the vertical stiffness of a single pile and a 2x1 pile group. 

From these the interaction factor in a soil with Poisson’s ratio equal to 0.5 

is obtained as:

1 -
(D /jr + s)

r f / 1  _ n  

2 It  r)

where:

and

rm
T

r

1 + ; r 2 /2 T

is the pile spacing, 

is 1.25L, 

is ln(2rm/D), 

is ln(2rm2/Ds).

The value of a uV given by equation 16 is applicable to a soil profile 

having a constant modulus with depth, Randolf suggests a modification for 

soil profiles having a variation in Young’s modulus with depth.

The horizontal displacement for a pile group is obtained from an equation 

similar to equation 15. For a pile group with N fixed head independent 

piles the lateral displacement of pile k is given by:

N

E ( Hi '
j=i

[uFkj)
(17)

where: U!

H

is the displacement of an isolated fixed head pile 

under unit horizontal load, 

lj is the horizontal load carried by pile j, 

a up . is the value of a uF for the two piles k and j corresponding 

^  to the spacing between them and the angle between the 

direction of loading and the line joining the centres of the 

piles, Fig. 3 (<zuF. . =  1 w henj = k).

In addition there is an equilibrium equation for the group:

N

H = £ H j

H

(18)

there are N pile displacements. When the piles of a fixed head group are 

connected to a rigid raft there are N + l unknowns: the N pile loads and 

the displacement. Symmetry of a pile group can be used to reduce the 

number of unknowns.

Randolf (1981) gives the following equation for a uF:

a uF = 0 .3 5 D K 0143( i _ L ^ ! l )  (19a)

where: a uF is the lateral interaction factor between fixed head piles, 

and £ is defined in Fig. 3.

If the value for a uF calculated with equation 19a exceeds 0.5 Randolf 

substitutes the following:

1

4 a,uF,
(19b)

iThe value of a uF given by equation 19 is applicable to a soil profile 

having a constant modulus with depth, Randolf suggests a modification for 

soil profiles having a variation in Young’s modulus with depth.

Randolf gives the following for calculating other interaction factors:

„  -  5 a “F 
uh -  —r ~

a uM ~  a 9H ~  a uH 

a flM =  a uH

(20)

a uH a 9H: values of a u and ag  for a free head pile subject to 
horizontal load only, 

a uM a 8M: values of a u and a e for a free head pile subject 

to moment loading only,

These equations show that there is much less interaction between piles for 

rotational effects than for horizontal displacement.

(16) SIMPLIFICATIONS

Two simplifying assumptions are needed for the calculations discussed in 

this paper. The first relates to the interaction with the underside of the 

raft and the second concerns stiffness coupling for the raft.

In a free head pile group with N piles, each sustaining a known load,

Soil Raft Contact

The interaction factors given in equations 16, 19, and 20 assume that 

there is no contact between the underside of the pile cap and the soil in 

which the piles are embedded. In the case of a pile-raft there is contact 

and the effect of the interaction between the raft and the piles on the 

combined stiffness of the system needs consideration. Vertical interaction 

between piles embedded in a soil with constant Young’s modulus with 

depth and a surface raft is covered in Chapter 10 of Poulos and Davis 

(1980) and by Butterfield and Baneijee (1971). These studies show that 

load sharing between the piles and the raft is to be expected but the 

vertical stiffness of the system is only slightly greater than that for a free 

standing pile group. Cooke (1986) provides some experimental evidence 

for pile-rafts in stiff clays showing that the ultimate vertical capacity of 

pile-raft foundation is enhanced by the presence of piles but the vertical 

stiffness is increased at most by 30% over the vertical stiffness of the free

standing pile group.

These observations mean that a simple stiffness approach will not give the 

correct interaction between a pile group and a raft in contact with the soil 

in which the piles are embedded. However the stiffness approach can be 

used to give bounds on the interaction. If we assume that the pile group 

stiffness and raft stiffness are not altered by the interaction then we can 

calculate one bound on the load distribution. If, on the other hand, we 

assume that the underside of the raft carries no load we can get another 

bound. The actual behaviour of the system will lie between these limits.
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The references cited above give evidence for vertical pile interaction only, 

we will take the same approach in calculating bounds for lateral and 

moment interaction. The reason for the earlier separation of the raft 

stiffness equations into two parts is now clear.

Coupling For Moment and Shear Loading

Equations 9 and 10 show that there is coupling between horizontal and 

moment loading at a pile head. Similar coupling is to be expected for a 

raft foundation. This means that in addition to the horizontal and rocking 

stiffnesses given above there should be an additional term giving a 

horizontal displacement generated by moment loading of the raft (and 

rotation generated by horizontal shear). Such coupling terms have been 

evaluated for square rafts by Mita and Luco (1989). Examination of their 

results shows that the coupling term is significant when the depth of the 

raft is similar to the width but for shallow rafts the coupling term is small.

ANALYSIS

The essence o f the simplified calculations presented in this paper is the 

assumption that the raft structure is rigid; simple compatibility relations 

then give the load sharing between the piles and the raft. The two 

bounds introduced above are accommodated by including or excluding the 

raft base stiffness when calculating the overall raft stiffness.

Vertical Interaction

In this case we need the vertical stiffness of the pile group. Because of 

the assumption of a rigid raft the vertical movement of all the piles is the 

same, consequently the load carried by a particular pile depends on the 

position in the group. Elastic interaction analysis predicts that the comer 

piles carry the greatest load and the centre pile the smallest, in fact if the 

pile spacing in the group is sufficiently small the centre pile is predicted 

to carry a negative load. We have N (number of piles in the group) 

unknown loads. Compatibility of vertical displacements enables us to 

write (N - 1) equations in which the vertical displacement of pile k 

(obtained from equation 15) is equated with that for pile (k + 1). The 

final equation is for vertical equilibrium. Symmetry considerations can be 

used to reduce the number of equations to be solved. Once the load 

distribution is known the settlement of the pile group can be calculated 

by substitution of the pile loads into equation 15, then the stiffness of the 

group can also be evaluated. The load carried by the pile group is 

determined from:

' v  \/
(21)

Kv

where: V is

VG is

k v r is

and Kv g is

Horizontal Interaction

If the piles are of the fixed head variety and the horizontal load is applied 

at the level of the base of the raft, then the calculations are similar to 

those above and lead to the lateral stiffness of the pile group, KHG. The 

load carried by the pile group is determined from an equation similar to 
equation 21.

Moment Interaction

The pile group can mobilise rotational stiffness by generating incremental 

axial loads in the pile shafts in the manner shown in Fig. 4 for a 2x2 

group. For a free head pile group the calculation is similar to those 

above; we will discuss the specific case of the moment applied about an 

axis through the centre of the raft parallel to a side. If the origin of the 

coordinate axes is taken as the centre of the raft and the moment is

— A —  

I
- (M/2s)x2 

t

f
(M/2s)x2

I
✓  \ /  \

7 / V< W

J® .

Fig. 4 Pile axial load mechanism for moment stiffness of a 2x2 free head 

pile group.

applied about the y axis, the vertical displacement of any pile is the 

rotation of the raft times the x coordinate of the pile head. The 

equations are then set up and solved and the rotational stiffness of the 

pile group, K#v, obtained. The split of the applied moment between the 

raft and the pile group is determined from an equation similar to 

equation 21.

Combined Interaction

The above discussion of separate horizontal and moment interaction is 

unrealistic as it is more likely that both will be applied as the horizontal 

shear is generated some distance above the base of the raft (wind and 

earthquake loading). In this case there are rather more equations to deal 

with but the assumption of a rigid raft still gives compatibility - horizontal 

displacement o f the raft =  horizontal displacement of the pile head, and 

rotation of the raft =  rotation of the pile head. The horizontal shear is 

partitioned between the raft (base and sidewalls) and the pile heads. The 

moment is divided three ways; part is carried by the raft, part by the pile 

axial loading mechanism and part as pile head moments. We now have 

2N unknowns - N pile head sheats, N pile head moments. The 

displacements are obtained from equations (9) and (10) when the shear 

and moment distributions are known.

For this situation we must extend equation (17) by combining with 

equations (9) and (10); the horizontal displacement and rotation are then:

(22)
N ’ N

uk " fuH E ( H j “ uHkj)
Lj-1

+ fuM E  (Mj a uMkj 
Lj-1 ' )

N N

= *<9h E  (Hj C9Hkj )
li=l

+ E ( Mj a 9Mkj
li-1 )

(23)

These equations assume that the flexibility coefficients are the same for 

all piles.

The two equilibrium equations are: 

N

E H j

j-1

K, = H

£  Mj + KgyO * KgR e  = M

j=i

(24)

(25)

Firstly we evaluate the lateral stiffnesses of the raft, KHb and KHsw, the 

rotational stiffness from the pile axial load mechanism, K#v, and the 

rotational stiffnesses of the raft, K^, and K ^ .  Compatibility of 

horizontal displacements and rotations enables us to write (N - 1) 

equations in which the horizontal displacement of pile k is equated with 

that for pile (k + 1) and (N - 1) equations in which the rotation of pile 

head k is equated with that for pile (k + 1). Rearranging equation (24)
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Number of basements

Fig. 5 Effect of increasing numbers of basements on (a) the vertical, (b) horizontal, and (c) moment load carried by the piles of a 4x4 pile-raft.

Number of piles in group Number of piles in group Number of piles in group

Fig. 6 Effect of increasing numbers of piles with one basement level on (a) the vertical, (b) horizontal, and (c) moment load carried by the piles of a 

square pile-raft.

to give u and equating with one of the pile head displacement equations 

gives another equation, similar rearranging of equation (25) gives the final 

equation.

RESULTS

Load sharing between raft and piles was calculated for foundations in 

clay. The undrained shear strength of the clay was taken as 50 kPa and 

Young’s modulus as 500su = 25 MPa. Only square foundations 

supporting framed structures, as shown in Fig. 1, were considered and a 

single pile was assumed beneath each column. The pile spacing was 6 m 

and the depth of each basement level taken as 3 m. The piles had a 

length of 20 m and the pile/soil modulus ratio, K, was assumed to be 

1000. The majority of the calculations were done for 1 m diameter piles.

An initial series of calculations was done for vertical, horizontal and 

moment loading acting separately. These indicated that, for a raft 

attached to a 4x4 pile group, with increasing numbers of basements the 

stiffness bounds are widely separated for vertical loading, slightly closer 

for horizontal loading, and quite close for moment loading. These results, 

illustrated in Fig. 5, reflect the increasing importance of the raft side 

contribution to the stiffness in going from vertical, through horizontal to 

moment loading. Another comparison for one basement level and 

increasing numbers of piles shows only a small variation in the proportion 

of the loads carried by the piles in going from a 2x2 group to a 5x5 group, 

Fig. 6. Finally for two levels of basement the effect of pile diameter was 

investigated. Results for 1 m diameter piles were compared with those 

for 0.2 m piles. It was found for all three load types that the small 

diameter piles had 50% to 60% of the load carried by the 1 m piles.

The most interesting results were obtained for the combined loading case

when horizontal and moment loading was applied to the pile-raft 

foundation. The ratio of the applied moment to the shear (M/H) was 

varied to simulate the effect of increasing building height in earthquake 

loading. The calculations were done for a 3x3 group of 1 m diameter 

piles with no basement (surface foundation) and two basements. It was 

found that the split o f horizontal load was not affected by the M/H ratio, 

40% of the moment being carried by piles for the two basement case and 

60% for the surface raft. Figure 7 shows how the moment was distributed 

for the 2 basement case. When M is about equal to H the sum of the 

pile head moments approaches -M but when M/H = 10 the sum of the 

head moments is about zero.

CONCLUSIONS

This paper has considered, in an approximate manner, the various ways 

in which a pile-raft structure will interact with the soil in which it is 

embedded. The modelling has been restricted to elastic interaction and 

no distinction is made between direct stress interaction and shear stress 

interaction at the sides of the raft, other than that implied in the original 

elastic analysis on which equations (2) to (7) are based. All the 

calculations were done for complete interaction over the full area of the 

sidewalls o f the raft, but some were done for full interaction with the base 

of the raft and others with no raft base interaction. This is assumed to 

provide upper and lower bounds on the effect of the raft base. Within 

these restrictions the following conclusions can be reached:

(i) The base interaction is most significant for vertical interaction and 

least significant for moment interaction; this is a reflection of the 

relatively small contribution the sidewalls make to the vertical stiffness 

and the large contribution they make to the moment stiffness of an 

embedded raft.
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R atio of applied m om ent to shear: M/H

Fig. 7 Effect o f the M/H ratio on the partitioning of the applied 

moment between a 3x3 pile group and raft with 2 basements.

(ii) When combined interaction under shear and moment loading was 

considered it was found that the ratio of the applied moment to the 

applied shear force has an important effect on the way in which the 

moment is partitioned between the various mechanisms. When the ratio 

is about unity the sum of the pile head moments is of the same order as - 

M, when the ratio is 10 the sum of the pile head moments approaches 

zero.

(iii) In the combined interaction case the partitioning of the applied 

horizontal load is insensitive to the ratio of M to H.
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