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SYNOPSIS: Different numerical schemes have been used for finite element modelling of dynamic geotechnical problems. 

The results of a centrifuge experiment are used to compare the efficiency and accuracy of an implicit u-p and an 

explicit u-w formulation. The two formulations give comparable results. The initial conditions to be used in the 

numerical modelling of dynamic centrifuge tests are also considered. It is found that choosing more accurate initial 

displacement and velocity conditions can lead to much improved numerical simulation of the test.

INTRODUCTION

The dynamic behaviour of saturated soil hat; long 

attracted interest from the geomechanics community 

because phenomena like liquefaction and resonance cannot 

be adequately modelled using a quasi-static approach. The 

three main stages in the modelling of soil behaviour are 

as follows:

. the establishment of an adequate mathematical framework 

to describe the phenomenon

the establishment of a numerical (discrete) 

approximation procedure

the establishment of an adequate constitutive 

relationship for the material behaviour

Each of these three stages involves certain degrees of 

approximation. For the first stage, the Biot formulation 

(Blot 1956) (or, more recently, mixture theory 

Truesdell 1966) has provided a mathematical description 

of the physical behaviour which can adequately describe 

the transient behaviour of saturated soil for most 

geomechanics applications except notably fast pile 

driving and explosive events. By including fluid 

displacement in the formulation, Zienkiewicz and Shiomi 

(1984) extended the formulation to cover high speed and 

incrementally small strain events. A formulation 

applicable to the large strain and large rotation can be 

found In Chan (1986).

In parallel, many material models have been developed to 

account for the third stage of the modelling procedure 

and these material models have met with varying degrees 

of success under dynamic loading conditions. Since the 

emphasis of this paper is not on the material modelling 

aspect, the Pa9tor and Zienkiewicz Nark III (1986) model 

is used for all the numerical studies. This model has a 

non-associative flow rule and plastic deformation can 

occur in both loading and unloading conditions. Previous 

experience has shown that the model is able to capture 

the essential phenomena of granular soil under dynamic 

loading (Zienkiewicz et al 1990).

This paper focuses on the second stage of the modelling 

procedure: numerical discretisation. For this, the finite 

element method is popularly used for the spatial 

discretisation with a finite difference method - the 

Generalised Newmark method - for the temporal side. In 

order to improve the efficiency of the numerical 

solution, various simplifying assumptions have been made. 

Two of the more popular procedures are the Implicit u-p 

(Chan 1988 and Zienkiewicz et al 1990) and explicit u-w 

schemes (Chan et al 1991a, 1992).

The implicit u-p formulation uses the displacement (u) of 

the solid skeleton and the pore pressure (p) in the fluid 

as the primary variables. In this formulation, the 

inertia (w) associated with motion of the fluid relative 

to the soil is neglected. The effectiveness of this 

formulation stems from its unconditional stability and 

fewer number of unknowns per node. The scheme has been 

known to deal effectively with static, consolidating and 

slow dynamic situations including earthquake problems.

The fully explicit u-w scheme on the other hand has the 

solid displacement (u) and the relative fluid 

displacement (w) as the basic unknowns. It retains the 

relative fluid acceleration term (w) in its formulation. 

This extends its applicability to faster transient 

problems. Although it suffers from more degrees of 

freedom per node and is only conditionally stable, no 

iteration is required in a time step and the scheme lends 

Itself more easily to vectorisation and parallelisation. 

It is easier to code and requires less core storage. This 

is particularly attractive when the numerical procedure 

is extended to three-dimensional conditions. The 

numerical calculations for the explicit u-w scheme were 

performed on the finite element computer program 

GLADYS-2E. Having established the discretisation 

numerical procedure, further considerations of, for 

example, the size of the elements, the arrangement of 

the mesh, the initial stress state and the initial 

kinematic conditions - displacement and velocity are 

required. In this paper, we present studies on the effect 

of initial displacement and velocity on the calculated 

accelerations and excess pore pressure in a centrifuge
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vtest with a tower-soil configuration (Madabhushi 1990).

It can be shown that the correct simulation of the 

initial displacement and velocity conditions can have a 

significant effect on the result of the numerical 

analysis. These comparisons were performed using the 

implicit u p  formulation with the computer code 

DIANA-SWANDYNE II.

Details of the general formulation and of the 

discretisation processes can be found in (Chan 1988, 

Zienkiewicz et al 1990, Chan et al 1991a, 1992).

NUMERICAL EXAMPLES

Two examples of experiments performed on the Cambridge 

Geotechnical Centrifuge have been studied. The first 

example is a centrifuge experiment K W 0 4  performed by 

Venter (1987). This is used to compare the efficiency and 

the accuracy of the implicit u-p and explicit u-w 

formulation. The second example is a centrifuge 

experiment performed by Steedman (1986). This example is 

used to show the effects of initial velocity and 

displacement on the numerical simulation of centrifuge 

tests.

Example 1 - Numerical simulation of a centrifuge model of 

a sand bed (KW04) using both implicit u-p and explicit 

u-w formulations

K W 0 4  is one of a series of centrifuge experiments 

carried out by Venter (1987). The arrangement of the 

model abd locations of transducers studied is as shown in 

Figure la, and consists of a flat layer of sand placed in 

a strong box with an energy absorbing material, Duxeal, 

placed at both ends. The sand is fully saturated with 

silicon oil (to maintain the compatibility of diffusion 

and dynamic effects by comparison with full scale 

prototypes). A gravity level of 78g (g=9.81m/s*) was 

maintained during the experiment. The model parameters 

and material properties used are given in Venter (1987). 

The model is discretised into 140 3-noded finite 

elements. The same mesh is used for both the Implicit u-p 

and explicit u-w schemes. As the interpolation function 

for pressure in the u-p scheme is the same as for tbe 

displacement, the resultant order of polynomial 

interpolation of pressure is thus one order higher than 

that of the u-w formulation.

The Initial stress state for the u-w formulation is 

calculated and imposed on the analysis because a 

quasi-static analysis is rather time-consuming for this 

scheme. A Ko value of 0.4 was chosen for the sand and 

0.7082 for the Duxeal. The later was chosen to maintain 

horizontal total stress equilibrium across the interface 

of the material as the Duxeal has no water phase within 

it. The initial stress state for the u-p formulation was 

obtained from a static analysis with gravity loading of 

78g using the following parameters:

Sand: Linear Elastic with Coulomb cut-off

Bulk modulus 152.56 MPa Shear modulus 76.28 MPa 

Friction angle 25° Initial void ratio 0.68 

Duxeal: Linear Elastic

Young's modulus 196.148 MPa and Poisson ratio 0.4146

The same earthquake is applied to the base of both 

meshes. The input acceleration history (Figure lb) for 

the experiment is of 0.1536 second duration and consists 

of 1024 data points with a data point interval of 0.15ms. 

The material parameters used in the Pastor-Zienklewicz 

mark III (1986) model are given below. The same model and 

Indeed the same Fortran 77 subroutine Is used for both 

computer codes.

KevO = 360, Kes0=540, Mg = 1.26, Mf = 0.94, af = a g = 0.45 

0O = 4.2, 0, = 0.2, H0 = 700, Huo = 60MPa, ru = 2, rDM = 2 

Pi = lOOPa

The material parameters used are the same as used In Chan 

(1988). Other relevant material parameters are: 

p = 1908 kg/m3, pf * 980 kg/m3, Ks (solid grain) = 10*° Pa 

Kf = 1.092 GPa, e0 = 0.68, k = 0.0021 mm/s 

gravity = 78 x 9.81 m/s'

Only one analysis will be reported for the Implicit u-p 

formulation. Details of the analysis and the results of 

other comparisons can be found in (Chan et al 1992b). The 

time stepping parameters are given as follow:

time step = 0.15 ms, no. of steps = 1024, 

time stepping parameters P, - 0.6, p z = 0.605 

results are given in graph b of each figure

The time stepping parameters are chosen in order to avoid 

generation of spurious high frequency oscillations In the 

result. The cpu time used on the IBM 3090 VF 150E of 

Glasgow University is 343s. Both DIANA-SWANDYNE II and 

GLADYS-2E make extensive use of the subroutine libraries 

and the vectorisation facility on the mainframe computer. 

However, because of programming difficulties, the soil 

mode] subroutine has not yet been vectorised: this is a 

subject of active research. The critical time step for 

the explicit scheme is controlled mainly by the fluid 

bulk modulus (Kf). Thus, by changing the value of Kf , the 

critical time step can be lengthened and the total cpu

tine required is greatly reduced.

run IKf critical time step no. of 0 cpu

time step used steps seconds
1 1.092GPa 0.0312ms 0.01ms 15360 0.5 1466

2 109.2MPa 0.0987ms 0.03ms 5120 0.5 497

3 109.2MPa 0.0987ms 0.04ms 3840 0.B 284

4 10.92MPa 0.3123ms 0.10ms 1536 0.5 120

When the time stepping parameter fl Is 0.5, the explicit

scheme used Is equivalent to the central difference 

scheme. When the value 0.6 Is used, some numerical 

damping Is introduced.

The result for pore pressure P is given In Figure 2 for 

run 1. The numerical predictions (2b,c) show very good 

correspondence. The higher frequency found in the 

experiment seems to originate from the measuring device 

and has not been found in most numerical predictions.

The result for A is given In Figure 3. The experimental 

result Is given in figure 3a, Implicit u-p 3b, and 

explicit u-w (run 1) In 3c respectively. The results are 

generally very good. For analysis 4, the wave frequency 

in the fluid is reduced to an extent that It is now 

comparable to the input frequency thus Interfering with 

the main response. The result for PPT 2338 Is given in 

Figure 3. The result for accelerometer A Is given In 

Figure 3 corresponds well with the experiment (3a) though 

the implicit u-p 3b, and explicit u-w (run 1) in 3c 

respectively. The results are generally very good. For 

analysis 4, the wave frequency in the fluid is reduced to 

an extent that it is now comparable to the Input 

frequency thus interfering with the main response.

Under this two-dimensional condition, the Implicit u-p 

scheme seems to be holding a slight edge over the 

explicit u-w scheme as no modification of material 

parameters Is required to achieve a very good result in a 

shorter time. However, as one can observe from the 

result, by reducing the value of the fluid bulk modulus, 

the explicit u-w scheme can be made as efficient and as 

accurate as the Implicit u-p scheme and it requires much 

less core storage as the full finite element matrix never 

needs to be assembled. This advantage will stand even 

more strongly when three-dimensional conditions are 

considered.
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Example 2 - Numerical simulation of a centrifuge model of 

a tower-soil system (RSS111) using zero and compatible 

initial conditions

The second example is given to show some improvements in 

the quality of the result from the implicit u--p 

formulation using improved initial conditions. During a 

dynamic centrifuge test, the model 'wound up' to the 

desired gravity level. After it has settled down at the 

chosen speed, the earthquake is applied Because of the 

motion of the centrifuge, a small amount of shaking is 

usually present in the model prior to the actual 

earthquake. Use of zero values for initial 

velocity/displacement may lead to unsatisfactory results 

because numerical integration of the base motion will 

lead to a shift in the velocity and a drift of the 

displacement. A numerical procedure for estimating the 

initial velocity and displacement for any digitial 

acceleration record by computing the Fast Fourier 

Transform (Cooley et al 1969) was developed by Madabhushi 

(1990). The centrifuge test RSS111 (Steedman 1986) was 

used to compare the effect of stationary (zero) initial 

conditions and compatible initial conditions.

The centrifuge mode] involved a rigid structure embedded 

in a fully saturated sand embankment. The test was 

conducted at 80g. The schematic section of the centrifuge 

model together with the locations of transducers is shown 

in figure 4. The centrifuge test data recorded during the 

tlrst earthquake are presented in figure 5. The 

accelerations observed are expressed as % of the 

centrifugal acceleration. The excess pore pressures are 

shown in kPa and displacements in mm at model scale. The 

measured base accelerations are used as input to the 

numerical analyses.

In figure 5, the acceleration time histories recorded at 

different locations within the sand embankment are 

presented. Above these traces the excess pore pressure 

recorded by P3 is shown. A peak excess pore pressure of 

41 kPa was recorded. The PPTs P2 and PI are situated 

under the structure on either side of the vertical axis. 

Their traces are 180° out of phase suggesting that the 

structure is vibrating in a rocking mode. Side by side 

with figure 5, figure 6 shows the finite element analyses 

with compatible initial conditions. When zero initial 

conditions are used the finite element analysis predicts 

a constant drift displacement of the model in one 

direction and as a result the pore pressures are not 

symmetric about the vertical axis. A comparison of the P2 

and PI in figure 6, where compatible initial conditions 

are used, reveals that these traces are now exhibiting a 

correct 180° phase shift as shown in the physical mode]. 

The magnitudes of the excess pore pressures in this case 

compare satisfactorily with the experimental results.

CONCLUSIONS

The two numerical examples show the ability of numerical 

analyses to model dynamic centrifuge experiments 

satisfactorily. There is still need for refinement of the 

material model. However, In this paper, we have compared 

two numerical formulations: the implicit u-p formulation 

which has performed consistently and satisfactorily and 

the explicit u-w formulation which may hold more 

potential in three-dimensional analyses and in exploiting 

state-of-the-art computing technology such as 

vectorisation and parallélisation. Both of them give very 

satisfactory results for the modelling of centrifuge 

experiments. In this two-dimensional analysis, the 

implicit u-p scheme still seems to hold a slight edge 

over the explicit u-w scheme. Further research into each 

of them or their hybrid may yield further improvements in 

the efficiency and accuracy of numerical schemes.

Also shown in this paper is the effect of zero or 

compatible initial conditions in the numerical modelling 

of 'centrifuge earthquake. It is shown that by using 

compatible initial conditions (which may not always be 

necessary in practice as the ground usually starts 

shaking from rest), the quality of the results can be 

improved dramatically.
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