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SYNOPSIS: A three dimensional code ELWA for solving elastic wave propagation problems in soil materials is presented. The code is implemented on a 8K 
processors massively data-parallel computer. An explicit finite difference method is used both in space and time for the discretization of the wave equation. The 
code is used here to analyse a problem of rhythmic crowd motion at a rock music concert in a soccer stadium. High vibrational levels were observed in the area 
and parts o f the stadium itself were shaking heavily. The ground consist of soft clay. During one particular song more than five hundred load cycles were applied. 
Panicle velocities up to 18 mm/s were estimated. This together with the large number of loading cycles may explain the occurrence of excess vibrations on the 
ground and in the stadium itself.

INTRODUCTION

Solving the damped wave equation directly in the time domain is o f growing 
interest in engineering practice. Modern high speed computers with large 
memory capacity have made it possible to solve large complex problems in a 
reasonable time. The ELWA code was developed to solve 3-D elastic wave 
propagation problems in soil materials. The code has been implemented on a 
CM-200 massively data-parallel computer with 1 Gbyte RAM (Thinking 
Machines Corporation, 1991). An explicit second order accuracy finite 
difference method is used both in space and time for the discretization. 
Absorbing boundaries as developed by Engquist and Majda (Clayton & 
Engquist, 1977) are used by applying the paraxial equations to model the 
surrounding infinite domain. These are easily im plem ented in a finite 
difference code with satisfactory  results. The algorithm  is highly 
parallelizable, and ELWA runs at 500 Mflops in single precision on the 8K 
CM-200 Connection Machine (Berglund & Erlingsson, 1992).

The ELWA code is used here to analyse a problem where high vibrational 
levels were observed inside and around the Nya Ullevi soccer stadium in 
Gothenburg, Sweden during rock concerts. The regular pounding o f  the 
jumping audience excited the underlying clay with the same frequency as the 

beat of the music. Practically the whole clay deposit under the stadium started 
to vibrate heavily (Bodare & Erlingsson, 1993). The deposit material consists 
of soft high plastic clay overlying a granite bedrock, the surface o f which is 
very irregular, resulting in a highly three dimensional geometry. The structure 
of the stadium is flexible concrete structure founded on piles. See fig. 1.

The rigidity o f most soils increases with depth due to the increase in 
overburden pressure. This is taken into account in the code by allowing 
Young's modulus E  to vary with depth. The damping characteristics can 
either be assumed to be o f a hysteretic nature or to follow the common 
Rayleigh model.

Afc—

BASIC EQUATIONS

The wave equation can be written, using the summation convention, 

P “„, + apuij = cr. ■ + p i  on Cl ( 1)

Fig. 1. A plan and a cross section (A-A) o f Nya Ullevi Stadium. Location of 
stage and audience are shown.

= * "kJtSÿ + 2 fiuij + p  [Au^Sÿ + 2 /zu J , (2)

where i 2 is the spatial domain occupied by the analysed body; a,, = a tl(xh t) is 
the stress tensor; u, = ufaj, t) is the i:th displacement component; p  = p(x)  is 

the mass density o f the soil material; /  = f(Xj, l) stands for prescribed body 
forces per unit mass acting inside the soil body and a  is a damping parameter.

The stresses are related to the displacements as

in which A and fi are the Lamé coefficients and 8,, is the Kronecker delta 
function. The parameters a  and P in eq. (1) and (2) are selected to achieve 
desired damping characteristics.

The boundary conditions are expressed as

oi/ij = h{ on r t ; u, = 0 on r r (3)
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Fig. 2. Geological structure is transformed into a rectangular block by a 
smooth mapping.

in which r s is part o f the soil boundary along the surface; r ,  is part of the 
boundary along the bedrock interface; n, is the j  :lh component o f the outward 
unit normal to r s and A, is the prescribed boundary traction on the surface. On 
the remaining faces o f the block the paraxial equations are applied to model 
the transmitting boundaries. Thus for a wave travelling in the positive x- 
direction the paraxial equations take the form (Clayton & Engquist, 1977)

Vc„ 0 0 

0 Vcs 0 

0 0 1 !c,

(4)

where ü and u , are vectors defined as u_,= [itj, v^, w_,]T and üj = [«,» v „ w,]T 
respectively, cp and c , are the compressional and shear wave velocities 

respectively. For waves travelling in the negative x-direction the plus sign is 
changed to minus in eq. (4). In the other two directions similar equations 
arise.

Inserting eq. (2) into (1) the damped wave equation is written in terms of the 
displacements in matrix form with ü = [u, v, w]Tas

üji = A lû j, + A 2Ujy + A^u„ + Afüjy  +¿5»^ +A6û1I + 

A +AsUj, +A9ûz - a  Üj

A ,a JI + A 2am + A 3aJZ + A ta ^  +Aia{yz +AtuZI + 

A jüj+ Aiüj+ Agüj

(5)

+ /

in which dj, = [»,,, v,,, Wj f . ^ = *uJT. V  = K .  v  w„]T, etc.
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(l + V 'X l-2 w )p ’ 2(1 + v ) p '

F - d E
1 dz

Eq. (5) can be expressed as 

üj, = Lu • a  üj+ P (Ui)j + / (6)

where L  is a differential operator.

The physical domain is now transformed by a smooth mapping into a 
rectangular block which becomes the computational domain, see fig. 2. Using 

the coordinates [*, y, z] and [x’ y ’, z ’] for describing the geological structure 
and the computational domain respectively the transformation is expressed as

x  = x ’, y  = y ’. z = h {x ,y )z’

Now the equation o f motion from (6) is transformed and discretized with 
second order central differences both in time and space (Berglund and 
Erlingsson, 1992).

NYA U LLEV I CASE HISTORY

A rock concert at Nya Ullevi Stadium, Gothenburg, Sweden was attended by 
sixty thousand people, approximately half o f whom were on the pitch in front 
of the stage. Violent vibrations were noticed as the audience jum ped to the 
beat o f the music. Practically the whole deposit under the stadium had started 
to vibrate. The stadium itself, which is a flexible concrete structure founded 
on piles, fig. 1., also began to vibrate. The roof, which forms an oval 
structure, with the lowest eigenfrequency below 1 Hz (Sahlin, 1989) was seen 
to sway substantially up and down. One o f the wires from the pylons holding 
the roof in place vibrated alarmingly with displacement amplitudes estimated 
at between 5 and 30 cm by various observers. Afterwards one o f the plates in 
the roof supporting the attachment for these wires was found to be damaged 
(Bodare & Erlingsson, 1993).

Periodic loading such as jumping spectators for rock music, can be modelled 
by Fourier series (Allen et. al., 1985, Rainer et. al„ 1988, Ebrahimpour & 
Sack, 1989). The first harmonic is the most important one and is frequently in 
the range 2.0 - 2.6 Hz. The second harmonic contributes to the total force. 
Higher harmonics are of less importance and can be neglected. Sahlin (1987) 
estimated the dynamic load-time function for this kind of music as

: ct 0 |sin 2/r/ir + 0.2 sin (4 ;r/r  - ^)]

where f t = 2.4 Hz. The amplitude is approximately ct0 = 3.0 kPa which 
corresponds to 4-5 persons/m2 (Erlingsson & Bodare, 1993).

On the basis o f the above parameters and taking into account the complex 
geometry o f the site a three dimensional analysis has been carried out with the 
ELWA code in an attempt to simulate the case history. 643 gridpoints or more 
than a quarter of a million gridpoints were used. The Young modulus was 
chosen as E = 22 - 1.2z , giving E  in MPa when z is in meters defined in fig. 
2. The Poisson's ratio was assumed to be v = 0.47. Rayleigh damping was 

used with parameters a =  0.29 and p  = 0.0013 which correspond to 2 per cent 
damping. The loaded area, in which twenty-five thousand people were 
jumpi ng, was 80 x  70 m2. See fig. 1.

The results are shown in fig. 4 to 7 and in table 1. In fig. 4 one spatial 
displacement component of point p , in fig. 3 is plotted as a function of time. 
The displacements undergo first a transient phase until they stabilise. For the 
horizontal component v it takes about 5.5 sec or 14 load cycles' to reach a
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Fig. 4. Plot of displacement versus time for (observation point) p t. The v 

component is shown.

Fig. 3. Plan o f Nya Ullevi Stadium area showing clay deposit thicknesses 
together with the location of observation points p t Xopt .

harmonic response with displacem ent amplitude 0.56 mm. The vertical 
component on the other hand builds up faster and after 9 cycles, or less than 4 
seconds, the response is sinusoidal with an amplitude in the order of 0.8 mm.

The maximum amplitudes for the eight observation points p,  to p t in fig. 3 are 
given in table 1. Tlie vibrational amplitudes vary from 0.02 to 0.84 mm or in 
terms of velocities 0.4 to 18 mm/s. The German building code DIN 4150 part
3 states a maximum value o f 20 mm/s in this frequency range. Damage is 
quite possible when this value is exceeded. The horizontal amplitudes are 
somewhat smaller than the vertical one. It takes about 8 - 1 6  load cycles lo 
build up the response and in a song o f approximately four minutes duration 
the number o f load cycles was more than five hundred. Practically the whole 
deposit under the stadium therefore started vibrating. Acting through the base 
and pile system of the structure a build up of high vibration levels occurred in 

the building itself.

Table 1. Displacement amplitudes for points p t to p t .

Displacement amplitudes, [mm]

Pi Pi

Output point 

Pi Pt Pi Pi Pi Pt

u 0.22 0.25 0.12 0.05 0.63 0.22 0.11 0.15

V 0.58 0.13 0.14 0.08 0.50 0.49 0.04 0.28

w 0.84 0.15 0.33 0.03 0.41 0.53 0.02 0.66

Fig. 5 and 6 show the total displacement amplitude of the entire surface at 
four different tim es, t = 0.5, 1.25, 9.0 and 9.75 sec. In fig. 5 a the 
displacements after only half a second are shown. The loaded area can clearly 
be seen as a depressed area and surrounding it Che first wave front is 
propagating away along the surface in all directions. Fig. 5 b shows the 
surface displacements 0.75 seconds later. The wave front has reached the 
edges o f the domain and new wave fronts can clearly be seen arising. 
However the loaded area cannot be seen as clearly as before due to 
interference from reflected waves from the bedrock boundaries. At the edges 
no reflections o f importance occur due to the absorbing boundaries.

The total displacement amplitudes o f the periodic motion are shown after 
time t = 9 and 9.75 seconds in fig. 6. The displacement amplitudes vary 
widely over the surface, almost vanishing in some areas while in others 
displaying high am plitudes. Due to the loading condition, vertically 
propagating waves are expected to dominate the response. Based on the 
theory o f one dimensional wave propagation the resonance depth H„ in a 
uniform soil is (Roesset, 1977)

2n - 1 c

250 m

H. ■■ 1 ,2 , 3 . . . (9)

Fig. 5. Plot o f  displacements o f the surface, a) t = 0.5 sec., b) t = 1.25 sec. 
Every second point is shown.

where c is either S- or P- wave velocities respectively and n is the mode 
number. Using the average shear wave velocity c, o f the clay and the exciting 
frequency / j  = 2.4 Hz, the resonance depth can be estimated, see table 2.

In the western and southern parts o f  the domain the bedrock is roughly 
horizontal and the clay deposit thickness can therefore be assumed to be 
constant of about 12 m and 16 m respectively. These depths lie between the 
resonance depths H i and H 2 and should therefore show small amplitudes, as 
indeed they do. This is also the case in the eastern part o f the soil body where 
the depth is greater than 60 m and only small amplitudes arise. In other areas, 
where the bedrock is inclined, three dimensional effects influence the results.
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Table 2. Resonance depths o f the soil layer.

Mode

n

Mean shear 

velocity 

c. fm/sl

Resonance

depth

1 70 7

2 80 25

3 90 46

4 100 73

Fig. 6. Plot o f total displacement o f the surface, a) t = 9 sec., b) t = 9.75 sec. 
Every second point is shown.

The shape o f the displacement profiles through the soil deposit is shown in 
fig. 7. A cross section is taken through the soil body and the displacements 
through the profile are plotted for eight meters distances at the time t = 8.0 
sec. One section is shown, A-A in fig. 3. The second harmonic is clearly the 
most dominant shape even though the deeper deposit profiles are influenced 
by the third harmonic. The largest displacements do not appear at the surface 
but rather slightly below it. This is especially so for those profiles with clay 
deposit thicknesses around 25 m. They show displacement amplitudes up to 
0.5 mm at depths between 10-15 m. This thicknesses corresponds very well 
with the second resonance depth in table 2.

CONCLUSIONS

The finite difference code ELWA has been developed to analyse 3-D wave 
propagation problems in soil materials. The numerical algorithm implemented 
on a CM-200 Connection Machine super computer with 8K processors runs at 
500 Mflops in single precision. A problem where spectators were jumping 
rhythmically to rock music at an outdoor stadium is simulated. The calculated 
surface displacement amplitudes vary considerably from place to place. They 
can be interpreted as the local behaviour of vertically propagating waves. A 
maximum velocity o f  18 mm/s was calculated under the structure. A 
maximum value o f 20 mm/s is given in the German building code DIN 4150 
before damage starts to occur.

Fig. 7. Displacement shapes o f section A-A with displacement component u 
through the soil deposit at time t = 8 sec. Every second point is 

shown.
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