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SYNOPSIS: A  num ber o f  draft geo technical codes, w hich adopt the lim it sta te design approach, have recently  been released in A ustralia. In the 

limit slate design approach, partial factors are used in lieu o f  the overall factor o f  safety traditionally  used for geotechnical designs. A lthough 

there have been m any theoretical studies on lim it sta te design in  structural engineering, sim ilar w orks in geotechnical engineering are very 

limited to date. This paper presents the p robabilistic theory o f lim it state design w ith particular reference to geotechnical engineering. The basic 

probabilistic concepts essential to the understanding o f  lim it sta te design are discussed. The m ethods for obtaining the partial factors are 

described. Som e practical recom m endations fo r im plem enting  a  lim it state design  geotechnical code w ill be m ade and illustrated by an exam ple.

INTRODUCTION

There has recently been a trend in Australia towards use of the limit state 

design (LSD) approach for geotechnical designs. A  number of draft limit 

slate design geotechnical codes have been released in Australia over the last 

few years including the AUSTROADS foundation code for bridges (1990), 

(he Draft Reinforced Soil Code (SAA, 1991) and the Draft Australian Piling 

Code (SAA, 1992). In these LSD codes, the conventional design approach 

based on the overall factor of safely is no longer used. Instead, partial factors 

arc applied to individual parameters in the design equation lo control the 

reliability level of geotechnical designs.

In theory, the partial factor can be determined using probabilistic theory, Ihus 

providing a more rational basis for dealing wilh uncertainties in geotechnical 

designs. However, the draft geotechnical codes described above do not 

provide any detailed discussion on the theoretical probabilistic basis for 

implementing the limit state design method. The aim of this paper is to 

discuss the probabilistic theory o f LSD. The procedures for formulating the 

limit state design equation and the determination of partial factors are 

discussed.

PERFORM ANCE FUNCTION

Conceptually, failure of a geotechnical system can be described by a 

performance function G(X) where X=(xl ĉ2,..^ n) is the collection o f input 

parameters. The performance function is defined in such a way that failure 

is implied whenever the condition of G(X)<0 is satisfied. The hypersurface 

defined by G(X)=0 is termed the limit state boundary.

The performance function of many geotechnical systems can be formulated 

as a linear function. For instance, the performance o f the pile foundation 

system shown in Figure 1(a) can be formulated as

G(X)=Rb+Rr S ,-Sd (1)

where Rb and Rf are respectively the base and shaft resistances, and 5, and Sd

( • )

Figure 1 Formulation of performance function

are respectively the live and deal loads. The system will fail if the total 

resistance (Rb+Rf) is less than the total applied loading (S,+5J.

Another example is the retaining wall as shown in Figure 1(b). The 

performance function for sliding stability can be formulated as

G(X)=Pp+ S -P ^ U p- U j  (2)

where Pp and P . are respectively the passive and active earth forces, S is the 

frictional resistance along the base of the retaining wall, and Up and (/„ are 

the water forces.

To help explain the concepts of limit state design in geotechnical engineering, 

the following simple performance function, hereafter called the R-S model, 

will be constantly referred to in the present paper as an illustrative example.

G(X)=R-S  (3)

R  is interpreted as the ‘resistance’ and S  the ‘action’ or action effect. For 

simplicity, it is assumed that R  and S  are statistically independent In this 

paper, we will restrict our attention to linear performance functions.
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DETERMINATION OF PARTIAL FACTORS

There exist a number of different approaches lo the determination of partial 

factors. To achieve a target reliability index |i, the design mean value of li 

for the R-S model has lo satisfy the following inequality.

( 8)

where and os arc respectively the standard deviations of R and S. In 

determining the partial factors, however, equality of Ihe relationship in Uq.8 

is always assumed because the gcotcchnical designer is permitted lo use the 

minimum design mean value of R  for design.

Figure 2 Hasofer & Lind’s definition of reliability index 

RELIA B ILITY  INDEX

The concept of reliability index is central lo ihe formulation of limit stale 

design codes. There are two commonly used definitions of reliability index 

(see Li & Lumb, 1987), but only the definition proposed by I-Iasofer & Lind 

(1974) will be discussed here. In this definition, the random variables X, are 

transformed lo standardized variables Z, by the following equation for 

independent random variables.

Z.=. (4)

A pproach A

In this approach, the following approximation suggested by Ravindra, Heany 

& Lind (1969) is used.

Jaj,*o2s -0 .7 5  (Ofl+Oj) (9)

Using the approximation, the following partial factors can be determined 

using Eq.8 (see, for example, Melchers, 1987).

<|>=140.75 ßV„ 

Y=1 —0.75 p Vs
(10)

where fi, and a, are respectively Ihe mean value and standard deviation of X (. 

The reliability index p is defined as the minimum distance between the limit 

state boundary and the origin in the standardized parameter space, as shown 

in Figure 2 for the R-S  model. The point D in Figure 2 is called herein the 

checking point. It can be used to determine the partial factors, as will be 

discussed later.

If the random variables are normally distributed and the performance function 

is linear, the reliability can be related directly lo the failure probability by the 

following relationship (Leporati, 1979).

P,=4>(-P) (5)

where <!>(•) is the cumulative distribution function of a standard normal 

distribution.

L IM IT  STATE DESIGN

where V„ and Vs are respectively the coefficients of variation of R  and S. 

This approach is commonly used in structural reliability, but its accuracy is 

seldom questioned by researchers.

The limit state design approach has been used for a long lime in structural 

engineering, but it is relatively new in geolechnical engineering. In this 

approach, partial factors are used in lieu of the overall factor of safely. A 

partial factor y, is applied lo each random inpul parameter X,. The limit stale 

design equalion can therefore be written as

G (y ^ \ ,y 2x\,..,ynz '^0 (6)

where x \  is the nominal value o iX t used for design. Traditionally, Ihe choice 

of x \  is usually based on subjective judgement. A more formal definition of 

x \  is necessary in LSD codes. For simplicity, the nominal values are assumed 

in the present paper to be Ihe mean values n, o f the input random parameters. 

For Ihe R-S  model, the limit stale design equation can then be written as

(7)

Figure 3 Actual reliability index (Approach A)

The accuracy of Approach A can be checked by calculating the actual 

reliability index implied by the partial factors. For a given set of values of 

VR and Vs, the partial factors can be determined using Eq.10. Using the same 

values of VR and Vs, the actual reliability index implied by the calculated 

partial factors can be computed. Figure 3 shows the variation of actual 

reliability index for a target reliability index of p=3. It can be seen that the 

actual reliability index differs significantly from the target reliability index 

over a wide range of values o f V„. This suggests that the approximate 

approach is not as accurate as commonly thought

A pproach B

The partial factor (|> for R  is commonly called the strength reduction factor 

and that for S, y, is usually called the load factor.
This alternative approach is based on Hasofer & Lind’s interpretation of
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reliability index. The coordinates of checking point D is used to determine 

the partial factors. The procedure is described elsewhere in Li, Lo & Lee

(1991). The partial factors are given as

( 11)

where a„ and a s are the direction cosines of the checking point.

Approach B is preferred lo Approach A because it is ‘exact’, in the sense that 

it does not require the approximation of Eq.9 for the determination of partial 

factors.

Figure 4 Determination of partial factors (Approach C)

Approach C

Ayyub & While (1987) proposed an alternative approach called the 

reliability-conditioned partial safely factors. The procedures involved in this 

approacll are as follows.

a. The design mean value of R  required to achieve the required 

reliability index is determined.

b. The intersection point of the probability density functions (PDF) of 

R and S, point P as shown in Figure 4, is then determined. This 

usually requires the solution of a non-linear equation. The point P is 

interpreted by Ayyub & White (1987) as the 'approximate most 

likely failure point’.

c. Referring lo Figure 4, the partial factors can be obtained using the 

following equation.

, R '  S '  nri
<t>=----- Y=—  ( I2)

Ma Ms

The solution procedure for Approach C is very involved especially when 

there are more than two random variables. Perhaps for this reason, this 

approach is not commonly used in reliability analysis.

IM PLEM ENTATION O F LSD

Ideally, the partial factors should be computed for every geotechnical design 

using the designer’s estimate of VR and Vs, using Approach B, for instance, 

discussed in the last section. This enables the reliability of geotechnical 

designs to be maintained at a constant level. However, such a LSD code 

format will mean than the designer has lo go through a formal probabilistic 

analysis for each geotechnical design. Geotechnical practitioners would 

naturally prefer a simpler design format

The simplest format is perhaps to use constant partial factors which are 

obtained by calibration using typical values of V„ and Vs. Once the partial 

factors are determined from calibration, they are maintained constant for all 

other design situations even if the actual variabilities of R  and S  deviate from

those assumed in the calibration.

This simple approach of constant partial factors is used in almost all 

structural codes. The question then arises of whether this LSD formal is 

suitable for geolcchnical designs. To examine the effectiveness of this LSD 

formal in controlling the reliability level of geotechnical designs, the R-S 

model is calibrated using the following parameters.

VR = 0.2 Vs = 0.2 (5 = 3

Using Approach B discussed in the last section, the partial factors are 

determined as

<(>=0.436 y=1.204 (13)

and the direction cosines are

a„=-0.94 a,. =0.34 (14)

Figure 5 Actual reliability index based on 

constant partial factors

Figure 5 shows the variation of the actual reliability index for different values 

of V, and Vj, assuming that the limit stale design is based on the constant 

partial factors of Eq.13. The following conclusions can be drawn.

a. The actual reliability index is relatively insensitive lo changes in Vj, 

in particular when when V„ is greater than 0.15, which is normally 

the case. Therefore, the use of a constant load factor y is justified on 

theoretical grounds.

b. The actual reliability index is very sensitive to changes in VR. The 

use of a constant strength reduction factor 9  is therefore not 

recommended unless it is known for a given type of geotechnical 

design that the variation of Vfi is small.

In geotechnical design, the value o f VR usually varies over a large range 

because geotechnical design methods can vary significantly in accuracy. 

Furthermore, the variability of soils also changes from one site 10 another. 

One should therefore avoid using constant strength reduction factors in LSD 

geotechnical codes. This conclusion is line with limit state design procedures 

recommended in the recently released draft Australian Piling Code (SAA, 

1992).

In view of the limitations of the LSD formal based on constant partial 

factors, the authors have recently pul forward a probabilistic framework for 

implementing a LSD geotechnical code based on variable partial factors (Li 

& Lee, 1991; Lo, Li & Lee, 1992). Instead of keeping the partial factors 

constant, it is proposed that the direction cosines be maintained constant for 

all different values o f V„. This give rise to the following formula for variable
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strength reduction factor based on E q .ll .

Y= i ^ ; p v s ( is )

a „ ‘ and <ij' are respectively the direction cosines of the checking point 

obtained from calibration. For instance, the variable partial factors based on 

the results of Eq.14 with the specified target reliability index o f 3 can be 

written as

$=1-2.82 V, 7=1+1.02 Vs (16)

3.5

2.0 I ..........................................................................

0.1 0.15 0.2 0.25 0.3

VR

Figure 6 Actual reliability index based on 

variable partial factors

Figure 6 shows the variation o f the actual reliability index for the/?-S model 

based on the variable partial factors of Eq.16. It can be observed that the 

variable-partial-faclor approach provides an excellent control on the reliability 

level, except when for low values of V„. A better control can be achieved by 

imposing a maximum allowable strength reduction factor in the LSD code.

Figure 7 Implementation of LSD code

To further simplify the LSD code, one can classify geolechnical designs into 

a number of different levels, say A, B and C, as is done in the Draft 

Australian Piling Code (SAA, 1992). With the help o f Eq.15, the confidence 

level can be quantified in terms of VR as shown in Figure 7 and a suitable 

strength reduction factor is used for each level of confidence.

CONCLUSIONS

The probabilistic basis for the limit slate method in geotechnical engineering 

is reviewed. Il is observed that the limit slate design formal based on a 

variable strength factor is required for effective control of reliability level. 

The limit slate design method provides a formal probabilistic framework

whereby ihe uncertainties involved in a geotechnical design can be taken into 

account.
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