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SYNOPSIS The analytical power available through the finite element method makes it possible to perform analyses of stresses and deformations using 
constitutive relationships that model many of the complexities of real soils. A considerable number of elasto-plastic and elasto-visco-plastic constitutive 
relationships have been used for analyses where calculated displacements and pore pressures could be compared to those measured in the field. Advanced 
analyses described in the literature include applications to soil-structure interaction, reinforced slopes, reinforced embankments, soil anchors, dams, 
embankments on soft foundations, settlements due to fluid extraction, tunnels, natural slopes, and unbraced cut slopes. One hundred publications describing 
such applications are summarized in this paper. Two of the most important conclusions to be drawn from these analyses are (1) The frequently-made 
approximations -  (a) no drainage, or (b) complete drainage -  are not realistic in many cases, and (2) Wide use of advanced constitutive relationships in practice 
will require simple procedures for estimating the values of the required parameters, based on results of conventional soil tests. Applications so far have almost 
all been made in situations where research interests were combined with practical objectives. However, there can be little doubt that in the future, with more 
experience to guide their appropriate use, advanced constitutive relationships will receive wide application in practice.

XIIIICSMFE, 1994. New Delhi, India /  XIII CIMSTF, 1994. New Delhi, Inde j l N l :

INTRODUCTION

More than 25 years have passed since the finite element method was 
first used for geotechnical engineering applications. By means of 
incremental and iterative analyses, the finite element method makes it 
possible to model many complexities of soil and rock behavior. These 
complexities include nonlinear stress-strain behavior, dependence of 
stiffness and strength on confining pressure, irrecoverable plastic 
deformations, volumetric strains caused by shear stresses, stress-path 
dependent strength, creep, stress relaxation, and other, even more exotic 
types of behavior. It is clear that the potential exists through the finite 
element method to perform analyses that are much more advanced than the 
linear elastic and perfectly plastic analyses that defined the state-of-the-art 
30 years ago.

The role of this expanded analytical capability in practical engineering 
applications is still being explored, and is being defined by example. While 
many researchers are involved in developing advanced constitutive models, 
applications to practical problems are not yet common. Each practical 
application requires the confluence of a number of elements, including (1) 
the data (often extensive) that is needed to define the parameters for an 
advanced constitutive relationship, (2) computer programs that can 
implement the advanced constitutive relationship, (3) sufficient motive to 
justify the effort required to perform advanced analyses, and (4) a means of 
calibrating or verifying the analyses, since these advanced analyses are often 
without precedent. Each practical application involves considerable effort, 
and most to date have been undertaken as a combination of research and 
practice, to explore the potential of advanced analyses for practical use.

The cases described in the literature provide important lessons regarding 
the potential and the limitations of advanced constitutive relationships for 
use in practical applications. The papers and reports that have been 
published on this topic also offer valuable insight regarding the areas where 
further developments are most needed.

DEFINITION OF "ADVANCED CONSTITUTIVE RELATIONSHIP"

For purposes of this state-of-the-art report, an advanced constitutive 
relationship has been defined as

"a relationship among stresses, stress increments, and strain 
increments that models nonlinear stress-strain behavior, plastic 
deformations, and volume changes caused by changes in shear 
stress. It may include anisotropy and viscous behavior."

By this definition the Cam Clay Model (Roscoe and Burland, 1968) and 

its various modifications are "advanced." The hyperbolic model (Duncan 

and Chang, 1970) is not advanced, because it does not model plastic 

deformations or volume changes due to shear stress. Although the 

hyperbolic model simulates nonlinear behavior, irrecoverable strains, and 

stress-dependent stiffness, it is fundamentally an elastic stress-strain 

relationship because it relates strain increments to stress increments through 

the extended Hooke's Law.

DEFINITION OF "PRACTICAL APPLICATION"

At the present state of practice advanced constitutive models are not 

being used routinely. Virtually all of the applications discussed in this paper 

had research motives as well as practical objectives.

For purposes of this paper, a practical application has been defined as

"an application of analysis that deals with calculation of 

movements, rates of movement, or pore pressures for a full- 

scale field installation."

All of the applications included in the review contain some form of 

comparison between calculated results and measured field behavior.

Publications that involved purely theoretical treatment of advanced 

constitutive relationships were not included, nor were publications that 

involved application of advanced constitutive relationships to laboratory or 

model tests. Publications that dealt with rock behavior rather than soil 

behavior, or with dynamic rather than static problems, were not included in 

the review.

These restrictive definitions of "advanced constitutive relationship" and 
"practical application" were crucial in establishing a reasonable scope for this 

paper. The literature related to constitutive modeling, analysis of stresses 

and movements in earth masses, and soil-structure interaction is very 

extensive. Although this review includes summaries of 100 papers, it 

encompasses only about 5 percent of the total number of papers published in 

the general area of constitutive relationships for soils and rocks within the 

past 25 years.
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WHEN IS AN "ADVANCED" CONSTITUTIVE RELATIONSHIP 
NEEDED?

Simply stated, an advanced constitutive relationship is needed when a 
simpler one cannot model an important aspect of the condition being 
analyzed. Cases where advanced constitutive relationships are needed 
usually involve one or both of these conditions:

0) The analysis must provide realistic evaluations of strains 
and displacements at and after failure, or

(2) The analysis must provide realistic evaluations of changes 
in pore pressures induced by changes in external loads, for 
completely undrained conditions or partially drained 
conditions .

Stage 1

o , (increases to 99 percent o l the 
value that would cause failure)

c 3 (constant)

u^ and uy are displacements at the top 

of the specimen, relative to the bottom

Experience has shown that simple nonlinear stress-strain relationships 
like the hyperbolic model are not capable of modeling either of these aspects 
of real soil behavior, because they are based on the generalized Hooke's Law. 
In the most fundamental sense, such stiess-strain relationships are elastic in 
nature, because they use the relationship between stress increments and strain 
Increments derived from the theory of elasticity. These stress-strain 
relationships can model nonlinear and stress-dependent behavior by varying 
the values of shear modulus and bulk modulus as the stresses change. They 
can also model irrecoverable deformations, or "inelastic" behavior, by using 
different values of modulus for primary loading, unloading, and reloading. 
However, they cannot model the behavior of real soils at and after failure, 
and they cannot be used to calculate undrained pore pressures accurately.

Behavior At and After Failure

Simple elastic-based stress-strain relationships model the approach to 
failure by reduction in modulus value. In analyses performed using these 
relationships, failure corresponds to a modulus value equal to zero, or 
essentially zero. If  the shear modulus is reduced while the bulk modulus 
remains high, the resulting stress-strain behavior is more like a liquid than 
soil after failure. The material has no resistance to changes in shear stress, 
but remains resistant to changes in mean normal stress. If  both the shear 
modulus and the bulk modulus are reduced to simulate failure, the resulting 
stress-strain behavior is more like a gas than soil after failure. The material 
has no resistance to changes in either shear or normal stress.

Stage 2 i  (very small, but causes failure 
because of Stage 1 loading)

‘  °3

©

(2 ) Elastic

/

(2 ) Plastic (no change)

Fig. 1 - Elastic and Plastic Deformations Before and at Failure

Neither of these options provides a realistic simulation of the behavior of 
soil after failure. After failure, real soils retain resistance to changes in 
normal stress, and their stiffness and strength change as the normal stresses 
change. Real soils also retain resistance to shear stresses after failure, except 
for increases in shear stress along the same loading path through which they 
reached failure. Representing the soil as a liquid or as a gas after failure thus 
fails to simulate important aspects of real soil behavior.

The theory of plasticity models post-failure soil behavior much more 
realistically than the theory of elasticity, even if the elastic shear and bulk 
modulus values are adjusted in the best possible manner. This is primarily 
because the theory of plasticity models a very important aspect of the stress- 
strain behavior of real soils: Plastic strains occur in the direction of stresses, 
rather than the directions of stress increments. This is illustrated by the 
hypothetical test shown in Fig. 1.

In Stage 1 of this hypothetical test, the soil specimen would be brought 
very close to failure by increasing the vertical stress, with constant lateral 
stress, as shown in Fig. 1. As the axial load increased, the vertical 
displacement at the top of the specimen would increase. The rapidly 
ircreasing displacements at the end of Stage 1 indicate impending failure.

With the deviator stress equal to 99 percent of the value that would cause 
failure, the second stage of loading would begin. In Stage 2, the shear 
stresses Xxy and Ty* would be increased to bring the element to failure. As 
these shear stresses were applied, a real soil specimen would continue to 
deform in the same manner as during Stage 1. The dominant load on the 
specimen being vertical, the specimen would continue to deform in the 
vertical direction as it failed

If  the deformations for Stage 2 of this test were calculated using a 
nonlinear elastic stress-strain relationship, the result would be very different 
from real soil behavior, because the displacements would occur in the 
direction of the load applied during Stage 2, irrespective of the fact that the 
dominant load on the specimen, applied during Stage 1, was vertical. Thus a 
nonlinear elastic analysis would indicate horizontal displacement of the top 
of the specimen during Stage 2, with no vertical displacement. The theory of 
plasticity would correctly indicate large vertical displacements during Stage 
2, with almost no horizontal displacement

Thus elasticity-based stress-strain relationships are fundamentally 
incapable of modeling deformations at failure properly unless the 
orientations of stresses remains constant. If the orientations of stresses 
change as failure is approached, displacements calculated using an elasticity- 
based stress-strain relationship will be in the wrong direction, because they 
follow the directions of the load increments, rather than the directions of the 
loads.

Undrained Pore Pressures Changes Due to Changes In Total Stress

Elasticity-based stress-strain relationships do not result in realistic values 
of undrained pore pressures. If the equations of isotropic elasticity are used 

to calculate the value of Skempton's pore pressure parameter A, it is found 

that the value of A is equal to one-third, and is independent of the value of 
both shear modulus and bulk modulus. If the equations of anisotropic 

elasticity are used to evaluate A, it is found that the value of A is related to 
the ratio of modulus values in the principal directions. However, the value of 

A is still independent of stress and strain magnitudes, and pore pressures are 
not affected by changes in shear stress. These characteristics do not 
correspond to the behavior of real soils. They are symptomatic of the 
inaccuracy of undrained pore pressures calculated using elastic-based stress- 
strain relationships.

More realistic undrained pore pressures can be calculated using elasto- 
plastic constitutive relationships, such as the Cam Clay Model (Roscoe and 
Burland, 1968; Schofield and Wroth, 1968). Elasto-plastic relationships 
model volume changes due to changes in shear stress, and they therefore 
result in undrained pore pressures that correspond more closely to the 
behavior of real soils.

When undrained analyses are performed in terms of effective stress, or 
when analyses of consolidation are performed, it is important that changes in 
pore pressure due to changes in total stress are realistic. If they are not, the 
effective stresses will be inaccurate, and as a consequence the stiffness 
properties and strengths will also be inaccurate. Thus, for these types of 
analyses, it is essential that an "advanced" constitutive model be used to 
characterize the soil behavior.
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WHEN IS A SIMPLER MODEL SUFFICIENT?

"Everything should be made as simple as possible, but not 
simpler.” (Albert Einstein)

In spite of their imperfect simulation of the behavior of real soils, simpler 
models of soil behavior are often adequate for the purposes at hand. Simpler 
models are adequate under these conditions:

(1) The factor of safety against global instability is high enough so that 
deformations are not dominated by plastic behavior.

(2) If local failure occurs, it does not control behavior in any region 
where accurate results are needed.

(3) The conditions analyzed are either fully drained (and analyzed in 
terms of effective stress) or completely undrained (and analyzed in 
terms of total stress), so that it is not necessary to calculate 
undrained changes in pore pressure due to changes in total stress.

These conditions are satisfied for many applications involving stable 
dams, excavations, and earth-retaining structures. Where simple models are 
adequate, they are often preferable, because they are easier to use than some 
of the advanced constitutive models. The challenge to geotechnical 
researchers working in the area of advanced constitutive relationships and 
advanced analysis is to reduce the amount of effort required to evaluate 
parameters, and the amount of effort required to perform analyses using 
advanced constitutive models, so that advanced analyses can be performed 
more widely, more efficiently, and more effectively.

SUMMARY OF LESSONS LEARNED SINCE 1972

The earliest paper describing practical application of an advanced 
constitutive relationship was published by Hoeg in 1972. In the intervening 
years many additional practical applications have been made, and many 
valuable lessons have been learned in the procoess. Some of the lessons that 
have wide applicability include the following:

(1) The "essentials of soil behavior" which must be included in an 
advanced constitutive relationship are "contractancy, dilatancy, 
frictional strength, and stress-strain response" (Hicks and Smith, 1988). 
These correspond to the definition of advanced constitutive model 
given previously.

(2) As discussed previously, the importance of using an advanced 
constitutive model depends on the factor of safety (how close to failure 
must the analysis maintain accuracy?), and whether undrained pore 
pressures must be evaluated through the analyses.

(3) The strength represented in a constitutive relationship becomes 
increasingly more important as the value of safety factor decreases.

(4) Effects of stress path (anisotropy) on stress-strain behavior and 
strength are very important in applications where distinctly different 
stress paths apply in different regions (Finno, et al„ 1991; Lee and 
Rowe, 1991). Strength anisotropy is most important when local failure 
governs behavior in an important zone (Finno, et al., 1991).

(5) It is essential to determine at the outset of an analysis what results are 
of greatest importance — where is the region of greatest interest? -  
what aspects of behavior are important? -  and to insure that the 
constitutive relationship to be employed is capable of achieving the 
desired results. As shown by Desai, et al. (1986), a simple stress-strain 
relationship can be used to calculate movements when they are 
dominated by elastic behavior. However, as shown by Desai, et al. 
(1986) and by Ohta, et al. (1991), achieving accuracy with respect to 
one aspect of response does not ensure that all aspects of response are 
modeled accurately.

(6) The more important it is to achieve accurate results for many aspects of 
behavior in the'same analysis, the more important it is that the 
constitutive relationship should represent the full range of soil behavior 
accurately.

(7) It is more difficult to characterize and model the behavior of natural 
soils than it is to model the behavior of compacted fills that are 
constructed in accordance with engineering specifications.

(8) In order to characterize the constitutive behavior of natural soil 
deposits accurately, it is necessary to evaluate the in situ initial stresses 
accurately.

(9) The frequently-made approximations -  (a) no drainage, or (b) 
complete drainage — are not realistic in many cases. As shown by the 
studies performed by Almeida and Ramalho-Ortigao (1982) and Hicks 
and Smith (1988), many loading conditions may involve some pore 
pressure dissipation, but less than complete drainage. In such cases 
one of the most important things to be determined from the analysis is 
how much drainage and pore pressure dissipation will occur during the 
loading period. It is essential to perform coupled consolidation 
analyses for such cases.

(10) The practicality of performing analyses using advanced constitutive 
relationships depends heavily on the types of test data needed to 
evaluate the parameters used in the relationship. The systematic 
correlations developed and used by Ohta, et al. (1991) afford one very 
practical approach to this important issue, which might be emulated 
usefully in connection with other advanced constitutive relationships.

(11) As shown by the study performed by Simpson, et al. (1979), the details 
of construction sequence, as well as the constitutive relationship, can 
have a very important influence on observed displacements.

(12) As shown by Ohta, et al. (1991), in order to model time-dependent 
effects completely, it is necessary to include consideration of viscous 
behavior, so that creep and stress relaxation effects are accounted for.

Literature Review

As mentioned previously, the literature that has developed in the area of 
advanced constitutive models of soil behavior in the past 30 years is 
extensive. The writer was assisted in reviewing the literature in this area by 
Ms. Andrea Volkmann, a geotechnical engineering graduate student at 
Virginia Tech, and, through correspondence, by many of the authors of 
relevant papers and research reports. A total of 1918 articles related to 
constitutive modeling and finite element applications in geotechnical 
engineering were examined. Of these, a total of 100 were found to fall 
within the bounds of "advanced constitutive relationship" and "practical 
application" as defined previously.

About 30 percent of the applications described in the literature deal with 
applications of the hyperbolic model (Duncan and Chang, 1970). These have 
not been included in the summary because, as discussed previously, the 
hyperbolic model is not an "advanced" constitutive relationship. A large 
number of the 100 articles that were included in the summary are concerned 
with various versions and incarnations of the Cam Clay model developed by 
Roscoe and Burland (1968). It appears that the Cam Clay model is widely 
used because it is reasonably simple and requires few parameters. The 
writer's own experience with the Cam Clay model is that, because it has so 
few parameters, it is sometimes not possible to match the shapes of 
laboratory stress-strain curves with good accuracy.

EXAMPLE APPLICATIONS

The literature reviewed has been organized in the following sections 
according to the type of application:

- Soil structure interaction (26 papers)

- Soil reinforcement and anchorage (10 papaers)

- Dams, embankments and settlements due to fluid extraction 
(42 papers)

- Tunnels (15 papers)

- Natural and unbraced cut slopes (7 papers)

For each category the relevant papers have been summarized in tabular form, 
and representative examples have been described.

A number of books and summary articles have been published in the area 
of constitutive relationships and their applications in geotechnical 
engineering that are not easily categorized, and have not been included in the 
summaries. They include Roscoe and Burland (1968), Schofield and Wroth 
(1968), Matsuoka (1974), Griffiths and Smith (1983), Chen (1984), Chen and 
Baladi (1985), Chen and Mizuno (1990), Wroth and Houlsby (1985), Gens 
and Potts (1988), Lade and Pradel (1989), Hsieh, et al. (1990), Wood (1990), 
and Balasubramanian, et al. (1992).
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Soll-Structure Interaction

Examples In this category include analyses of track support systems, off
shore structures, pile-supported structures, excavation bracing, a buried 
pipeline, and an arctic caisson. These are summarized in Table 1. Most of 
these analyses were performed after the field behavior measurements had 
been made, and many include parametric studies to investigate the effects of 
changes in parameter values or analysis procedures on the results of the 
analyses.

One of the most interesting results of these analyses is the consistent 
finding that dissipation of pore pressures during and after construction has an 
important effect on the behavior of excavation bracing systems and other 
structures. This conclusion, which is supported by the studies performed by 
Lee, et al. (1989a, b) and Yong, et al. (1989), indicates that completely 
undrained analyses of excavations in clay do not model an aspect of behavior 
that is important in many cases.

Hicks and Smith (1988)

Fig. 2 shows an arctic caisson, used for oil drilling, which was analyzed 
in advance of construction by Hicks and Smith (1988). The analyses were 
performed using the Molenkamp (1981) model. The principal interest in 
performing the analyses was the response of the caisson to the design ice 
load of 5000 kN/m. As can be seen in Fig. 3, the analyses indicate that the 
caisson would fail if the sand was undrained under this loading, and would 
not fail if it was drained. The coupled consolidation analysis provided the 
means to evaluate the effects of loading rate and partial drainage -  key 
elements in the performance of the caisson.

Fig. 4 shows comparisons of calculated and measured residual horizontal 
movements after the caisson had been subjected to an ice load estimated to 
be 5000 kN/m. It can be seen that the calculated residual deflections are in 
quite reasonable agreement with those measured in inclinometers afterward, 
indicating that the analyses simulated the field conditions quite accurately.

This example again emphasizes the importance of using coupled 
consolidation analyses in many instances. Here a rapid rate of loading 
(loading times of 8 minutes to 80 minutes) coupled with a permeable 
material (sand) result in conditions that are neither fully drained nor fully 
undrained. In such a case only a coupled consolidation analysis is capable of 
modeling the actual behavior.

Finno, etal. (1991)

Fig. 5 shows results of analyses of the 40 ft deep HDR-4 excavation in 
Chicago clays analyzed by Finno, et al. (1991). Measured and calculated 
displacements are shown for four stages during construction. The analyses 
summarized in Fig. 5 were performed by imposing the observed 
displacements on the sheetpiles. It is interesting that all of the analyses 
(performed using a Modified Cam Clay Model, an isotropic bounding 
surface model, and an anisotropic bounding surface model) match the 
observed horizontal displacements until period 4, when a localized shear 
deformation develops in the Blodgett till. None of the constitutive 
relationships used by Finno, and none except the one proposed by Tanaka 
and Kawamoto (1989), is capable of modeling a developing rupture surface 
that is thinner than one element. It can be noted that none of the calculated 
ground surface settlements matches the observed settlements well, even at 
Stage 3, before the localized shear deformation developed.

\ \  \  S M a l u o n ^ W N
f t  <7

l i l lt l l 21 m

Sand ■twin-..'

Fig. 2 - Arctic Caisson Analyzed by Hicks and Smith (1988)

Ice load
(per metre width of catesion wall)
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(a) Calculated Load - displacement relationship

(b) Displacements at F|_| = 2500 kN/m, 
vector magnification = 235

Leading wall Trailing wall

(c) Excess pore pressure ratio at = 2500 kN/m, 
contour interval = 0.2

Fig. 3 - Calculated Displacements and Pore Pressures 
Around Arctic Caisson (Hicks and Smith, 1988)

Soil Reinforcement and Anchorage

Examples in this category include reinforced embankments on soft 
foundations, a reinforced earth wall, and a test of grouted anchors. These are 
summarized in Table 2. Most analyses were performed after the fact, to 
verify the accuracy of the method of analysis, although similar analyses were 
used for design in some of the cases.

The cases summarized in Table 2 include two basically different 
approaches to analysis of reinforced embankments on soft clay and peat 
foundations. Rowe and his colleagues use fully undrained or fully drained 
analyses. Pore pressures and pore pressure dissipation are represented in the 
analyses by empirically established values of Bishop's pore pressure 

parameter, B. The other investigators use coupled consolidation analyses for 
the same types of problems.

Use of coupled consolidation analyses is advantageous because they are 
capable of modeling variations in reinforcement force (Duncan, et al., 1987)

Resultant Deflection (mm) Resultant Deflection (mm)

Fig. 4 - Calculated and Measured Residual Displacements 
After 5000 kN/m Ice Loading (Hicks and Smith, 1988)
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Table 1. Analyses of Soil-Stmcture Interaction

Reference Application /  Constitutive Relationship /  Results

Simpson, et al. (1979)

Desai and Siriwardane 
(1982)

Dysli and Fontana (1982) 

Matsuo, et al. (1982)

Fisenko, et al. (1985)

Hata, et al. (1985)

Simpson (1985)

Symons, et al. (1985)

Chan and Morgenstern (1987)

Hicks and Smith (1988) 

Jardine and Potts (1988)

Lee, etal. (1989a)

Lee, et al. (1989b)

Lewis and Gonzalez (1989) 

Mohri and Tanaka (1989) 

Murff (1989)

Yong, et al. (1989) 

Boija(1990)

Finno and Harahap (1991)

Finno, et al. (1991)

Itoh and Fuchigani (1991) 

Matsumoto, et al. (1991) 

Altaee, et al. (1992)

Boija (1992)

Indraratna, et al. (1992b) 

Smith and Ho (1992)

Axisymmetric and 2D undrained analyses of the New Palace Yard Car Park excavation (a braced diaphragm wall) and 
Neasden Underpass (an anchored diaphragm wall), both in London Clay /  Modified Cam Clay /  Calculated and measured 
movements in reasonable agreement, parametric study performed.

3D drained analysis of rail track support system /  Modified Cam Clay Model and Cap Model /  Found some agreement 
between calculated and measured stresses.

2D analyses of two braced excavations /  Elasto-plastic /  Parametric study gave reasonable results.

Axisymmetric excavation bracing modeled in equivalent 2D analysis /  Sekeguchi-Ohta (1977) model /  Calculated 
deformations smaller than observed for unknown reason.

2D analysis of 10,500 - ton dragline moving on a frozen layer over soft clay / Elasto-plastic Mohr-Coulomb / 
Calculations, verified by model tests, provided basis for successful movement of the dragline.

2D coupled consolidation analysis of excavation supported by struts at top and anchors below /  Sekiguchi-Ohta (1977) 
model /  Calculated movements, strut loads, and anchor loads in good agreement with measured.

2D undrained analysis of braced excavation, similar to Simpson, et al. (1979), applied to the excavation for the British 
Library at Easton.

2D analysis of braced secant pile wall in London clay / Elasto-plastic /  Calculated deflected shape and magnitudes of 
deformations differed ltom those measured, perhaps due to effects of construction operations not modelled in analysis.

2D drained analyses of tangent pile wall supported by anchors, at Edmonton Convention Center /  Elasto-plastic Mohr- 
Coulomb with strain softening /  Calculated heave in close agreement with measurement, magnitude of calculated 
horizontal movement about the same as measured, but distribution different.

2D and 3D coupled consolidation analyses of arctic caisson / Molenkamp (1981) model /  Calculated and measured 
deflections in reasonable agreement at design load.

Axisymmetric analysis of piles and pile groups subjected to tension loads /  Modified Cam Clay (and elasto-plastic Mohr- 
Coulomb for sand) /  Calculated axial and torsional stiffnesses agreed well with field measurements.

2D coupled consolidation analysis of anchored excavation bracing /  Elasto-plastic Mohr-Coulomb /  Calculated movements 
were in close agreement with measured movements.

2D undrained analysis of strutted excavation / Modified Cam Clay (and elasto-plastic Mohr-Coulomb for silt, fill, and 
weathered rock) / Calculated movements of sheet pile were about 70 percent of measured values.

3D undrained analysis of laterally loaded drilled shafts /  Bilinear elasto-plastic /  Calculated displacements were larger than 
measured, but calculated ultimate capacity and shaft head rotations were in good agreement with measured.

2D analysis of buried pipeline during backfilling and sheetpile extraction /  Elasto-plastic Drucker-Prager /  Calculated 
vertical and horizontal pipe deflections in reasonable agreement with measured.

Axisymmetric coupled consolidation analyses of underreamed footings at tips of deeply embedded pipe piles in calcareous 
soils /  Molenkamp (1981) model /  analyses were calibrated using laboratory tests and in situ plate load tests.

2D coupled consolidation analyses of strutted excavation bracing /  Elasto-plastic Mohr-Coulomb model /  Calculated sheet 
pile deflections in very close agreement with measured (undrained analyses result in deflections that are too small).

3D drained and undrained analyses of braced excavations /  Modified Cam Clay model /  Calculated sheet pile movements in 
reasonable agreement with measured (best value of Poisson's ratio found by trial).

2D coupled consolidation analyses of strutted excavation bracing / Modified Cam Clay (and hyperbolic model for 
cohesionless soils) /  Computed movements and pore pressures were in reasonably close agreement until an incipient shear 
failure developed in the clay supported by the bracing. Agreement was less close subsequently.

2D coupled consolidation analysis of strutted excavation bracing /  Modified Cam Clay, Isotropic Bounding Surface, and 
Anisotropic Bounding Surface Models /  Extensive comparisons with field measurements show localized strains and 
anisotropy are important in this case.

2D coupled consolidation analysis of movements of a pile-supported dock due to adjacent fill /  Elasto-visco-plastic model /  
Calculated vertical and horizontal movements in good agreement with measured.

2D coupled consolidation analysis of movements of a pile-supported dock due to adjacent excavation and fill /  Sekiguchi- 
Ohta (1977) model /  Calculated and measured movements in reasonable agreement

Axisymmetric drained analysis of driven pile in clayey sand and sand /  Bounding surface plasticity model (Bardet, 1986, 
1987) /  Calculated variation of axial load along length of pile in good agreement with observed.

2D coupled consolidation analysis of braced excavation at Rankin Street in San Francisco /  Cam Clay and dilatant elasto- 
plastic /  Calculated horizontal movements in reasonable agreement with measured.

Axisymmetric coupled consolidation analysis of driven piles in soft clay /  Modified Cam Clay /  Calculated downdrag loads 
in goiod agreement with measured.

2D total stress undrained analysis of strutted excavation /  Elasto-plastic Mohr-Coulomb model with <|> = 0 /  Calculated wall 
deflections were close to observed when struts were not very stiff and were installed late.
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and increase in foundation strength (Chou, et al., 1991) as consolidation 
occurs. Rowe and Soderman (1984) have noted that uncertainties are 
involved in establishing suitable values of the parameters needed for coupled 
analyses. It is therefore desirable to apply these analyses as widely as 
possible, and to build up experience that can guide their appropriate use.

Key: ------ Anisotropic Bounding Surface Model

-------Isotropic Bounding Surface Model
—  Modified Clam Clay 

------Observed

Fig. 5 - Calculated and Measured Movements ol HDR-4 
Excavation Bracing (Finno, et al., 1991)

Fig. 6 shows a comparison of calculated and measured settlements for 
the embankment analyzed by Rowe, et al. (1984). It can be seen that the 
agreement between measured and calculated settlements Is quite good, 
indicating that, with suitable selection of parameters, drained and undralned 
analyses are capable of matching field displacements. Reinforcement forces 
were not measured for this case. Analyses showed that the reinforcement 
reduced the lateral displacements at the toes of the embankment 
considerably, but did not affect the settlements. These are common findings.

Rowe, et al. (1984)

Desai, et al. (1986)

Fig. 7 shows the grouted anchor test installation analyzed by Desai, et al. 
(1986). The anchors were installed using conventional procedures, and were 
loaded by applying tensile forces to the head of the anchor rods.

As shown in Fig. 8, the variation of displacement with force applied at 
the head of the anchor is nearly linear, and is matched fairly well by linear 
elastic analyses, although the measured behavior can be seen to be matched 
best by the nonlinear analyses performed using interface elements. Desai, et 
al. (1986) pointed out that the measured behavior was dominated by the 
behavior of the anchor rod itself. The anchor rod was not very stiff, and its 
behavior was linear. As a consequence, the nonlinear behavior of the 
grouted zone is masked by the linear behavior of the anchor rod.

Table 2. Analyses of Soil Reinforcement and Anchorage

Reference Application /  Constitutive Relationship /  Results.

Bell and Greenway (1977) 2D undrained analysis of geotextile-reinforced sand embankment on muskeg (peat) /  Elasto-plastic undrained /  Calculated 
settlements in reasonable agreement with field measurements.

Rowe and Soderman (1984) 2D undrained analysis of geotextile-reinforced sand embankment on very soft clay / Elasto-plastic Mohr-Coulomb /  
Calculated strains in geotextile about 50 percent to 80 percent of those measured.

Rowe (1984) 2D undrained and drained analyses of geotextile-reinforced embankments /  Elasto-plastic Mohr-Coulomb /  Used results to 
develop design method.

Rowe, et al. (1984) 2D undrained and drained analyses of a geotextile-reinforced embankment on peat / Elasto-plastic Mohr-Coulomb /  
Calculated settlements in reasonable agreement with those measured when properties used in analysis are selected 
appropriately.

Desai, et al. (1986) 3D drained analyses of grouted anchor tests /  Elasto-plastic /  Calculated deformations smaller than measured.

Duncan et al. (1987) 2Dcoupled consolidation analysis of steel-reinforced embankment on peat over clay /  Modified Cam Clay /  Calculated 
forces in steel reinforcement alxiut IS percent larger than measured, calculated pore pressures in reasonable agreement, and 
calculated settlements about 60 percent of those measured.

Schaefer and Duncan (1988) 2D coupled consolidation and drained analyses of reinforced embankments on sensitive clay /  Modified Cam Clay for 
coupled analyses and hyperbolic (Duncan and Chang, 1970) for drained analyses /  Cam Clay analyses defined failure 
better, hyperbolic analyses provided better results for working conditions.

Chou, et al. (1991) 2D coupled consolidation analysis of a reinforced earth wall on clay foundation /  Sekeguchi-Ohta model (hyperbolic 
model for sand) /  Calculated settlements in good agreement with measured, calculated horizontal movements about three 
times the measured values.

Mylleville and Rowe (1991) 2D undrained and drained analyses of a geogrid-reinforced embankment on peat and organic silt /  Elasto-plastic Mohr- 
Coulomb /  Calculated settlements match closely with those measured, calculated reinforcement strains larger or smaller 
than measured depending on properties selected.

Ohta, et.al. (1994) 2D coupled consolidation analyses of a steel-reinforced embankment on soft clay /  Sekiguchi-Ohta model /  Settlements, 
horizontal movements and pore pressures in reasonable agreement with measured.

Fig. 6 - Calculated and Measured Settlements of a Reinforced 
Embankment on Peat (Rowe, et al., 1984)
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Fig. 9 shows displacements through the length of the anchor rod and the 
grouted zone. In Fig. 9(a), where all of the displacements are shown, the 
difference between the linear elastic analysis and the nonlinear analysis with 
interface elements does not appear to be particularly significant. In Fig. 9(b) 
however, it can be seen that there is considerable difference among the 
magnitudes of the displacements calculated using linear elastic, nonlinear 
(elasto-plastic), and nonlinear analyses with interface elements.

The lesson here is: The fact that an analysis gives reasonable results for 
one aspect of behavior (as the linear elastic analysis gives reasonable results 
for anchor head displacement in Fig. 7) does not mean that it models the 
critical aspects of behavior properly.

Fig. 7 - Full-Scale Anchor Tests Analyzed by 
Desai, et al., (1986)

Fig. 8 - Calculated and Measured Anchor Head 
Displacements (Desai, et al., 1986)

Fig. 9 - Variations of Calculated Displacements 
Along Anchor (Desai, et al., 1986)

A greater number of advanced analyses have been performed for 
embankments and dams than for any other type of application. Table 3 
summarizes 42 cases of embankment and dam analyses, over 40 percent of 
all the published cases reviewed in this paper. All of these cases include 
comparisons of calculated and measured movements, pore pressures, or both.

Twenty eight of the 42 cases involve coupled consolidation analyses. In 
the cases where results from coupled consolidation analyses were compared 
with results from undrained or drained analyses, it appears that drainage 
during construction and shortly following construction have an important 
bearing on both movements and pore pressures. The relationship of drainage 
to the magnitude of pore pressures is straightforward -  the larger the degree 
of drainage, the smaller the remaining excess pore pressures. The 
relationship of drainage to the magnitude of movements is also reasonably 
simple -  the larger the excess pore pressures induced in the foundation of an 
embankment, the smaller the effective stress, the smaller the strength and 
stiffness of the foundation soils, and the larger the movements, all other 
factors being equal.

It appears that the frequently-made approximations -  (a) no drainage or 
(b) complete drainage -  are not realistic in many cases. Undrained analyses 
that match closely with field measurements may not reflect accurate 
simulation of the actual conditions so much as a fortuitous canceling of 
counteracting influences. Similarly, fully drained analyses may not result in 
accurate movements because they do not include components of movements 
at early stages that result from partially undrained deformations. It seems 
clear that one of the greatest influences of advances in analytical capabilities 
will be increased consideration of drainage effects through coupled 
consolidation analyses.

Potts, et al. (1990)

Fig. 10 shows two cross-sections through Carsington Dam, before and 
after failure. A slide occurred during construction of the dam, along a 
rupture surface extending through the core and the upper part of the 
foundation. Potts, et al. (1990) performed finite element analyses to study 
the possible role of progressive failure in the occurrence of this slide. The 
analysis is interesting, and it appears to provide a reasonable approach to 
progressive failure analysis. Fig. 11 shows contours of deviatoric strains in 
the embankment at the stage just prior to the one that indicated instability. It 
can be seen that the zones of highest shear strain are similar in shape to the 
rupture surface inferred from field measurements. This analysis appears to 
model the mechanism of progressive failure in a reasonable way, and it 
provides a promising approach to this difficult type of problem.

Embankments and Dams

Fig. 10 - Cross-Sections Through Carsington Dam Before 
and After Slide (Potts, et al., 1990)
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Ohta, et al. (1991)

Fig. 11 - Contours of Calculated Shear Strain in Carsington Dam 
(Potts, et ai., 1990)

Fig. 12 shows one of five highway embankments at the same site that 
were analyzed by Ohta, et al. (1991). The embankments, 7.0 to 8.5 meters 
high, were constructed on a foundation of alluvial clay and gravel. Two- 
dimensional coupled consolidation analyses of the embankments were 
performed using the Sekiguchi-Ohta (1977) model. Calculated and measured 
settlements and pore pressures are shown in Fig. 13, and calculated and 
measured horizontal movements are shown in Fig. 14. It can be seen that the 
calculated and measured settlements are in very good agreement. The 
calculated pore pressures and horizontal movements agree reasonably well 
with those measured.

Table 3. Analyses of Dams, Embankments, and Settlements Due to Fluid Extraction

Reference Application/ Constitutive Relationship/  Results

Hoeg (1972)

Wroth and Simpson (1972) 

Hayashi (1975)

Shibata, et al. (1976)

Wroth (1977)

Cathie and Dungar (1978)

Thamm (1979)

Almedia and Ramalho-Ortigao 
(1982)

Magnan, et al. (1982)

Nakai.etal. (1982)

Wu, et al. (1983)

Ohta, et al. (1984)

Redman and Poulos (1984) 

Bertrand, et al. (1985)

Termaat, et al. (1985) 

Chiasson, et al. (1986)

Ohta, et al. (1986)

McCarron and Chen (1987a)

2D undrained analysis of test fill on quick clay /  Elasto-plastic Von Mises and Tresca /  Calculated settlements a little 
smaller than observed.

2D undrained and drained elasto-plastic analysis of King's Lynn embankment on clay /  Modified Cam Clay /  Calculated 
undrained movements matched end of construction, calculated drained matched 210 day measurements reasonably well.

2D and axisymmetric analyses of settlement of a coal storage pile and a steel tank on layered sand and clay foundation /  
Visco-elastic /  Calculated settlements and horizontal movements in reasonable agreement with measured.

2D elasto-plastic analysis of a test embankment on sand and silt /  "Mobilized plane" model (Matsuoka, 1974) / 
Calculated settlements agree well with those measured in sand, larger in silt; calculated and measured horizontal 
movements in good agreement

2D coupled consolidation analysis of 1-95 test fill north of Boston /  Cam Clay model /  Calculated movements two to 
three times as large as observed, calculated pore pressures very accurate, calculated embankment height at failure in good 
agreement with measured.

2D and 3D elastic and elasto-plastic analyses -  rockfill drained, core undrained (total stress) / Linear elastic, hyperbolic 
(Duncan and Chang, 1970), elasto-plastic Von Mises and Tresca / Linear elastic analyses gave best agreement with field 
measurements.

2D coupled consolidation analysis of a road embankment on soft clay /  Elasto-visco-plastic (Zienkiewicz, 1977)/ 
Calculated settlements in good agreement with measured.

2D coupled consolidation, undrained, and drained analyses of a test embankment on soft clay /  Cam Clay and Modified 
Cam Clay /  Undrained settlements smaller, pore pressures larger than measured; drained settlements larger than 
measured; couple consolidation settlements and pore pressures very close to measured.

2D coupled consolidation analyses of an embankment on soft clay /  Modified Cam Clay, and MELANIE (Tavanas and 
Leroueil 1977,1979) /  Calculated settlements in reasonable agreement with measured, calculated horizontal movements 
larger than measured.

2D coupled consolidation analysis of test embankment on sand and silt/ Spatial Mobilized Plane model (Matsuoka and 
Nakai, 1974,1977) / Calculated movements in good agreement with measured al end of construction and after 215 days.

2D undrained and drained analyses of embankment on silt, varved clay, and clay /  Elasto-plastic (Dimaggio and Sandler, 
1971) /  Calculated movements and pore pressures from a parametric study cover a range that includes the measured 
values.

2D coupled consolidation analysis of highway embankment on peat, sand, and clay /  Sekiguchi - Ohta (1977) model / 
Calculated settlements in good agreement with measured, calculated pore pressures and horizontal movements in 
reasonable agreement with measured.

2D undrained analyses of Atchafalaya levee and MIT test embankment /  Elasto-visco-plastic /  Calculated settlements in 
good agreement with measured, calculated horizontal movements in reasonable agreement with measured.

2D drained analyses of Vemey Dam /  Cam Clay, Granta-Gravel (Schofield and Wroth, 1968), and Lade and Duncan, 
(1975) models /  Displacements during reservoir filling calculated using elasto-plastic analysis are in good agreement 
with measured.

2D undrained analysis of an unstable section of Makiezaatsdam dam on peat and soft clay /  Elasto-plastic / Calculated 
height at point of instability agreed well with observed.

2D coupled consolidation analysis of OA-11 dam on silty clay and silty sand /  Modified Cam Clay model (per Duncan, 
et al. 1982) /  Calculated settlements in good agreement with measured.

2D coupled consolidation analysis of fill on soft clay /  Sekiguchi-Ohta (1977 model) using correlations with vane shear 
and plasticity index /  Calculated settlements in good agreement with measured.

2D analysis of MIT test embankment (top layer of elements drained, others undrained) /  Elasto-plastic bounding surface 
model (Dafalias and Hermann, 1982)/ Calculated settlements, horizontal movements and pore pressures agree with 
measured.
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Table 3 .  (continued)

McCarron and Chen (1987b) 

Tan, et a], (1987)

Balasubramaniam, et al. (1988) 

Clark, et al. (1988)

Naylor, et al. (1988)

Shoji, et al. (1988)

Pickles and Woods (1989) 

Williams, et al. (1989)

Boija, et al. (1990)

Kali akin, et al. (1990)

Mimura, et al. (1990)

Potts, et al. (190)

Ali and Hashim (1991) 

Kobayashi (1991)

Matsui and Abe (1991) 

Mimura, et al. (1991)

Ohta (1991)

Ohta, et al. (1991)

Oka, et al. (1991)

Williams, et al. (1991) 

Hamilton, et al. (1992)

Indraratna, et al. (1992b) 

Indraratna, et al. (1992c)

Shen and Xie (1992)

2D analysis of three MIT test embankments, substantially the same as McCarron and Chen (1987a) / Modified Cam Clay 
/  Parametric study to find best analysis assumptions.

2D coupled consolidation analysis of test fill at the Port of Singapore/ Modified Cam Clay (Duncan, et al„ 1981)/ 
Calculated settlements match observed very closely. Pore pressures not directly comparable because areas with wick 
drains were replaced with equivalent homogeneous mass.

2D coupled consolidation analysis of fill on soft clay / Elasto-plastic (Pender, 1977) / Calculated centerline settlements in 
reasonable agreement with measured.

2D drained analysis of load-deformation in mine backfill /  Elasto-plastic (Cundall, 1987) / Calculated response in general 
agreement with measured.

2D coupled consolidation analysis of zoned Monasava Dam /  Elasto-plastic (Naylor, 1987) / Calculated settlements and 
pore pressures in good agreement with measured.

2D coupled consolidation analyses of Portsmouth test fill /  Sekiguchi-Ohta (1977) model / Calculated settlements in 
good agreement with measured up to failure.

2D coupled consolidation and drained analyses of a road embankment in London /  Modified Cam Clay /  Calculated 
settlements and horizontal movements in very good agreement with measured, measured pore pressures were small.

ID coupled consolidation analysis of coal tailings consolidation /  Modified Cam Clay / Calculated variation of Su vs. 

depth matches measured.

2D coupled consolidation analysis of 1-95 test embankment/ Modified Cam Clay, Double yield surface model with and 
without viscous creep /  Settlements and horizontal movements calculated using the double yield surface model with creep 
were in best agreement with measured.

2D coupled consolidation analysis of an island-supported caisson in the Beaufort Sea / Elasto-visco-plastic (Dafalias, 
1982) /  Calculated pore pressures agree well with measured.

2D coupled consolidation analysis of large fill on alluvial and diluvial clay /  Elasto-plastic (Sekiguchi, 1977) model/ 
Calculated settlements and horizontal movements in good agreement with measured.

2D analysis of progressive failure of Carsington Dam, shell drained, core undrained /  Elasto-plastic Mohr-Coulomb strain 
softening /  Calculated settlements and horizontal movements in reasonable agreement with measured, calculated height at 
failure in very good agreement with observed.

2D coupled consolidation analysis of embankment on soft clay /  Modified Cam Clay /  Calculated settlements in good 
agreement with measured, most calculated pore pressures and horizontal movements in good agreement with measured.

2D coupled consolidation analyses of narrow embankments on soft day /  Modified Sekiguchi-Ohta (1977) model/ 
Calculated settlement rates show little effect of sand drains in accelerating settlements, in agreement with much field 
experience. Sand drains do accelerate pore pressure dissipation.

2D coupled consolidation analysis of 17m thick fill on alluvial and diluvial clay /  Elasto-visco-plastic /  Calculated 
settlements and horizontal movements in reasonable agreement with measured.

2D coupled consolidation analysis of caisson and embankment breakwater on silty sand, sandy silt, and silt /  Elasto- 
plasltic (Sekiguchi, 1977) / Calculated settlements and horizontal movements in approximate agreement with measured.

2D coupled consolidation analysis of five embankments on soft clay /  Sekiguchi-Ohta (1977) model, parameters 
determined through simple tests and correlations /  Calculated settlements in good agreement with measured, calculated 
horizontal movements in fair agreement.

Covers the same cases as Ohta (1991), plus others, and includes more information on theoretical developments and 
parameter determination.

2D coupled consolidation analysis of St. Alban test embankment / Elasto-visco-plastic (Adachi and Oka, 1982) modified 
for sensitive clay /  Calculated and measured settlements, horizontal movements and pore pressures agree well at end of 
construction, not so well after.

2D coupled consolidation analysis of test fill on coal tailings deposit /  Modified Cam Clay /  Calculated settlements in 
reasonable agreement with measured.

Axisymmetric coupled consolidation analysis of subsidence due to oil and gas extraction at Wilmington and Ekofisk fields 
/  Modified Cam Clay /  Calculated subsidence profiles were matched very closely with measured, and analyses were used 
to estimate magnitude, timing, and extent of bedding plane slips.

2D coupled consolidation, drained and undrained analyses of a test embankment constructed to failure /  Modified Cam 
Clay /  Calculated movements in fair agreement with measured, pore pressures in good agreement

2D coupled consolidation analyses of an embankment on soft clay with band drains / Modified Cam Clay /  Analysis 
conditions were varied to study effects on agreement between calculated and measured behavior.

2D coupled consolidation analyses of Tieshan Dam / Cam Clay model, elasto-plastic double-hardening model / 
Settlements and pore pressures calculated using the double-hardening model and the hyperbolic (Duncan and Chang, 
1971) model agree well with measured; those calculated using the Cam Clay model are smaller than measured.
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Fig. 12 - Embankment on Clay Analyzed by Ohta, et al. (1991)
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Pressures (Ohta, et al., 1991)
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Fig. 14 - Calculated and Measured Horizontal 
Movements Beneath Embankment 
Analyzed by Ohta, et al., 1991

One of the most interesting aspects of the analyses performed by Ohta 
and his colleagues is the procedure used to evaluate the parameters needed 
for the analyses. Fig. IS illustrates the procedure, which was developed to 
make it possible to estimate the needed parameter values on the basis of 
conventional test data, without exotic special tests that would not be required 
for conventional engineering analyses. This appears to be an excellent idea. 
As the costs of performing analyses declines due to more complete 
automation and lower computer costs, the costs involved in testing and 
evaluating parameters becomes a larger fraction of the costs of performing 
analyses. It is highly desirable, therefore, to find ways to reduce this cost, so 
that advanced analyses can be applied more widely, with resulting benefits. 
The work of Ohta and his colleagues appears very useful in this regard.

(1) sin f  = 0.81-0.233 log PI Kenney (1959)

(2) M = 6 sin <>V(3-sin<>')

(3) A = M/1.75 Karube (1975)

(4) Ko = 0.44 +0.42 P I/100 Massarsch (1979)

(5) v' = Ko/(1 + Ko)

(6) OCR = o'vo/o'vj

(7) Kj = K0(OCR)0 5 exp(-PI/122) A|pan (1967)

(8) X = 0.434 Cc

(9) D = XA/[M(1 + e0)] Ohta (1971)

(10) ae/X = 0.05 ±0.02 (clay)

= 0.07 ±0.02 (peat)

(11) a  = ae/(1 + eQ)

Mesri &

Godlewski (1977) 

Seklguchl (1977)

(12) tc»tg0 = H2Tgg/Cv
(13) v0 = a/tc Sekiguchl (1977)

(14) k = mycvYw

Fig. 15 - Correlations Used by Ohta, et al. (1991) to 
Determine Parameters for Analysis

Itoh and Fuchigani (1991)

Fig. 16 shows a cross-section through a ferry dock at the Port of 
Kumamoto, analyzed by Itoh and Fuchigani (1991). Construction involved 
installation of sand compaction piles and sand drains in the soft tidal 
sediments, driving steel pipe piles through the soft sediments into the 
underlying gravel, filling behind the dock, and excavating in front of it.

Fig. 17 shows comparison of the calculated and measured settlements of 
a point behind the concrete deck. It can be seen that the calculated 
settlements are close to those measured. Additional calculations indicated 
that the piles did not have any appreciable affect on settlements in the area 
behind the dock. Fig. 18 shows horizontal movements of a point in the pile- 
supported area. It can be seen that the piles restrained the ground effectively. 
Both calculated and measured horizontal movements with piles were small, 
and much larger horizontal movements were calculated for a hypothetical 
case without piles.
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Fig. 17 - Calculated and Measured Settlements Behind Concrete 
Deck (Itoh and Fuchigami, 1991)

Considerable effort has been given to development of procedures for 
performing 2D analyses of tunnels. All of the papers in Table 4 that involve 
2D analyses incorporate procedures for approximating the 3D aspects of 
loads and movements around tunnels. Lo, et al. (1984b) used field 
measurements on 12 tunnels to evaluate the empirical parameters required 
for their 2D analyses.

Lee and Rowe (1991)

Fig. 19 shows the 3D mesh used by Lee and Rowe (1991) for analysis of 
the Thunder Bay sewer tunnel, excavated in soft to firm clay using shield 
tunneling procedures. The "gap", a displacement boundary condition 
required for the analyses, consists of four components, as shown in Fig. 20. 
The thickness of the tailpiece (A) and the clearance required for installation 
of the lining (5) are determined by the geometric features of the shield and 
liner. The magnitude of the term CD is controlled by degree of misalignment 
of the shield as it advances. For perfect alignment, to is zero. For imperfect 

alignment, co is greater than zero. The value of co is thus a measure of the 
quality of workmanship that must be estimated on the basis of experience. 
The term U*3D represents overexcavation due to the fact that soil ahead of 
the tunnel face moves toward the face as the tunnel approaches, resulting in 
downward displacement in the ground ahead of the tunnel. This component 

of the "gap" is calculated in 3D analyses. It must be estimated for 2D 

analyses.

Fig. 18 - Calculated and Measured Horizontal Movements of the 
Pile-Supported Dock (Itoh and Fuchigami, 1991)

Tunnels

Analyses of ground movements due to tunneling are among the most 
complex that have been performed. Tunnel analyses are complex for several 
reasons: (1) Ground movements around tunnels are three-dimensional, (2) 
For tunnels in soft ground a high percentage of the soil strength may be 
mobilized as the tunnel advances, (3) The stresses and movements in the 
ground around the tunnel depend strongly on the details of the tunneling 
procedure, and (4) Drainage may have a significant effect on ground 
movements.

Because 3D analyses are very time-consuming, they have been 
performed infrequently. Although computer costs might not be 
unreasonable, engineering costs remain high. No example was found of a 3D 
coupled consolidation analysis. The 3D analyses that have been performed 
to date have considered completely undrained conditions or fully drained 
conditions.

Fig. 19 - 3D Finite Element Mesh Used by Lee and Rowe (1991) 
for Analysis of the Thunder Bay Tunnel

initial position of points on 
what will become the crown 
after excavation

A'

r * u 30 I
1

Gap = G = 2A + 5 + (o + U*gQ 

A = thickness of tailpiece 
5 = clearance required for erection of lining 
to = extra excavation due to poor 

alignment (poor workmanship)
U*3D = overexcavation due to 3D movements 

toward tunnel face

Fig. 20 - Definition of the Gap Parameter Used in Analyses 
of Tunnels (Lee and Rowe, 1991)

41



Fig. 21 shows calculated and measured settlements of the ground surface 
above the crown of the Thunder Bay tunnel, which was driven about 10 m 
below the surface. It can be seen that the measured displacements are 
bounded by those calculated using values of gap equal to 90 mm and 122 
mm. The value of G = 90 mm assumes perfect alignment of the shield, and 
G = 122 mm makes a 32 mm allowance for misalignment.

Fig. 22 shows calculated and measured horizontal movements at a 
location 20 m behind the tunnel face. It can be seen that the calculated 
horizontal movements of the ground about 2 m from the sides of the tunnel 
are somewhat larger than those measured, but they vary with depth in a 
similar manner, and are in generally good agreement.

approaching — *|-----► moving away Distance of Tunnel Face (m)

Fig. 21 - Calculated and Measured Displacements Near the Face of 
the Thunder Bay Tunnel (Lee and Rowe, 1991)

0 10 20

Horizontal Movement (mm)

-10 0 10 20 30 -10 0 10 20 10 0
;---1----1 r—r- I d i l l i  1 1 \ 1 V  1 1

■
/

/  1 
/  c A

«

/ / 
I ✓ 
\ \ ;1 / j  

\ y s  
—̂ \

■
o

Tunnel

-

f A \  
1 Distance of ± 20m from the ' 

, tunnel face to the line of 
i slope indicators ,

- ------ Field Measurement i
V

------ Calculated

. _

5 4 3 2 1 0 1 2

Relative Horizontal Location (m)

Fig. 22 - Calculated and Measured Horizontal Movements 20 m 
Behind the Face of the Thunder Bay Tunnel (Lee and 
Rowe, 1991 )

Table 4. Analyses of Tunnels

Reference Application /  Constitutive Relationship /  Results

Rowe, et al. (1981)

Rowe and Kack (1983)

Lo, et al. (1984)

Clough, et al. (1985)

Firmo and Clough (1985) 

Ohta, et al. (1985)

Ng, et al. (1986)

Ogawa and Lo (1987)

Botti, et al. (1988)

ChafTois, et al. (1988)

Sakurai, et al. (1988)

De Bruyn, et al. (1989)

Lo, et al. (1990)

Lee and Rowe (1991)

Parreira and Azevedo (1992)

2D drained analyses of Thunder Bay sewer tunnel /  Elasto-plastic Mohr-Coulomb /  Parametric study can match observed 
settlements over tunnel.

2D drained analyses of BART tunnel, Manuel Gonzalez Tunnel, Frankfurt subway tunnel, and Washington Metro tunnel /  
Elasto-plastic Mohr-Coulomb /  By varying parameter values, calculated settlements can be made to match measured.

Procedure described by Rowe and Kack (1983) were used to determine values of critical parameters by analysis of 12 
tunnels.

2D coupled consolidation analyses of a tunnel in San Francisco /  Modified Cam Clay and Prevost (1980) /  Calculated 
results agree closely with measured.

Procedure described by Clough, et al. (1985), with more detailed comparisons of calculated and measured behavior.

2D coupled consolidation analysis of tunneling in soft organic silt /  Sekiguchi-Ohta (1977) model /  Calculated 
settlements in good agreement with those measured, horizontal movements not as good, perhaps due to 2D approximation 
of 3D conditions.

2D undrained and drained analyses of Thunder Bay sewer tunnel /  Elasto-plastic Mohr-Coulomb /  Calculated ground 
movements agree closely with measured.

Closed-form analysis of stresses and displacements around circular openings /  Elasto-plastic /  Calculated displacements 
agree closely with measured.

2D drained analysis of the Milan, Italy subway tunnel in sand /  Simplified elasto-plastic / Calculated movements agree 
reasonably well with measured.

3D drained analysis of Lyon, France subway tunnel in sand and gravel /  Elasto-plastic (Chaffois and Monnet, 1985) model / 
Calculated magnitudes of tunnel face displacements are of the same order as measured, but distributions are different

2D drained analysis of a tunnel in sand /  Elasto-plastic /  Calculated movements agree very closely with measured.

2D coupled consolidation analysis of radioactive waste repository tunnel in stiff clay /  Modified Cam Clay /  Calculated 
movements agree well with measured.

3D undrained analysis of Nabetahiyama tunnel /  Elasto-plastic /  Calculated movements in reasonable agreement with 
measured.

3D undrained and drained analyses of Thunder Bay sewer tunnel /  Elasto-plastic (Gudehus, 1973) model /  Calculated 
movements in fairly good agreement with measured.

2D analyses of Sao Paulo subway tunnel /  Lade's (1977, 1979) model /  Calculated movements in approximate agreement 
with measured.
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Natural Slopes and Unbraced Cut Slopes

Movements and changes in stability in natural slopes and unbraced 
excavation slopes in soil are difficult to analyze. The critical factor in the 
movements and stability of such slopes is how conditions change with time, 
due to changes in pore pressures within the slopes, and due to softening of 
the soil.

Analyses of natural slopes and unbraced cut slopes are summarized in 
Table 5. These analyses fall into three categories: (1) coupled condition 
analyses of stability as negative pore pressures resulting from excavation are 
dissipated, (2) viscous analysis of the velocity of a large landslide, and (3) 
drained analyses of progressive failure around an excavation in stiff clay.
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Fig. 23 - Plan View of the La Frasse, Switzerland Landslide 
Analyzed by Vulliet and Hutter (1988)

Vulliet and Hutter (1988)

The rate of movement of a landslide in La Frasse, Switzerland was 
analyzed by Vulliet and Hutter. A plan view of the landslide area, 2000 m 
long by 400 m wide, is shown in Fig. 23. The average inclination of the 
slope is 13 degrees, and the surface of sliding is in a clayey material. The 
slide has been moving slowly for 120 years. Field measurements show that 
the movement occurs through sliding on a discrete plane, not by shear strain 
distributed through the thickness of the moving mass.

For purposes of analysis, Vulliet and Hutter (1988) represented the slide 
as a series of connected elements, as shown in Fig. 23. Each element was 
characterized in terms of its thickness and the slope of its base. Using a non
linear viscous sliding law, with back-calculated parameters, the velocity field 
for the sliding area was calculated. The calculated velocities, shown in Fig. 
24(a), can be seen to be in quite reasonable agreement with the measured 
long-term velocities shown in Fig. 24(b). Such an analysis might be very 
useful for evaluating the effects of possible mitigative measures.

Fig. 24 - Calculated and Measured Velocities of the La Frasse, 
Switzerland Landslide (Vulliet and Hutter, 1988)

Table 5. Analyses of Natural Slopes and Unbraced Cut Slopes

Reference Application /  Constitutive Relationship /  Results

Banerjee, et al. (1988)

Vulliet and Hutter (1988) 

Tanaka and Kawamoto (1989)

Vulliet and Desai (1989)

Banerjee, et al. (1991) 

Kawamoto and Tanaka (1991)

Samtani, et al. (1992)

2D coupled consolidation analysis of unbraced vertical excavated slope in Welland Clay /  Elasto-plastic similar to Cam 
Clay (Banerjee, et al. 1984) /  Calculated pore pressures, movements and stability in reasonable agreement with measured, 
except development of cracks could not be simulated.

2D drained analysis of a landslide in La Frasse, Switzerland (2D is in plan) /  Viscous sliding law /  Calculated velocities 
matched measured closely using fitted parameter values.

2D drained analysis of progressive failure in cut slope at Sudbury Hill /  Elasto-plastic Mohr-Coulomb with shear band 
formation /  Calculated zones of high shear strain agree with observed rupture surface. Stability depends on assumed width 
of shear band.

2D coupled consolidation analysis of La Frasse, Switzerland landslide /  Elasto-visco-plastic /  Calculated velocities in 
reasonable agreement with measured. Used assumed parameter values.

Same case as Banerjee, et al.(1988). More complete discussion of material properties.

Same shear-band analysis of the Sudbury Hill cut slope as Tanaka and Kawamoto, plus 3D parametric analysis for a case 
with no measured movements.

2D drained analyses of landslides at Villarbeney, Switzerland /  Elasto-visco-plastic (Perzyna, 1966) model /  Calculated 
velocities in good agreement with measured.
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Kawamoto and Tanaka (1991)
CONCLUSION

Fig. 25 shows a cross-section through the Sudbury Hill slope failure, 
analyzed by Skempton (1977) and more recently by Kawamoto and Tanaka 
(1991). The interesting aspect of the analysis performed by Kawamoto and 
Tanaka is that they used a special type of element, within which a shear band 
can form. After formation of the shear band, the element does not deform 
uniformly. Concentrated shear strains can develop within the shear band, 
simulating to some extent formation of a discrete surface of rupture within a 
soil mass. This is a promising approach to modelling failure in earth masses, 
previously limited by the fact that a failure zone could not be smaller than a

A

Load Factor = 1.1, W  = 0.1m

Fig. 25 - Cross-Section Through Sudbury Hill Slope Failure 
Analyzed by Kawamoto and Tanika (1991)

single element, and the consequent strong influence of mesh size on the 
analytical results.

Kawamoto and Tanaka found zones of high shear strains in locations that 
corresponded closely to the position of the actual rupture surface identified 
by Skempton (1977), as shown in Fig. 25. The analyses were performed by 
increasing the gravity loads acting on the slope until large displacements 
developed, indicating failure. The ideal result would be for large 
displacements to develop with a load factor equal to 1.0 (the actual gravity 
loads). It can be seen that the shear strains plotted in Fig. 25 correspond to a 
load factor equal to 1.1 (10 percent more than the actual gravity loads).

The load factor at which large displacements develop is related to the 
assumed width of the shear band. As shown in Fig. 26, the narrower the 
assumed shear band width, the lower the value of the load factor at which 
large displacements develop. This is because the amount of plastic work 
corresponding to a given shear strain increases as the assumed width of the 
shear band, and therefore its volume, increases. At present there is no 
rational means of estimating the most appropriate width of the shear band.

Vertical Displacement at Node A (m)

Fig. 26 - Variation of Load Factor with Width of Shear Band 
(Kawamoto and Tanaka, 1991)

Practical applications of advanced constitutive relationships are 
increasing rapidly. Research into elasto-plastic and elaslo-visco-plastic 
constitutive models, plus very dramatic reduction in costs for computers, has 
provided impetus for application of advanced analyses to many types of 
engineering problems. Most of the practical applications thus far have been 
in the nature of research combined with practical objectives. A total of 100 
such applications are reviewed in this paper.

Virtually all of the constitutive models used in these analyses are related 
to the theory of plasticity. This is undoubtedly because plasticity is capable 
of modelling two very important characteristics of the behavior of real soils: 
(1) at failure, strains and deformations take place in the directions of the 
stresses, rather than in the directions of the stress increments, and (2) volume 
changes are not related only to mean normal stress, but also to shear stress. 
Because they are capable of modelling these aspects of real soil behavior, the 
Cam Clay Model, the Sekiguchi-Ohta model and others have been applied to 
many types of geotechnical engineering problems.

Advanced constitutive relationships have been applied to problems of 
soil-structure interaction, reinforced embankments and slopes, soil anchors, 
dams, embankments on soft foundations, settlements due to fluid extraction, 
tunnels, natural slopes, and unbraced cut slopes. Most of the analyses 
described in the papers reviewed here achieved at least reasonable agreement 
with measured field behavior. Even though parametric studies were 
performed in many cases to determine the parameter values that resulted in 
best agreement with field measurements, the demonstration that agreement 
could be achieved is an important step.

The next step is development of simple means of estimating the values of 
the myriad parameters required for analyses with advanced constitutive 
relationships. In the same way that a geotechnical engineer with some 
experience can estimate the friction angle for a sand based on grain size and 
blow count or cone penetration resistance, it should be possible to estimate 
values of the parameters required for advanced analyses based on knowledge 
of some simple soil properties. The work of Ohta and his colleagues 
indicates that this is an achievable goal. Although advanced analyses 
performed using values of parameters estimated from simple correlations 
should not be expected to produce highly precise results, they could 
nevertheless produce results that are useful. After all, making allowances for 
possible imprecision in analytical results is the fortetf of geotechnical 
engineers.

The role for advanced constitutive relationships in practical applications 
is in transition. Twenty years ago, there was no role. Today advanced 
analyses are being applied where there is motive and means to combine 
research and practical objectives. There can be little doubt that in the future, 
with more experience to provide guidance for their appropriate use, advanced 
constitutive relationships will receive wide application in practice.
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