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SYNOPSIS: This paper deals with the influence of the way of loading a soil specimen on the dynamic 

simple shear tests results and with the significant role of factors such as the number of cycles or 
the previous dynamic history. The experimental investigation was carried out on a pyroclastic soil 

(constituted of low crushing strength grains) and using a computer-aided laboratory procedure.

1. INTRODUCTION

It is well known that the stress-strain beha­

viour of soils, subjected to cyclic as well as 

dynamic shear loads, may be described by means 

of shear modulus G and damping ratio D. Both the 

se parameters strongly depend on shear strain y.

The shear modulus has an initial tangent value 
(Go), which remains constant up to an amplitude 

threshold strain (yat) , that for most soils is in 

the order of 1 0 '3%. Within this range (y<yat) , 

soils exhibit a linear-elastic behaviour. The 
modulus G is independent on the shear strain y 

and furthermore its value is not influenced by 

the previous and the current dynamic loading 

history. In the same strain range, the damping 

ratio D has a minimum constant value (Do) , about 

zero if viscous effects are not involved.

At strain levels greater than yat, the shear 

modulus becomes lower and lower, while the dam­
ping ratio increases. Soils exhibit a markedly 

non-linear behaviour. Moreover, beyond a higher 

threshold strain ( yet), soil structure irrever­
sibly modifies: therefore soils start remembe­
ring previous (dynamic or cyclic) history and 

their response to dynamic excitation depends on 

the way of applying the loads.

The recent development of digital laboratory 

equipment suited for fully automatized simple 

shear tests allows remarkable refinements of the 

experimental procedures in order to study the 

constitutive laws of the soil at low-interme- 

diate strain levels (Ni 1987; Papa et al. 

1988a). At the same time, such a technique al­
lows more critical analyses of the test inter­

pretation criteria and, on the other hand, an 

insight to several peculiar features of the 

rheologic behaviour of soils.
At the Soil Mechanics Department of the Uni­

versity of Naples a research project on these 

themes is being carried out. In this paper only 

some results will be shown about:
a - the influence of the dynamic ways of loa­

ding on the results of the resonant column test 

in the non-linear range of the soil ( y> /at) . 

The aim may be the development of more realistic 

models, suited to analyse the response of the 

soil during this kind of test.
b - the significant role of factors, often 

neglected, such as the number of cycles of loa­

ding or the effect of the previous dynamic hi­

story at high strains on Go and Do.

The results reported in this paper were obtai­

ned from torsional shear, resonant column and 
free vibration tests, performed by means of a 

unique device, originally designed at the Uni­
versity of Texas at Austin and widely described 
by Isenhower (1979).

This apparatus is supported by digital control 

and acquisition devices, fully interfaced to a 

computer. The features of the computer aided 

laboratory procedures are described by Papa et 
al. (1989).

2. TESTING MATERIAL AND PROCEDURES

The experimental investigation was carried out 
on a pyroclastic soil («pozzolana»), whose gene­

ral features and static properties have been 

widely studied (Pellegrino 1967).

The tests were performed on 28 undisturbed 

samples. The tested soil is a sandy silt, formed 

by a fine matrix (volcanic ash) and few pumi- 
ceous and lithic inclusions, whose diameter is 

smaller than 5 mm. Although a small fine frac­

tion is present (CF = 5-^10%), the soil does not 

show any plasticity.

The volcanic ash is mainly constituted of 
pumiceous particles, formed by the consolidation 

of fragments of magma rich in gas, that were 

thrown into the atmosphere and rapidly cooled. 

They have a vitreous texture which is more or 

less spongy and frothy. The grains are irregu­

larly shaped and have an high porosity. Only a 

limited amount of internal pores are in communi­
cation with one another and with the atmosphere.

With reference to the tested samples, the 

average values of the index properties are:

Unit weight of particles 

Dry unit weight 
Void ratio (external) 

Natural water content 

Degree of saturation

ys=24.2±0.1

yd=10.8±1.0
e =1.22±0 . 04 

w =0.15±0.05 
Sr=0. 32 + 0. 12

kN/m^

kN/m

It can be noticed that either ys or yd assume 
unusually low values.

The grain structure affects the mechanical 

behaviour of the soil even at relatively mode­
rate stress levels, because of the low crushing 

strength of the particles (Rippa & Vinale,
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1982)  .

The experimental work was planned to verify 

the possible effectiveness of this factor also 

on the dynamic behaviour of this pyroclastic 
soil. As a matter of fact this occurrence was 

confirmed by the results of the investigation 

presented herein. The main evidences are:
a - the stress-strain relationship, which 

shows a shape quite different from those typical 

of materials having the same grain size distri­

bution;

b - the clear modification of the soil proper­

ties with the number of cycles.

During the tests, each specimen was previously 

consolidated under a spherical pressure and then 

was subjected to cyclic and dynamic loads (i.e. 

torsional shear and resonant column tests) star­

ting from a shear strain y » 1 0  % up to about 1 %.
The tests performed at y> yat were periodically 

alternated by low-amplitude resonant column 

tests, with the purpose of verifying the sensi­

tivity of the modulus Go to previous excursions 

at strain levels greater than yat.

Instead of the usual procedures, the tests we­

re performed adopting some peculiar dynamic 

loading sequences. For instance, the resonant 

column tests were carried out using different 

frequency variation rates («sweep velocities»), 

while the torsional shear tests were planned to 
analyse in detail the evolution of the material 

properties during a given sequence of loading 

cycles.

More details about the testing procedures are 

given in the following pages, together with the 

discussion of the results.
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3. NON-LINEARITY EFFECTS IN RESONANT COLUMN 

TESTS

Figure 1. Results of a series of resonant tests 

(a) and typical frequency response curves (b).

Beyond the amplitude threshold strain yat, be­
cause of the non-linear ( y> yat) and the non­

elastic ( y > yet) behaviour of soils, the way of 

applying dynamic excitation during resonant 

column tests plays a significant role (Ni 1987, 

Papa et al. 1988b-c).

Both theoretical and experimental results 

point out that, for a given excitation amplitu­

de, the dynamic responses (amplification curves) 

of the specimen may be quite different, accor­
ding to the laws of load variation with time. In 

particular, different values of resonant fre­

quency (fr), half-power bandwidth and peak 

strain amplitude may be obtained depending on 

the frequency sweep velocity.

3.1 Test results

For the reasons pointed out above, three diffe­

rent test procedures were planned. In each case 

the frequency was varied over the same range ( 1 0  

Hz width): the first two tests were both perfor­

med with upgrade sweeps, but with different gra­

dients (0.33 and 0.1 H z / s ) ;  while during the 
third test a downgrade sweep was executed set­

ting a velocity of -0.1 Hz/s.

After each set of resonant tests a free vibra­

tion test was performed in order to evaluate the 

damping ratio.

Typical results of a complete sequence of 

resonant tests are shown in Figure la, where 

strain peak amplitudes ( ysa)r are plotted again­

st resonant frequency values fr.
It can be noticed that in a first strain range

the data points are practically coincident, no 
matter which procedure was followed, while as y 

increases ( y > yat) they are different depending 

on the sweep rate. In particular, the downgrade 

sweep produces the lowest fr and the highest 
(ysa)r, while the highest fr and the lowest 

(ysa)r values belong to the upgrade faster 
sweep.

This occurrence can be better evaluated compa­

ring the shapes of the three frequency response 

curves shown in Figure lb, as a sample set of 

data: the differences among them, particularly 

marked in the ascending branches, will be widely 

discussed in the following pages.

The results of the complete sequence of reso­
nant tests are also shown in terms of G and D in 

Figures 2a and 2b. In the latter figure the D 

values determined by free vibration tests are 

also reported.

The figure 2a underlines that all the experi­

mental data indicate a unique G( y ) trend, apart 

from the differences among the sweeps. Therefore 

a first conclusion can be drawn: the G( y ) rela­

tionship may be determined by means of the whole 
set of data.

On the other hand, figure 2b shows that the 

same results produce quite different D values, 

depending on the sweep direction and velocity. 

In particular, the data might be divided into 

two different bands: the upper one including 

downgrade sweep results, that are very close to 

the decay data; the lower band containing the 
data related to both upgrade sweeps.

These results are in agreement with the 

theoretical modelling of the resonant column
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Figure 2. Shear modulus G and damping ratio D 

from a sequence of dynamic tests.

tests that will be discussed in the following 

paragraphs.

3.2 Theoretical background

The variability of the soil responses during 

resonant tests within the high-amplitude strain 

range can be theoretically justified by means of 
the analysis of the non-linear vibration of the 

soil specimen.

In the classical interpretation criteria of 

the dynamic motion of the specimen (Richart, 
Hall and Woods, 1970; Isenhower, 1979), on ac­

count of the analytical difficulties, the shear 
modulus G and the equivalent viscous damping 

coefficient ^ (or its critical ratio D) are 

forced to be constant with the strain level y. 

This linearity hypothesis is rather inadequate 

to model the soil response at high and interme­

diate strain levels.

For sake of simplicity, it is possible to 
refer to an alternative formulation of the usual 

dynamic model (infinite degrees of freedom), 

which looks very similar to the classical «sim­

ple oscillator» solution, writing the equili­

brium equation in the following way (Papa et 

al., 1988c):

6 2y ii J  S y G J r 

It --- + ------ + ----  f ----Mo(t) (1)

£t; 1  it 1  1

In the formula above the specimen is considered 

homogeneous, and the shear strain distribution 

in the specimen's body is assumed to be uniform,

so that the dynamic motion may be expressed 

using only the function y(t) (reference shear 
strain). In addition (see Figure 3):

It = equivalent mass polar moment of inertia 

of the dynamic system (specimen + top cap + dri­

ve plate) ;
J,1 = cross-section polar moment of inertia 

and height of the cylindric specimen;
f = specimen average equivalent radius (vary­

ing between 0.67 R and 0.80 R, where R is the 

external radius);
Mo(t) = torsional excitation amplitude.

The formulation (1) allows to introduce more 

realistic constitutive laws in the model to face 

the problem in an appropriate way. Hence, it is 
theoretically possible to take into account the 

non linearity of the soil in the solution, assu­

ming for G and n whatever laws of variation:

G = G ( y )

(2 )

M = M (y)

Furthermore, the «classical» methods used to 

process the equation of motion cannot even consi 

der the effective law of variation of the torsio 

nal excitation in the time. As a matter of fact, 
it is always assumed that the dynamic response 

of the specimen, subjected to a continuous fre­

quency sweep, can be compared with the ampli­

fication curve obtained from a series of forced 

vibrations, each one having constant frequency 

and amplitude, and indefinite duration.

Nevertheless, as discussed above, the experi­
mental practice remarks a certain sensitivity of 

the dynamic response to the sweep variation 

rates.

To take into account the effective laws of va­
riation of the excitation with time, a more re­

liable analysis technique of the resonant tests 

might be available introducing in the second 

member of the equation (1 ) an expression like:

M(t) = M sen[2fff(t)t + 0(t)] (3)

where f(t) and 0 (t) reproduce the actual loading 

function.
In § 3.3 and § 3.4 two different ways of 

solving the equation (1 ) in the non-linear field 

will be discussed.

M„(t)

mass

flMSd DBM

Figure 3. The dynamic model.
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3.3 The solution with the Duffing model

One chance to solve equation (1) in an explicit 
form is related to the assumption of simplified 

relationships for the constitutive laws (2 ) ; 

this is possible employing the so-called 
«Duffing model» (Thomson, 1981; Ni, 1987), ac­

cording to which it can be written:

G(y) = G (1 + a y ‘ ) 
0

2 G D
(4)

M(y) = constant

n

where Go is the low-amplitude shear modulus, a 

is a non-linearity factor (negative for "strain- 

softening" materials) , fin is the low-amplitude 

natural pulsation.

By substituting the expressions:

G J 
0

I 1
t

n J  

it l

= n

2 Dn

and using the functions (4), eq. (1) 

rearranged as follows:

S‘y  Sy r

--- + 2 Dn —  + n 1 (y+ay ) = --- m (t)

<st! n it n i l 0

(5)

can be

(6 )

and solved in the case of sinusoidal excitation 

with constant frequency f and amplitude Mo.
As f variates, it is possible to evaluate the 

frequency response curve (strain maximum ampli­

tude versus f), which consists of two diffe­

rent branches, described by the relationship:

f!

fn!
1+ -a y 1 - 2D! ± \ 

4 '* On4 y !
- 4D2 (1+ —ay' - D* ) 

4
(V )

where To is given by:

To
Mo r

It 1

(8 )

■f C Hz )

Figure 4. Example of amplification curve with 
the Duffing model.

Plotting the frequency response curve obtained 

in this way (Figure 4), it is possible to iden­

tify in the f-y plane an "instability zone" 

(shaded area 1-2-3-4 in figure 4), that is, 

where each value of the excitation frequency may 
produce more than one value of the peak strain 

amplitude; at the same time the curve segments 

0-1 and 4-5 can be considered as "stable".

This means that performing an "upgrade sweep" 

(i.e. increasing f with time) the frequency 

response curve will be followed along a path 
0-1-2-4-5, while a "downgrade sweep" (f decrea­

ses) will produce a path like 5-4-3-1-0. In the 

former case, while the frequency approaches 

resonance, the strain level may suddenly increa­
se, stepping from the lower stable branch to the 

upper one: this is the so-called «jump phenome­
non» .

3.4 The numerical solution

Besides the qualitative remarks discussed above, 

the Duffing model actually has no further chance 

of application with real soils, because it makes 

use of an unlikely G(y) relationship and, moreo­
ver, assumes a damping coefficient m invariable 

with y. On the other hand, with the introduction 

of more appropriate models (removing the restric 

tive hypotheses upon which eq. (7) is based) the 

explicit solution must be excluded.
Therefore, the numerical integration is com­

pulsory: in this way it is possible to take into 

account also the actual loading functions (see 

expression (3) in § 3.2). A good working tool 

may be one of the classical methods used in the 

vibration mechanics field (Runge-Kutta, Adams- 

Bashford-Moulton, . . . ) .

However, the numerical solution of the equa­

tion (1 ) demands the previous knowledge of the 

G(y) and M(y) (or D(y)) functions, which are not 

yet known during the execution and interpreta­
tion of the tests. Hence, this way of dealing 

with the non-linear model in order to determine 

the constitutive laws of the materials should 

require an iterative procedure, with considera­

ble computational efforts. Therefore this stra­

tegy should be intended only as a prospect.

As a preliminary approach, taking the G(y) and 

D(y) laws obtained from the traditional ("li­

near", therefore approximate) test analysis cri­
teria, it is possible to try numerically to re­
produce the experimental procedure to verify at 

least its overall reliability.

This check was done, as an exemplification, 

referring to the set of three resonant tests 

reported in Figure 5a, introducing in the equa­

tion of motion (1 ) the characteristic laws of 

the hyperbolic modified model (Hardin and Drne- 

vich, 1972).

The analysis was performed using the Runge- 

Kutta method, trying to simulate in a numerical 

way all the operative conditions of the actual 
tests: namely, the same sweep velocities and 

directions were brought in the loading function 
(3), and the outcoming response function y(t) 

was reduced into the frequency domain by means 

of a RMS integration over time intervals corre­

sponding to the sampling rate of the digital 
acquisition instruments.

In Figure 5b the resulting frequency response 

curves are plotted: their trends show a fair 

agreement with the experimental data. This at­
tests the consistency between the observed 

phenomenology and the proposed physical model­
ling.
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Figure 5. Experimental (a) and simulated (b) 

frequency response curves.

Both the experimental and the numerical resul­

ts show that the resonant frequency fr decreases 

with the upgrade sweep velocities ( • slow, ■ 
fast), and the downgrade sweep (*) produces the 

lowest fr value. The peak amplitude and the 

half-power bandwidth increase in the same fa­

shion: hence, using ordinary interpretation 

techniques, in upgrade sweeps higher G values 

and lower D values can be expected in respect to 

those obtained from downgrade sweeps.
Nevertheless, from a quantitative point of 

view, the simulated curves fail to overlap the 
experimental ones: this occurrence clearly high­

lights the limits of the standard criteria of 

interpretation of resonant column tests in the 

non-linear field.

4. EFFECTS OF THE NUMBER OF CYCLES OF LOADING IN 

TORSIONAL SHEAR TESTS

Like the resonant tests, the low-frequency cy­

clic torsional tests were conducted with the 

purpose of monitoring the influence of the terms 

of variation of the cyclic loading in the time.
For a better understanding of this matter, 

testing sequences implying only torsional shear 

tests were followed (Papa et al., 1988b), with 

careful attention paid to the effects of the 

loading parameters (i.e. number of cycles, fre­

quency, and so on).
The experimental procedures allowed to point 

out some peculiar features of the rheologic 

behaviour of the soil, essentially due to the 

amount of the cycles of loading.

The results clearly show that, within the so- 
called non-elastic range ( y> yet) , the parameter 

Ncycies considerably affects both the shear modulus 

G and the hysteretic damping ratio A .

At each strain level beyond yet, a given exci­

tation amplitude always produces a simultaneous 

reduction of both G and A with the increase of 

Ncycies.
A sample set of data showing this effect is gî  

ven in Figure 6  a-b. For each strain step, the 

shear modulus G(i) associated to the i-th cycle 

is normalized by the first cycle value G (1 ) and 

then plotted against the shear strain (Figure 
6 a) or the number of cycles (log scale, Figure 

6 b). The figures clearly show how the softening 

of the material (attenuation of G) with Ncycies is 

more and more evident with the increasing of the 

strain level.

Such a kind of effect becomes much more signi­

ficant in terms of hysteretic damping ratio A . 

This is clearly shown by the experimental data 
plotted in Figure 7, representing a typical set 

of results from a series of torsional shear 

tests. The extent of the decrease of the damping 

ratio with Ncycies is evident: the outcoming 

relative reductions of A can raise up to 2 0  % of 

the initial value.

A further evidence of irreversible changes in 

the soil structure at these strain levels is 

given by the values of Go and Do obtained from 

the low-amplitude resonant tests performed after 

each high-amplitude strain step (see § 2). Loo­
king for instance at Figure 2a, the considerable 

reduction of Go with the increase of y seems to 

confirm the fact that the material is sensitive 

to the previous dynamic loading history.
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Figure 6 . Effect of the number of cycles on G.
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Figure 7. Effect of the number of cycles on A.

An explanation of such a kind of behaviour may 

be sought looking at the low crushing strength 

of the pumiceous particles (see § 2 ).

The grading curves obtained before and after 

each test have seldom, and to a poor extent, 
pointed out any valuable change in the diameter 

of the grains: hence the behaviour described 

above does not seem to be due to the splitting 

of the particles, with consequent reduction of 
their size.

However, the occurrence of a decrease of G and 

A with Ncycies might still be associated to the 

pyroclastic nature of this soil, supposing a 

shallow rupture phenomenon around the contact 

areas of the pumiceous particles in such a way 

that no valuable alterations in the grain size 

distribution can be generated.

Such a kind of hypothesis, after all, might 
also explain a peculiarity of the experimental 

results, i.e. the simultaneous reduction of both 

G and A with the increase of Ncycies. This general 

ly does not happen for other granular soils 

with different petrography, for which in analo­
gous test conditions a decrease in stiffness is 

related to an opposite trend in damping proper­

ties .
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5. CONCLUSIONS

The matters discussed in this paper have pointed 

out a remarkable influence of the ways of loa­

ding the specimen on simple shear dynamic test 

results within the non-linear range of the 

soils. This observation (feasible using computer 

aided laboratory procedures) requires the deve­

lopment of more realistic models, suited to 

analyse the response of the soil, especially 

during resonant column tests. For this purpose 

a complete, but simple, model was proposed. The 

numerical simulations presented herein encourage 

the future development of more sophisticated 

interpretation procedures.

On the other hand, it was shown that factors, 

often neglected (i.e. number of cycles or pre­

vious dynamic history at high strains), assume a 

significant role in the soil behaviour, at least 
in relation to the studied pyroclastic soil. As 

a consequence, it might be necessary to modify 

the usual testing procedures to highlight the 
influence of such parameters.
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